
Magnetic field intensity and relative permeabilityMagnetic field intensity and relative permeability
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      Magnetization is directly proportional to the magnetic fi⇒ meld intensity  =  M Hχ



Magnetic field intensity and relative permeabilityMagnetic field intensity and relative permeability
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9 Duality9 Duality
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Magnetic circuitsMagnetic circuits
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Magnetic fluxes
 Magnetic circuit from two basic equation 
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Ex 6 10) Coil on ferromagnetic toroid with air gapEx 6-10) Coil on ferromagnetic toroid with air gap

μ
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a) field  in the core     b)  in the core

c)  in the air gap
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Ex 6 10) Coil on ferromagnetic toroid with air gapEx 6-10) Coil on ferromagnetic toroid with air gap
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Magnetic CircuitsMagnetic Circuits
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<Analogy between magnitude and electric circuit>



Magnetic CircuitsMagnetic Circuits

) 0 00

Difficulties due to the followings
    leakage fluxes
       no leakage in current,  in the air but  in the aircf σ μ= ≠
c

9

)

,
)

0g ,
    fringing effect

     have a nonlinear relation
is no
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B H
i e

μ
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JG JJG
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t constant. )         is noi e μ t constant

 

     Around a closed path in a magnetic circuit the algebraic sum of ampere-turns

j j k k
j k

N I = ℜ Φ

⇒

∑ ∑9

0

p g g p
          is equal to the algebraic sum of the products of the reluctance and fluxes

 B∇ =
JG
i9 0 0    j

j
B ds⇒ = ∴ Φ =∑∫
JG JJG
i

     Algebraic sum of all the magnetic fluxes flowing out of a junction in a 
          magnetic circuit is zero

⇒
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Boundary conditions for magnetostatic fieldsBoundary conditions for magnetostatic fields
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Boundary conditions for magnetostatic fieldsBoundary conditions for magnetostatic fields

tangential component9
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       where  : surface current density in the direction normal to the
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  the tangential component of the  field is discontinuous
      across an interface where a free surface current exists

0sJ⇒ =
JJG

 most of case  except for perfect conductor

J
JG

.

       ( but volume current density  is defined )
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Ex 6 12) Boundary conditions for magnetostatic fieldEx 6-12) Boundary conditions for magnetostatic field
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⎧ ⎫⎛ ⎞⎪ ⎪+⎨ ⎬⎜ ⎟
⎝ ⎠⎪ ⎪⎩ ⎭
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� �

� �
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Inductance and inductorsInductance and inductors

12 1 2B dsΦ = ∫
JJG JJJG
ic

2
12 1 2

1

)

  

   (exists even through  is a steady D.C current)
    Faraday's law:

S
B ds

I
cf

Φ ∫c

1 12

1 1 12 1 12 1,

         time varying  time varying emf

Biot-Savart's law :  

I

B I B I

⇒ Φ ⇒

∝ Φ ∝ ⇒Φ ∝d 1 1 12 1 12 1,

 Defining  mutue 1 2al inductance between loops  and  
as proportionality constant

C C

12 12 1 12, ]
   as proportionality constant
               with henry[  unitL I L HΦ =

2 12 2 12

12 12 1

  note)  has  turns, the flux linkage  

          then       or   

C N N

N I

Λ = Φ

Λ = 12
12

1

[ / ]  L H Wb A
I
Λ

= ≡
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Inductance and inductorsInductance and inductors

Definition:
   the mutual inductance between two circuits is the magnetic flux linkage 
f

1) )

g g
   with one circuit per unit current in the other
   cf  Assumption : linear media. (  does not change with Iμ

dΛ
g 12

12 12
1

11 11
12 12

General definition for ,     =  

Self-inductance for linear medium,   =     and general definition,  =

dL L
dI

dL L
I dI

Λ

Λ Λ
h 12 12

1 1

, g ,

   cf) Self-inductance depends on     geometrical shape of conducto
I dI

) r
                                                   physical arrangement of conductor )
                                                    permeability (not linear medium)    
                  

)
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Inductance and inductorsInductance and inductors

procedure to determine the self-inductance of an inductor

1 choose a coordinate system

i

1. choose a coordinate system
2. assume a current 

3. Find  from  by Ampere's circuital law or by Biot-Savart's law

I

B I
JG

4. Find the flux linking  with each turn
5. Find the flux linkage  with  turns

6 Fi d b t ki th ti

N
Φ
Λ

Λ
6. Find  by taking the ratio         L L

I
Λ

=
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Ex 6 14) A closely wound toroidal coilEx 6-14) A closely wound toroidal coil

.μ0Toroidal frame of retangular cross section permeability self-inductance?.μ0Toroidal frame of retangular cross section permeability  self inductance?

sol)
 cylindrical coordinatec

� �
2

, ,

2

Assuming current 

 for    

I

a r b B B dl rd

B dl B rd rB

φ

π

φ φ φ

φ π

< < = =

⇒ ∫ ∫

JG JJG

JG JJG
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d

e

0

0
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2

2
2

  

 
    

C
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φ φ

φ φ
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μπ μ
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= ∴ =

⎛ ⎞

∫ ∫iv
f

� �( )0 0 0

2 2
  

 =
b

S S a

NI NIh NIhdrB ds hdr
r r

μ μ μφ φ
π π

⎛ ⎞Φ = = =⎜ ⎟
⎝ ⎠∫ ∫ ∫

JG JJG
i ig

2
0

ln
2

ln 

b
a

N Ih b
π

μ
Λ =h

2
0

ln
2

ln
2

 
  (Assuming no linkage)

a
N h bL

I a

π
μ

π

Λ =

Λ
= =

h

i

Radio Technology Laboratory 15

2  cf) self-inductance N∝



Ex 6 16) A coaxial transmission lineEx 6-16) A coaxial transmission line

�

� � 0

0 )
sol) cylindrical symmetry  

   a) inside the innner conductor (

B B
r a

rI

φφ

μ

=

≤ ≤

JG

JJG

� �

0
1 1 2

0

2
         

b)

rIB B
a

Ib B B

φ
μφ φ
π

μφ φ

= =

JJG

�

Linkage between and current in the annular ring'dΦ0
2 2,

2
) :

'

   b)  

       the number of turns Ampere turn
       

a r b B B
r

cf N N
d dN

φ
μφ φ
π

≤ ≤ = =

Λ = Φ ⇒
Λ = ' ' ' :   where, the fraction of the total current in the annular ringd dNΦ

Linkage between          and current in the annular ringdΦ

2 20 0
1 2 2' ( ) ln

4 2
2' '

, g

         
a b

r a

I I bd B dr B dr a r
a a

rdrd d

φ φ
μ μ
π π

Φ = + = − +

Λ Φ

∫ ∫

2

2 20
2 20 0

' '

1' [ ( )
2

         

               '=
r a

r

d d
a

Id a r rdr
a a
μ
π

=

=

Λ = Φ

Λ Λ = −∴ ∫ 0ln ln
20

1
 ] ( )       

4
a a Ib brdr

a a
μ
π

+ = +∫ ∫
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Ex 6 16) A coaxial transmission lineEx 6-16) A coaxial transmission line

' bμ μΛ 0 0' ln
8 2

bL
I a

μ μ
π π

Λ
= = +∴

Internal inductance : 
the flux linkage internal to the 

Solid inner conductor 

External inductance : 
Linkage of the flux that exists between

The inner and the outer conductor

) In high frequency skin effect ( current shift to skin )
      Extreme case the internal self-inductance is reduced to zero 
cf ⇒

⇒

2

)
1

 Internal inductance

Magnetic energy in an inductor

cf

LI=)

2

2
1
2

   Magnetic energy in an inductor

    

LI

LI)
2 2 4

2 0
2 40

2
2 2 2 4 4 8

   
a

V

Ir I aH dv rdr L
a a

μμ μ μπ
π π π

⎛ ⎞= = = =⎜ ⎟
⎝

∴
⎠∫ ∫
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Ex 6 17) A two wire transmission lineEx 6-17) A two-wire transmission line

Calculate the internal and external inductances perCalculate the internal and external inductances per 
unit length of a transmission line

0sol) The internal self inductance per unit length of each wire :
μ

¾

' 2 / ]
4

0

0 0

sol)  The internal self-inductance per unit length of each wire : 
8

           for two wires,  [
8

The external self-inductance per unit length

iL H m

μ
π

μ μ
π π

∴ = × =

 

¾

¾ The external self-inductance per unit length
           a) calculate the magne
 ¾ 

�0
1 1 2

tic flux linking

               contributed by conductor1 on the  plane,   
IB z x B y
x

μ
π

− =
JJG JJG
�

�0
2 2 2 ( )

               contributed by conductor2 on the  plane,   

           b) the fl

IB x z B y
d x
μ

π
− =

−

JJG JJG
�

'
ux linkage per unit length
d I I Id d dΦ⎛ ⎞ ⎛ ⎞ ⎛ ⎞0 0 0

1 2
'' ( ) ln ln / ] ' ln / ]               [    [

     Total self-inductance per unit length

d a

y y ea

I I Id a d dB B dx Wb m L H m
a a I a

μ μ μ
π π π

− − Φ⎛ ⎞ ⎛ ⎞ ⎛ ⎞Φ = + = ≅ ∴ = =⎜ ⎟ ⎜ ⎟ ⎜ ⎟
⎝ ⎠ ⎝ ⎠ ⎝ ⎠

∴

∫

0 1' ' ' l / ][
bL L L Hμ ⎛ ⎞

⎜ ⎟
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4

                    [i eL L L H m
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Inductance and inductorsInductance and inductors

12 21

12

?

)

Reciprocity and mutual inductance
    L L

proof B ds L I N L

=
Λ

Φ = = Λ = Φ ∴ =∫
JJG JJJG
i

9

¾ 2I

2

2

12 1 2 12 1 12 2 12 12
1

2
12 1 2 1 1

1

) ,

. )

           

                  and 

S

S

proof B ds L I N L
I

Ni e L B ds B A
I

Φ = = Λ = Φ ∴ =

= = ∇×

∫

∫

i

JJG JJJG JJG JJG
i

1

2
12 1

1

( )     
NL A ds
I

∴ = ∇×
JJG
i

2 2 1

0 1 22 1
2 1 2 1

1 4
     

S C C

N NN dlA dl A
I R

μ
π

= ⇒ =∫ ∫ ∫
JJGJJJG JJG JJG JJG

i
JJG JJG JJG JJG

v v

1 2 1 2

0 1 2 01 2 1 2
12 124 4

       or       

        : Neumann formula for mutual inductance

 
C C C C

N N dl dl dl dlL L
R R

μ μ
π π

∴ = =∫ ∫ ∫ ∫
i iv v v v

           1 2

1 2 2 1
12 21 1 2

 and  are absorbed in the contour integrals

        where  is distance between  and  

N N

dl dl dl dlL L R dl dl
R R

⎛ ⎞
= =⎜ ⎟

⎝ ⎠

JJG JJG JJG JJG JJG JJGi i∵¾
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Ex 6 18) A solenoid with two windingsEx 6-18) A solenoid with two windings

1 2two coils of  and  turns around a straight cylindrical core 
    of radius  and permeability 

N N
a μ

¾

1

21 1
1 1

1 1

( ) ) ,12

   in the inner coil

      ,  

I

N Na I cf B nI n
l l

μ π μ
⎛ ⎞

Φ = = =⎜ ⎟
⎝ ⎠

¾

�

2
12 2 12 1 2 1

1

     N N N a I
l
μ π

⎝ ⎠

Λ = Φ =� 212
12 1 2

1 1

     L N N a
I l

μ πΛ
= =∴
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