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lagnetic energy

+» Steady d.c current — inductors appear as short circuits
 Alternating currents — effects of inductances on circuits and magnetic fields

, en

Q.)
C')

% Assuming quasi-static conditions — currents vary very slowly in time
— imply that dimensions of the circuits are very small in comparison to the wavelength
— enough to ignore retardation and radiation effect

cf) > Electrostatic energy : work to assemble charges
» Magnetostatic energy : work to send current into conducting loops
» Genarator is connected to the loop — current i increases from O to [,
= current change = emf will be induced in the loop to oppose the
change of magnetic flux(i.e the change of current)

: . di
= work will be done to overcome this induced emf letv, = Lid_tlj

voltage across the inductance

Radio Technology Laboratory Seoul National Univ. 1



Radio Technology Lab.

Wireless f Channel / Microwave

% Work, W, = [vj,dt = L, [ i,di, = % L2

S W, =%L1I12 =%I1CI>1 : stored as magnetic energy
Cl CZ

% Two circuit cases 01, 0—1,
@leti,=0, ,=0->1,
= work W, in loop C,, no work in loop C, (i, =0)
@ keep i, atl,i, =01,

induced emf that must be overcome by an external source

di, . : :
V,, = L21d—t2 in order to keep i, constant at its value |,

IZ -
W21 = jvzllldt = L21|1I0 d'z = L21|1|2

o
Radio Technology Laboratory Seoul National Univ.



Radio Technology Lab.

Wireless f Channel / Microwave

In loop C, =W,, :%LZIZ2

.. total work done in raising the currents in loops C, and C, from zeros to I, and I,

l 1 1 2 2
W2=§ |‘1|12 + I—21|1|2 +§L2|22 :EZZijljlk L12 = L21

j=1 k=1
s Generalization

N N . . .
ZZ L 11, [J] Energy stored in the magnetic field

N loops carrying I, 1,,1 .1 |W_= j

N |-

j=1 k=1

for a current flowing in a single inductor | W :%LI ?

m

% The work done to k-th loops in time dt

dw, =vidt=idg, cf)v, =‘L—¢tk
N N

dw, =Y dw, = > i dg,
k=1 k=1

N N
“W, = [dw, :Zlkgékj:ada:%ZImk cf )i, =al,, g =ad,,a=0-1
k=1 k=1
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[
-A P -A N N

Magne tic energy in terms o

* A single current-carrying loop = large number (N) of contiguous filamentary current
elements of closed paths C, = each path with a current Al, flowing in an infinitesimal

cross-sectional area Aa,
= linking with magnetic flux @,

D, = Lk Bends, = Cﬁck Aedl, (S,: surface boundary by C,)

1 N 1 N - —
W, _EKZ:;A'k(Dk _Ekzﬂlmkqick Aedl,

. — | N . _
where Al dl, = J(Aa,)dl, =JAv, when N —w, Av, —>dv':>2<'|.>C Al dl, —>IV.Jdv'
k=1 K

I 21 .
szaij-Jdv cf)We_EjV,dev

» How to express W, in terms of B and H
AeJ = A(VxH)
Using vector identity and VxA=B, Ve(AxH)=H«(VxA)—A+«(VxH)
S AsJ =HeB-V+(AxH)
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1o oo 1e — — o~
> W, =§.[V|H-de —Ecﬁy(Ax H)+nds

cf)\ﬂ\m% and)‘ﬁ‘oc% butS'cR*  ~R—e, §_(AxH)sds -0

1w =%L,ﬁ’.§dv'==%jv%2dv'=%jvﬁH2dv' cf W, =%IVE-de'

A 4

Assuming linear medium

% Defining a magnetic energy density W _
2
W_ :I w dv' where w_ :EH-BzB—:EyH2 [J/m°]
v’ 2u 2

note)Wm:%le s L=

I 2

I
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I"

.- M\ --
Ex 6-20) The i

nductance o

By using stored magnetic energy, determine the inductance per unit
length of an air coaxial cable

sol) the magnetic energy per unit length
» In the inner conductor :

rl
——j B; 27zrdr_ j(yo )2 e27rdr
/uol J. Sdr —
 4za’ 16
» In the region between two conductors :

. - |
szzi bB§227zrdr= 1 jb(ﬂo )?e27rdr
214y 2 24y °2 27r

1? . |2
Al g D m
A “ar Ar a

-~
L= W Mo oy D

12 87 27 a

I
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)

¢ Lorentz force equation

»F=q(E+u x B) = Magnetic force : experimental law F_ = qux B

» Hall effect T“ = %% J=aJ,

J=aJ, TB=azBo

» Assuming n-type semiconductor or conducting material

= electrons : charge carriers — move into —9 direction

— magnetic forces act on carriers in the positive x direction
= Transverse electric field to reach the equilibrium

= No net force in the steady state

I
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f

lagne etic forces and torques

_—

» E, +uxB=0 .. E, =-uxB = Hall effect,
E, : Hall field

_—

E, =—-(—yu,) x 2B, = xu, B,

d
V, = —jo E,dx=u,B,d for electron carriers,
V, :Hall voltage
E 1 E,  uB, 1

X _ :Hall coefficient, X =
JB, Ng J,B, Nqu,B, Ng

= can be used to measure B field and type of charge
carriers or carrier density

o
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Forces and torques on current-carrying conductors

« consider an element of conductor di with a cross-sectional area S
“* N charge carriers/unit volume
* Assuming electrons
dF, =—NeS |di|ux B = -NeS|u|dixB = 1dIxB
— Magnetic force on a complete(closed) circuit of contour C carrying
a current | in a magnetic field B
F = |gS dixB [N]
cf ) two circuits carrying currents

— B,, caused by the current I, in CZ, the force F,, on circuit C,

= — — rual /uolz a[z X ﬁz\l
F, = IlcﬁcldlleZl, where B,, = e CJSCZ RZ
ﬂolllz Cﬁ (J) dllx(dlz xRy) [N] :|Ampere's law of force
G JGC R21
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Forces and torques on current-carrying conductors

,uolllz dlzx(dl ><R12)
sl ¢ Bol

< Question F, =—F,, or not ? since di>x (dl, xR,) = —dl: x(dI, xR,,)

dix (dl,xR,,) _ diz(dl;R,) Ry, (dlz edl)

R R} R
di, (dIoRZ) i dloR2
Cﬁcfﬁcz = ! (]Scz 35 L —<f> dl qS dl, e (-V —)
1 R, ....1 fe 1 R
Cf)V1R_21:_R_2{ I.E)V (E 2?, V(E):_?’ R21:\/(X1_Xz)2+(y1_y2)2+(21_zz)2
cf)VV = nd—v
dn
AV _dVdn _dV se = VA (v e dv = ()l = v di
dl dndl dn dn
.-.a.(—v—)=—d(i) and §, d(i)=o
2 2

—21~ 1 24} CJ.) 21((2“1'(2” ) _F—lz
C,

Radio Technology Laboratory Seoul National Univ.
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Ex 6-21) Force between two parallel current-carrying wires

. .

Determine the force per unit length between two infinitely long parallel
conducting wire carrying I, and I, in the same direction

. A — Z*
SOI) F]_z = |2(ZX BlZ)’ |
—_ . IIA : b
F, : force per unit length 4
— : _ _ L ) A
B,, : magnetic flux density at wire2 by the current |, B 1 Fi2
— constant over wire2 and —x direction - —/—,7(5——-———”
— ~ 11 I ///
B, =-—X 01 = L o
. 2rd

.1 :
"R, = —y£oi2 o attraction force
27d

_— VaN

|1 _
F,, = yM — attraction force
27d

. oo
Radio Technology Laboratory Seoul National Univ.



Radio Technology Lab.

Wireless f Channel / Microwave

T -~ 1=~ ~
| orgue

* A small current loop with radius b

< B field is decomposed into B, and B,
ie)B=B, +B,

—_—

BT is perpendicular to the plane of loop , B, is parallel to the plane of loop
then Idix B, : expansion or extraction of the loop

Idix B, : rotational force

X X x Bl x ? ﬁ 4 B ?
N Y
b
(o)
net force b T
To move the e
Loop : zero . .

(b)

Radio Technology Laboratory Seoul National Univ. 12
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0..q. ue

» Net force to move the loop : zero
but net force to rotate the loop #zero — Torque

= In tne direction to align the magnetic field due to the loop current with
ﬁthe eﬁernal B, field E T T
> dF, =-dF °
A
+.dT = x(dF)2bsin ¢ =2l x F £ x(IdIB, sin #)2bsin ¢ = x21b?B, sin gd ¢
where dF =|dF|=|dF,|, |di|=|dL|=|dl,| =bdg

—

F

de—leb2 ,,j sin? gdg = xl (zb?)B, m = nl (zb?) = nIS

=mxB Cf)mxB mx(B +B) mxB

\> Valid only for uniform B

Radio Technology Laboratory Seoul National Univ. 13
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Rectangular current loop i
— Determine the force and forque on the loop

>B = xB, + B, + B,

@ force due to perpendicular BT

- sidel, xlIb xzB, =—yIbB, - side3, -xlb xzB, = ylbB,

~ N . R . N no net force but contraction
- side2, —ylb, xzB, =—xlIb,B, - side4, ylb, xzB, =xlIb,B,

Radio Technology Laboratory Seoul National Univ. 14
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@ force due to parallel B,
- sidel, xIb, x (xB, +yB, ) =zIb,B, - side3, —xlIb x(xB, +yB )=-zIbB

. no net force but torque T, = xb,Ib,B, = xIbb,B, cf)Ibb, =‘ﬁ , m=—Ibb,z

- side2, —ylb, x (xB, +yB,) = zIb,B

,B,, side4, ylb, x(xB, +yB,) =-zIbB,
: no net force but torque T, =—yb,Ib,B, =—yIbb,B, cf)lbb, =|m|

—_ — — — —

ST=T,+T,=mxB

oo
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+ Find magnetic forces and torques based on the principle of virtual displacement
@ A system of circuits with constant magnetic flux linkage
@ A system of circuits with constant currents

1. constant flux linkages
»Assuming that no changes in flux linkages result from a virtual differential displacement dl of one of
current carrying circuits
= no induced emf's = the source will supply no energy to the system
= mechanical work done by the system is at the expense of a decrease in the stored magnetic energy
cf)emf:Lﬂ or do
dt dt
F,edl = —dW, = —(VW, )~dI
oW oW oW
m ’ F :__m’ F L =— m
aX ( (I))y ay ( (I)) az

If the circuit is constrained to rotate about an axis(z-axis) the mechanical work done by the system

S Fy=-VW_, (F,), =-

will be (T,) d¢
oW,
(TcD)z == 6¢
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2. constant currents
» circuit connected to current sources = counteract the induced emf's resulting from changes
in flux linkages by a virtual displacement dlI.
the work done or energy supplied by the source

dw, => 1, dd,
k

this energy be equal to the sum of the mechanical work done by the system

dW = E,-a and the increase in the stored magnetic energy dW,_
dW, =dW +dw_, dw_ =%Z | dD, =%dWS
k

dW = Fedl = dW_ = (VW, )«dl

SF =YW, (T), = W,

m a¢

with a constraint. sign difference — different constraint
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«» for two circuits,

1
§L2|2? + L12|1|2

under the conditions of constant current, assume one of circuits has a virtual
displacement
= change inW_, F=I,1,VL,
oL,
o9

1
W =§|_1|12 +

Torque (T,),=I,1,—=
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