Chapter 2. Review of Hydrodynamics and Vector Analysis
2.1 Taylor series

f(X)=a, +a,(X—X,)+a,(X—=X,)? +--+a, (X=X,)" +--
(X)) =2,

fr(x)=a, +2a,(X—X,) +-+na, (X=X, )"+

f (%) =2,

fr(x)=2a, +--+nn-1)(x—x,)"* +---

(%)
2

f"(x,)=2a, = a, =

A F () = F (%) + Fr (X)X = %) + f"(zxo)(x_xo)z - f(n)(xo)rflx‘xo)" .
A 2

f(Xo +AX) = F(X,)+ F'(X)AX+ £"(X,) >2‘ .

If f(x) isknownat X,, then it can be approximated at x, + Ax by the Taylor series.
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On the other hand, f(x, —AX)= f(x,)— f'(X,)Ax+ f"(X,) 5




2.2 Conservation of mass
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x -direction:
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= mass accumulated with time in cube by x -direction
. Net accumulation in 3 directions for unit time
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On the other hand, mass increase in cube during At is
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= accumulation in 3 directions during At
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—=—+Uu—++ vi + wg = total derivative or material derivative
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Bulk modulus, E:pd—p = l(]I—’Ozid—pzo

dp pdt E dt

E =2.07x10° N/m? for water (incompressible fluid)

For incompressible fluid,
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2.3 Hydrostatic pressure
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Newton’s 2" law:
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F=ma=0 (- no flow)

D F, = p,AyAz - p, sinOAIAY = p, AyAz — p,AzAy=0 = p, - p, =0

z F, = p,AXAy — p, cosGAIAy — pg %AxAsz = p,AXAy — p,AXAY — pg %AxAsz =0

= pz_pn_%pgAZZO

As the prism becomes smaller and smaller, or Ax,Az,W — 0, we have p, =p, =p,
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%

Pressure is a scalar. But the pressure force acting on a submerged body acts in the
direction normal to the surface.
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Similarly,
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From (1) and (2),
p=p(2)
In z -direction,
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From (3) and (4), C, =constant. Because p=0 at z=0,wehave C,=0. Finally

p=—pgz



2.4 Equation of motion

5
| T3 %b‘*
| IZ
: 'C;'l-* 0
oz
! et A;Tx
| T+ S 4%
O )e-- 20%x
xgx < /! : + 3% AX
Tl v f———— e
az| ™ Gy
/A 2
Z i Taf
Y AX 2
y. 4

Surface forces:

OO0y, 0, =hormal stresses

XX !

7, , etc = shear stresses
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The 1% subscript indicates the plane, while the 2" subscript indicates the direction.
Sign convention: Stresses are positive if positive direction on positive plane or negative
direction on negative plane.
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Body force:

PAXAYAZ(X +Y + Z)

where X, Y, and Z are body forces per unit mass in x, y, and z directions,

respectively.

Net forces acting on the cube of mass pAxAyAz are
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On the other hand, Newton’s 2" law gives

F, = (pAxAyAz)x a, = prAyAz[[))—ltJ = PAXAYAZ

Dv
F, = (pAxAyAz)xa, = ,oAxAyAzFt = PAXAYAZ
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F, = (pAXxAyAz)x a, = pAXAyAz %Vtv = prAyAz(;ﬂt +u ;ﬂ +V—+W—
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Note: Newton’s 2" law applies to a fluid particle consisting of the same molecules or a
system, so the total acceleration (or local acceleration plus convective accelerations)

should be used.
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Introduce pressure (scalar):

p=-— positive as compression

Define

TXX :o-XX + p
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Then
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For u=v=w=0 and Txx:Txy:"':O’

p +p(X+Y +2Z2)=0

If z is positive vertically upwards, op/ox=0dp/oy=0. If gravity is the only body



force, X=Y =0 and Z=-g.Then
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Assume all the shear stresses are zero (inviscid fluid), that is valid for most water wave
problems. Then

Du_ 10p

Dt pox

bv = _Lo Euler equation (Equation of motion for inviscid fluid)
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Consider angular momentum:

32’;,, ag
Txt 3z =*
—
sz“azxifl T, 4 2Tx2 4%
x & PR .|| et ox R
AX
1—
_2Gx 42
Gx 2 &
dM=lao
where M =moment, | =moment of inertia, and @ = angular acceleration.
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As the cube becomes smaller and smaller, @ increases, that implies fast spinning of

water particle. Therefore, 7, —z,, must be zero. In general,
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For laminar flow, shear stress is proportional to rate of strain, so that

_l_
oy oX
o2
Xz ZX ILI 62 6X
ou
= 2 —_—
z-XX /Ll 8X

where u = coefficient of viscosity. Substituting into x -direction momentum equation,
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Using the continuity equation, we obtain the Navier-Stokes equation, equation of
motion for incompressible, Newtonian fluid:
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2.5 Review of vector analysis
a=ai+a,j+ak

where i,],? = unit vectors in x,y,z directions. The length or magnitude of the

vector a is given by

la|=/a; +a’ +a?
2.5.1 Dot product
a-b= |a||b|cos & = b-a (commutative)
where & = angle between the two vectors. For unit vectors, we have
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i-j=1x1xc0s90°=0=i-k=j-k
Using the above relation,
a-b=(a,i+a,j+a,k)-(bi+b, j+bk)=ab, +ab, +ab,

Note: 1) Dot product is a scalar.

-B:O,then alb (*-cos@=0)
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2) If |a|#0, |o|=0, but

3) Projection of a onto b = 5-5/|b|



2.5.2 Cross product
axb= |a[lb|sin & = bxa (notcommutative)

Cross product of vectors is a vector (magnitude + direction). The magnitude is given by
the above expression, and the direction is given by the right-hand rule.
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For unit vectors,
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Note: If |a|=0, |b|#0,but axb=0,then a//b (~sind=0)



2.5.3 Vector differential operator
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Gradient indicates the spatial rate of change of a scalar. Gradient is a vector whose
direction indicates the maximum rate of change.
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V.u=0 continuity equation in vector notation




Laplacian operator:

V2¢=V~V¢:[ii+£] kj(¢ %]+%J 8¢ 0% 8¢
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Vxu=curlof u
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Useful vector identities:

Divergence of curl is zero, V - (V X ﬁ): 0

Curl of gradient is zero, VxVg¢=0



2.6 Rotation of fluid particle
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The mean angular velocity, or vorticity is given by
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For irrotational flow, o =0. Note that in an irrotational flow, the overall shape of the
fluid particle can be distorted, but the mean angular velocity (or vorticity) must be zero.



2.7 \elocity potential

Definition (3-D):
If @=Vxu=(0w/dy—ov/oz)i+(uldz—owlox)]j+(ovIox—aouldy)k =0, then

the flow is irrotational.

Theorem:

©=Vxu=0 ifand only if there exists a scalar field ¢ such that U= V.
Proof (Greenberg, 1978. Foundations of Applied Mechanics, Prentice-Hall, 170-171):

1) Assume that there is a scalar ¢ such that u= V.
2) Then @ =V x U=V x (V¢): 0 (- curl of gradient = 0)

3) We must show that Vxu=0 implies the existence of a scalar ¢ such that

u=Veg.
g P(x4.2)
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By Stokes theorem,

jca-dF=jsﬁ-vXGda=o (. Vxu=0)



However,

ICG-dF=O=_[(g-dF+'[_ﬁcz-dF=_[g-dF— u-dr

C,
Therefore,

Lﬁ -dr = ICG dr « independent of path of integration

Define

I(Xy )u dr—¢(x Y, 2)

(X0.Y0:20)

Then the velocity potential #(x,y,z) is uniquely defined by the point P(x,y,z),
not by the path of integration.
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U =Ui+Vj+wk
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we have

o(x,y,2)= I( v ) *:j(ly (udx+vdy+wdz)+_[ (udx+vdy+wdz)
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Using the fundamental theorem of integral calculus,
L @de= 10
dx -a

we have

op _ 0 (oD (udx +vdy +wdz) =u
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In the same way,

% — V’ % =W
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Therefore,

U=V

This is the end of the proof.

2 Phgh)  Flow)
flow
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Considering the above diagram, physically the flow must be in positive direction. But
according to the definition of the velocity potential, we have
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or the flow is in negative direction. Therefore, we redefine the velocity potential as



u=_9¢
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so that the flow occurs in the direction from high potential to low potential.
2.8 Stream function

Consider 2D x—1z plane

Plx,2)

Fo(%,2.)

(xz)= = . :
Y = I(Xz gJ-ndr < flow rate across the line connecting P, and P
x2) [+ = : =~
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For conservation of mass, ¥ is independent of path of integration. For this, the
integrand must be an exact differential, dY¥ . This requires that

d¥ = 8_‘de +6—\sz = —udz + wdx
OX 0z

or
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Using

ow 0¥ ou oY
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we have

ou ow
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which is 2-D continuity equation. Therefore, a stream function exists for 2-D
incompressible flow.

¢ and W are orthogonal

¢ :lineintegralalong C
Y :lineintegral across C
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P=const

Finally, ¢ and ¥ satisfies the Cauchy-Riemann conditions:
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2.9 Bernoulli equation

Euler equation in X -direction is

Using 2-D irrotational flow condition, ou/0dz =ow/oX,

u ofu) o(w)_ 1dp
ot ox\ 2 ) ox{ 2 p OX

Similarly, in z - direction, we have

Introducing ¢ and u=-0¢/ox, w=-0¢loz,
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Integration gives
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The above two equations give



C(z,t)=-0z+C,(x,t) = C,(x,t)=C(t)
Therefore,

_0p (041" +(@gle2)  p
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+ 0z =C(t)

which is the Bernoulli equation for unsteady flow, giving relationship between pressure
field and flow kinematics (u,w).

Using
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ct)= ot

the Bernoulli equation becomes
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Defining ¢'=¢+ f(t), we have
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The Bernoulli term C(t) isincluded in ¢'. However, the flow kinematics are the same
for ¢' and ¢:
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