Class Handout: Chapter 5 Input-Output Stability

2006 Fall

I. £ STABILITY

y=Hu

where y : [0,00) — R? and u : [0,00) — R™ are functions, and H is a mapping (or operator)
between two signals.

To measure the size of signals, let us introduce the norm function || - ||, with which it holds
that
e |lu|]| = 0 if and only if u(t) = 0,
o llaull = lafflull,
o [lur +ugl < flua | + [Juz]-

For example,

[ull 2o = sup [lu(t)||
>0

fulle, = ([~ ||u<t>|pdt)1/p

(Here, the norm inside the integral is not necessarily equal to the p-norm, but usually it is.)
The set of all piecewise continuous functions whose £, (p € [1,00]) norm is finite, is In fact, ‘piecewise

denoted by L}*. Sub-, or super-script may be omitted if clear from the context. continuous’ can be

replaced by ‘measurable’.
“Extended space”:

Ll ={u:u, € LT VT €[0,00)}

where u., is a truncation of u defined by

The extended space is a linear space that contains the unextended space as a subset. It

allows us to deal with unbounded growing signals (e.g., u(t) = t belongs to Lo ).

“Causal” mapping H:
(Hu); = (Huy ), Vr > 0.

Causality is an intrinsic property of dynamical systems represented by state models.

Definition 5.1
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A mapping H : L' — L is L stable if 3 a class-K function «, and 8 > 0 s.t.

I(Hu)rlle < a(flurlle) + 8

for all uw € L7 and T € [0, 00).

It is finite-gain £ stable if 3 nonnegative constants v and (3 s.t.

(Hu)rlle < llurlle + 08

for all w € £ and 7 € [0, 00).

e (is a bias term, which possibly considers the initial condition.

o If (1) holds, then the system has an £ gain less than or equal to . The smallest v s.t. (1)

holds is called the gain of the system.

o For causal, £ stable systems, we have
u€e L™= Hue L]

and

[Hulz < alllulle) +8,  Vue L™

o L stability is the familiar notion of BIBO stability.

Example 5.1 Let
h(u)za—kbtanhcu:a—&—bie —°
ecu + e*CU/

—Cu

Then
[h(u)| < a+ belul.

Hence, h is finite-gain L., stable with v = bc and § = a.

If a =0, h is £, stable with zero bias, gain v = be, for each p € [1, 0] since

/O \h(u(t))[Pdt < (be)? /0 lu(t)[Pdt.

If h(u) = u?, it is L, stable with zero bias and «(r) = 72, but is not finite-gain £, stable.

Example 5.2 Consider a causal convolution

y(t) = /O h(t — o)u(o)do

where h(t) = 0 for t < 0. Suppose that h € L1 .; that is, for every 7 € [0, c0)

lhelles = [ he(@)lde = [ Ih(o)ldo < .
0 0
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Ifue Ll and >t then
t
y(t)] < / Ih(t — )] u(o)|do
t t
< / Ih(t— o)ldo sup |u(o)] = / Ih(s)lds sup [u(o)
0 0

0<o<r 0<o<r
Consequently,
197llcoe < Nrllcllurllces VT €10,00),
This does not mean £ stability of the system, because ||k, ||z, is not uniformly bounded with

respect to 7. (For example, h(t) may diverge.)

Assume that h € Lq; that is,

1Al 2, =/ |h(o)|do < .
0

Then, it holds that
lyrlice < MAllellurllee, V7 €[0,00),
which means that the system is finite-gain L, stable.

In fact, this assumption implies finite-gain £, stability for any p € [1, c0]. See the textbook
pp- 199 and 200.

Definition 5.2 (Small-signal £ stability)
A mapping H : LI* — L4 is small-signal (finite-gain) £ stable if Ir > 0 s.t. it is (finite-gain)
L stable for all u € L* with supg<;<, u(t)| < 7.

Example 5.3 See the textbook.

II. £ STABILITY OF STATE MODELS

Consider

&= f(t, z,u), z(0) = xo,

y = h(t,z,u)

where z € R", uw € R™, y € RP, f : [0,00) X D x D,, — R"™ is piecewise continuous in ¢
and locally Lipschitz in (z,u), h : [0,00) X D x D, — RY is piecewise continuous in ¢ and
continuous in (z,u), D is a domain containing = 0, D,, is a domain containing u = 0.

* For each fixed o € D, the above system defines an operator H that assigns to each

input signal u(t) the corresponding output signal y(t).
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Assume that £ = 0 of
= f(t7 x? 0)

is an equilibrium.
Theorem 5.1

Let » > 0 and r,, > 0 s.t. {||z]| <7} C D and {||u|| < ry} C D,.
e IF 2 =0o0f & = f(t,z,0) is LES, and 3V (¢, z) s.t

erllal? < V(t,2) < ealla]? (@)
O OV f1,2,0) < —esla? 3)
Htx < calle] @)

for all (¢,z) € [0,00) x D, and,
IF

1 (t, 2, w) |l < mullll + 2 ull
for all (t,z,u) € [0,00) x D x D,,
THEN, for each |z < ry/c1/ca, the system is small-signal finite-gain £, stable (p € [1, o0]).

In particular, for each u € £, . with supg<;<, [[u(?)|| < min{ry,cic3r/(cac4l)}, the output

y(t) satisfies

ly=llc, <Allurlle, +8 (5)
for all 7 € [0, 00), with
nycaceL Co
= mt AR 5ol (2
Cc1C3 C1
where
]-7 lfp = o0,

P= 1/p )

(22)7, ifpello0)

o IF the origin is GES and D = R*, D,, = R™, THEN the above holds for any xq and u(t).
Proof. Derivative of V along & = f(t,z,u) is

ov. oV ov

vV — s +7f( )+%[f(t,x,u)—f(t»x,0)]

< —csllz]|* + csL|l]|ull

(At time point, the proof for global case is actually done already. Can you see?)

(For numerical analysis, we continue...) Take W (t) = \/V (¢, z(t)).
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IV (t,2(t) # 0,

: 14 1
W=—— < —— (—cs3llz||® + caL|lz||||u
2\/‘7—2\/‘7( 3|| || 4|| HH ”)
1 C3 \/V
<——=|——V(t,2) + 4 L—]||u
2\/‘7 ( Cs ( ) 4 \/a” )
c3 cy L
=——W
2Vt [[ull
If V(t,z(t)) =0 (i.e., z(t) = 0), it can be shown that Exercise 5.6 and Exercise
cull 3.24 are employed here.
4
DTW(t) < [[u(®)]]-

2/

Hence, for all V (¢, z(t)), we have

By the comparison lemma,

C4L
2/ei Jo
We then obtain (since (/cq||z(t)|| < W(t) < /e2l|z(t)]])

Co L3 C4L ¢ —(t—T1)3
o) < [ aolle™ 5 + S [0 g ar

g L2 _ps
= et 1 22 (1t (o)
& 2¢1 c3 0<o<t

t
W(t) < e 'z W (0) + e~ % ||u(r)||dr.

(We now check if z(t) € B, for all ¢ > 0 so that the whole analysis is valid.) Then, since
C1 ci1Cc3T
Tol| <71y —, su u(o)| < ,
ool <y [ s fufo)] < 29

lz(@®)| < re '3 + (1 - e_t‘%> r=r.

we have

(We now obtain (5).) From the assumption, we have

t
ly@)I < ke + kQ/ e~ u(r) | dr + ks|lu(t)]
0

Co C4LT}1 C3
ki=4/— kg = —— ks = a=—.
1 1 ||1?0||771, 2 2% 3 =12, 2

where

Set
t
yi(t) = kie™, () = k2/ e u(r)|ldr,  ys(t) = kslu(t)].-
0

Then, for any p € [1, 00|, we have

ko

a

ly2.rllc, < —llurllc,
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since ||h||z, = 1/a and from Example 5.2, and

ys,~llz, < ksllurllc,-
For the term yq,
ly1,7lle, < kip

where

1, if p= o0,

. (é)l/p, ifpe [1,00)'

Thus, by the triangular inequality,

k
Y=kt =, f=hp.

On the other hand, the global case follows easily.

Corollary 5.1
IF the origin of & = f(t,x,0) is GES(LES) and

1a(t, 2, w) |l < mullll + m2ull
THEN the original system is (small-signal) finite-gain £, stable for each p € [1, c0].
Corollary 5.2

A LTI system is finite-gain £, stable if A is Hurwitz.

(In particular,

2000 (P Bll2/ICl2
_ D max
v=|Dll2 + onin (P)
) A (P)
B =1Clalleoly 325 o
1, b =00,
p= 1
(”mapx(P)) " ope[l,00).
where ATP + PA = —1.)
Example 5.4
S
y = tanhx +u
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With V(x) = 22/2, we can show that the system is finite-gain £, stable.

Let us consider LUAS case restricting to L., stability.
Theorem 5.2 (local version)

Let r > 0 and 7, > 0 s.t. {[[z]| <7} C D and {||ul| < 7.} C D,.
IF z =0 of 2 = f(t,x,0) is LUAS, and 3V (¢, ) s.t

o (llz]) < V(t.) < an(al)
O 0V 1(1,2,0) < ~as(al)

H (t.2)]| < aslel)

for all (¢,2) € [0,00) x D, and,
IF
£tz u) — f(t,2,0)]| < as(||ull)
[A(t, 2, u)|| < ag(llz]]) + az((lul) + 7

for all (t,z,u) € [0,00) x D x D,,
THEN, for each ||zo|| < a5 *(ai1(r)), the system is small-signal £, stable.

Proof.
Derivative of V along & = f(t,z,u) is
.oV 9V ov
V=S S 0)+ S () — f(t,2,0)
< —as(|lz]]) + as(llzl)) s ([[ul)
< (1= O)aa(lel) ~ Bas(lel) + as(rs (5w u(o)])

where 0 < 0 < 1. Set

- <a4<r>a5 (supggtg ||u<t>||)> |

We consider only such u(t) that supg<,<, [[u(t)|| is small enough for yu < oy
V<—(1=-0as(lzll), Vel = p

From Theorem 4.18,
ool < Aol )+  sup )
0<t<r

for all 0 < ¢ < 7. Hence,

190011 < as (8ol )+ sup 0]} )+ ar(lacol) +

Y(ay(r)). Then,

< aa(@llsal ) +as (22 (swp ) )+ arlutol) +v
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Therefore, we have

197llcoe < v0(llurll2e) + Bo

Yo=aso2y+ar,  Bo=as(28(||zol,0)) +n
Theorem 5.3 (global version)
IF D =R" D, = R™, the system & = f(t,z,u) is ISS, and
17t 2z, w) || < ar([lz]]) + cx(lfull) +mn,
THEN, the system is L, stable.
Proof. Trivial. Isn’t it?

* Think about why the global asymptotic stable case needs so strong property (ISS)?
Consider
fi; =

iy

which is GAS (but not GES), and is not £, stable (also not ISS).
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III. L5 GAIN

“Lo stability plays a special role in systems analysis. It is natural to work with square-
integrable signals, which can be viewed as finite-energy signals. In many control problems,
the system is represented as an input-output map, from a disturbance input u to a controlled
output y, which is required to be small.”

Here we study how to calculate the Lo gain for TI systems.

Theorem 5.4 Consider

T = Az + Bu

y=Cz+ Du

where A is Hurwitz. Let G(s) = C(sI — A)"'B + D. Then, the £, gain is

Sup [ G(36) 2 = S \/ A G (—j2) G ).

weR

Proof. Due to linearity, we set 2(0) = 0. From Fourier transform theory, for a causal signal
y € Lo, -
V(o) = [ a0t V() = GV ().
By Parseval’s theorem,

Iz, = o outa = o= [ Yoyt

— o [ U 6T (Ci)G U e

IN

(smlcGns) o [ vt

— 00
2
_ <sup |G<jw>||2) ull2,
weR

which shows that the £, gain is less than or equal to sup,cp [|G(jw)||2. See Appendix C.10
to show that the Lo gain is, in fact, equal to sup cp ||G(jw)|2-

Consider

where f is locally Lipschitz, G and h are continuous, and f(0) = 0 and h(0) = 0.
Theorem 5.5
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IF 3 C! positive semidefinite function V(x) and v > 0 s.t.

v 1 9V ov\T 1
RV, J,Gohr) = 10 + 513 GGG @) (1) + T (@nta) <o,

THEN, for each zy € R", the system is finite-gain £ stable and the gain < ~.

* Hamilton-Jacobi inequality

* Compare with Theorem 5.1—no exponential stability, but needs a solution to HJ eq.
Proof.

: [ 1 T 2

V=LiV(2) + LaV(z)u = —577lu—~ ;(LGV) @)z + LyV (x)

1 1
+ WLGV(*T)(LGV)T(SC) + §’YZ||U||§

1 1 1 1
577l = 1915 = 57 = 5 (LeV)" @)1

1 1
2 ll3 — 5ol
Thus,
1 T 1 /7
Vialr) = Vi) < 32* [ lulae =5 [ e

Since V(z) > 0, we have

/Tmumsgv{/ﬂm@m%ﬁ+2vww.
0 0

Then,
1yrllo < Allurlle, + 2V (20).
Example 5.8
.1'31 = T2
iy = —ax? — kxo + u, a>0,k>0,
Y = T2

Let V(z) = a(axt/4 + 23/2). Then, LV = —akz3, LcV = axa, h(z) = x9, so that
o? 1\ ,
H= (_ak+2,>/2+2>x2'

That is, if
2

20k — 1
then the system is Lo stable. The right-hand side has a minimum 1/k? for o = 1/k, so with

72>

~v = 1/k, we conclude that the system is finite-gain Lo stable with the gain less than or equal
to 1/k.
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Example 5.9 Consider the system with the property
LW (x) < —kh" (z)h(z), k>0
LeW (z) = h™ (z)
where W (z) is a C'! positive semidefinite function.
Let V(z) = aW(z). Then,
H = (—ak - ;‘; + ;) RT (z)h(z).

By Example 5.8, we conclude that the system is finite-gain L5 stable with the gain < 1/k.

Example 5.10 Consider the system with the property
LiW(z)<0
LeW (z) = h' (x)

where W (x) is a C! positive semidefinite function.

Let an output feedback control
u=—ky+w, k> 0.

Then, the closed-loop system becomes

i = f(z) — kG(2)GT (z) (%Z/)T + Gz

y = h(z)

This system is, in fact, the case of Example 5.9. (Verify!)
So, this system is finite-gain Lo stable with the gain < 1/k from v to y. Note that the

gain can be arbitrarily assigned with the feedback.

Example 5.11 Consider
= Az + Bu
y=Cx
Suppose 3P > 0 s.t.
1
PA+A"P+ —PBB"P+CTC =0
Y

(the Riccati equation), with some v > 0.
Then, V(z) = %xTPx satisfies the HJ equation for this system, i.e., H = 0. Thus, the
system is finite-gain £y stable with the gain < . (In fact, the Riccati equation has a solution

P >0 if and only if the system’s Lo gain is less than or equal to ~.)
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o From the proof of Theorem 5.5, we note that, if the assumptions hold only on a finite
domain D, then we obtain the same conclusion as long as the solution z(t) stays in D.
(Corollary 5.4.) This possibly restricts the class of input signal, which also depends on the
initial condition xg.

o If & = f(z) is AS and if |zo]| and supy<;<, [|u(t)|| are sufficiently small (relative to D),
then the solution z(t) remains in the neighborhood of the origin. This leads to the following
Lemma.

Consider

where f is C', G and h are continuous on a set D C R™, and f(0) = 0 and h(0) = 0.
Lemma 5.1
IF the origin of # = f(x) is AS, and 3 C! positive semidefinite function V(x) and v > 0
s.t.

T
H(V, f,G,h,y) = g—:f(m) + #%G(x)GT(x) (‘Z‘;) + %hT(x)h(a:) <0

on a domain D,
THEN 3k; > 0 s.t. for each ||zo] < k1, the system is small-signal finite-gain Lo stable

with the gain < ~.

Proof. We can apply Corollary 5.4, if we show that z(t) stays in a neighborhood of the
origin.

By the converse theorem, 3 a C! function W(z) and ro > 0 s.t.

for all z € B,,,, and without loss of generality, we assume that B,, C D.

Let k and L be an upper bound of ||0W/dz|| and ||G(z)||, respectively. Then,

Wiaw) < G0 1) + G Glau < —as(el) + KL |u]

< ~(1 = 8)aa(|o]) ~ baa (o]} + KL sup [u(t)|

<~ -Oaallel). Vel a5 (KL sup Juto)l/o)

where 0 < 0 < 1.
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This implies that (you may recall Theorem 4.18), 3k1, ko > 0 s.t., for every ||zo| < k1 and
for inputs such that supg<, <, [|u(t)|| < k2, the solution z(t) € B,,. Hence, the conclusion

follows from Corollary 5.4.

Lemma 5.2
IF 3 C! positive semidefinite function V(z) and v > 0 s.t.

1 oV

T
H(V, f,G,h,y) = aa—Zf(m) + W%G(x)GT(x) (8V> + 1hT(az)h(nc) <0

Oz 2
on D, and ‘no solution of & = f(x) can stay identically in S = {& € D : h(x) = 0} other
than the trivial solution z(t) = 0’,

THEN the origin of & = f(x) is AS, and 3k; > 0 s.t. for each ||zg|| < kq, the system is
small-signal finite-gain Lo stable with the gain < 7.

o In this lemma the Lyapunov function V(x) came from the HJ inequality.

o How to interpret the phrase: ‘no solution of & = f(z) can stay identically in S = {z € D :
h(z) = 0} other than the trivial solution x(¢) = 0’7 (Not clear in the textbook. Discuss it in
the proof.) I would say ‘there is no locally invariant set in S except the origin’. By a locally
invariant set L in S, I mean that, if 2(0) = xg € L, there exist nonnegative constants d; and

Jd2, not both zero, s.t. z(t) € L for t € [y, Ia].

Proof. The proof is done by Lemma 5.1 if we show that the origin of z = f(x) is AS.
From the HJ inequality,

T
ov < 1 8VG 7 () <6V) 1
ox

@) < —5 3 5-6(@) — SHT@)h() < ~ S H (2)h(z),

which seemingly means that the origin is stable, and by employing the LaSalle’s theorem,
we have the conclusion. (In particular, the set {z € D : 2L f(z) = 0} C S. In addition,
since there is no locally invariant set in S except the origin, the only invariant set in S is the
origin. So, the LaSalle’s theorem can be applied.) This is true if V() is positive definite.

However, since V (z) is assumed just positive semidefinite, we now prove that, from the
assumption, the function V' (z) is in fact positive definite.

Let r > 0 be s.t. B, C D (strict inclusion). Then, for each z € B,., 30 > 0 s.t. the solution

from x, ¢(t; x), stays in D for ¢ € [0, §]. Integrating the above inequality over [0, 6], we obtain

1)
V(o(i) = Vi) < =5 [ Ihlo(t ) e

Using V(¢(d;x)) > 0, we have
1 6
Vi) >3 [ Inoa) B
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Now suppose that 3z # 0 s.t. V(z) = 0 (not positive definite). Then, the above implies
that h(¢(t;z)) = 0 for t € [0,6]. This means that = # 0 is an element of locally invariant set.

However, since the only element of the locally invariant set is the origin, z = 0 (contradiction).

Example 5.12 DIY.

IV. FEEDBACK SYSTEMS: THE SMALL-GAIN THEOREM

Uq S
+

> Hl Y1 >

+

B y2 H2<ezd>;" Uz

From the textbook,

o The formalism of input-output stability is particularly useful in studying stability of inter-
connected systems, since the gain of a system allows us to track how the norm of a signal
increases or decreases as it passes through the system.

o See Figure 5.1. Hy : L — L1 and Hy : LI — LT*. Suppose both system are finite-gain £
stable; that is,

||y1,‘r||£ S ’71“61,THL‘ + ﬂl» vel € ﬁ;n,VT S [Oa OO)

ly2.rllc < 2llezrllc + B2y Vea € LI,VT € [0,00)

(finite-gain for simplicity).

e Suppose that the feedback system is well defined in the sense that for every pair of inputs
up € L7 and uy € LZ, 3 unique outputs e, y2 € LI and eq,y; € LY.

e Define u = [ug;us], ¥y = [y1; 2], € = [e1;e2]. We ask if the feedback system, viewed as a
mapping from u to y (or to e since they are equivalent in the sense of Exercise 5.21, your
homework), is finite-gain £ stable.

o If the external input and output of interest is just w; and y;, why should we consider £
stability from both (u1,us) to both (y1,y2)? The reason is that, by considering all the pairs

of inputs and outputs, any possibly hidden internal mode comes out. (See Exercise 5.20.)
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Theorem 5.6 (Small-gain Theorem)
IF y172 < 1,
THEN the feedback system is finite-gain £ stable.

Proof.

e1r = ui; — (Haez)r, e2r = ugr + (Hie1)r

Then,

leirlle < luitlle + [[(Hzez)rlle < lurtlle +2llezrllc + Be
< lurtlle +ve(lluzrllc +7lleirllc + B1) + B2

=mnylleirlle + (luirllze + v2lluer |z + B2 + v201)

Since y172 < 1,

1
leirlle € ———(lluirllc +v2lluz:|lc + B2 +72051)
L =772

for all 7 € [0, 00). Similarly,
1
lezrlle < T———(lluarllz +mllusrlle + B1 +7152)
— M2

for all 7 € [0, 00). The proof completes since |le]z < |le1]lz + |le2]lz-
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