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Ch2. =M (Curve)
2.1 Parametric function/curves
2.2 Bezier curves (de Casteljau algorithm)
2.3 B-spline curves (de Boor algorithm, C' C2 continuity)

Ch3. =™ (Surface)
3.1 Parametric surfaces
3.2 Tensor product Bezier surfaces
3.3 Tensor product B-spline surfaces
3.4 B-spline surface interpolation

Ch4. dtMl(Term Project)
o MHO| Offset dataZ=FH MY} W B-spline M M & JIAIRL
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1.1.1 8/2M0| Al HEA
-

m (Given: a,,a,,a,,a,

" Find : cubic polynomial function r(¢)

The monomial form :

r(f)=a,+at+a,t’ +a;t’ = [a0 a, a, a3]

The Bezier form :

r(t)=(1-1t)’b,+3(1-¢t)°tb, +3(1-1)t’b, + b,

= BX(t)b,+ B (1)b, + B2 ()b, + Bi(t)b, =[b, b, b, b,]

[bo b, b, bs]:[ao a, a, a3]

-1

B (V) |

B} (t)
B (t)

| B (t) |




I’

E
N

1.1.2 3K} Bezier 2 HZHdHH (1)
) —
= |f we are given fitting points P, and we wish to pass a curve through

them. There, the points are 2D, but the curve might as well be 3D.
This is called “curve interpolation”.

"= We may choose among many kinds

P of curves; for right now, we will use
a cubic Bezier curve.
- “cubic Bezier curve interpolation”
r(t) 3 3 3 3
P, r(¢)=B;(¢{)by+ B ({)b, + B, ()b, + B;(¢) b,
p P, = Given parameter ¢, corresponding to
3

P., we want a cubic Bezier curve
such that:

r(¢,)=p,; 1=0,1,2,3.



[

|

1.1.2 3K} Bezier 2 HZHdiH ()
-

m The cubic Bezier curve of the form:

r(t) =By ()b, + B ()b, + B, ()b, + By (t)b,.

m All interpolation conditions are:

P, = B;(t, @+ B; Uo@"‘ B; (to@+ B; (to
P, =B; (tl@_l_ B} (tl B; (1‘1@ B3 (1, )@
P, = B; (4, "' B} (tz"' B; az@"‘ B; (tz@
p; =5; (t3@+ B} (t3@+ B; (t3@+ B3 (t3@

4 Unknown Vectors, 4 Vector Equations

SDAL 7/196
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1 .
. 1.1.2 3X} Bezier ZM HZHUIH (3)
) —
®  To find the solution of these four equations for four unknowns, we can
write in matrix form:

My Bi(t,) Bi(t,) B3(t)) Bi(t,) b,
Ll Bi(t,) Bi(t,) B;(t) B;(4) | b,
P Bi(t,) Bi(t,) B () Bi(t,) | b,

P3| [By(t) Bi(t;) Bi(t;) Bi(t) |Lbs_

®  To abbreviate the above form as: P =MB.

= The solutionis: B=M'P.

m  Although it is looks like the solution to one linear system but it is the
two or three systems depending on the dimensionality of the P;.

T

ex) po:[xo J’O]T or [xo Yo Zo]
SDAL 8/196

Advanced Ship Design Automation Lab.
http://asdal.snu.ac.kr
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Given: S — .
// \\\
;Ild AOI‘QI EII pl // """""""""""""""""""""""""""" ®.., \\\\
Elldgl fE ul /// ....... & p ......... ~ o VS
OHBEIO| WM W P, ; . e
Ve ., \
V // ...° .... \
Find: 2‘// p -
/ '.. 4 ‘\
IM N HpE UL [ ¢ .
oz ZHS MEOE [ S P,
< ! Y
3X} B-Spline =4 % » V6
(B-Spline ZB¥) vy /S 4
S Y
\: !
4 .1|
.
3 é V7
A
u
u
A A A A A a Yo
ALl 3 A, u A Ay aly
AU T U uy, 5 Ug A ls
Uy Al
A
U,
18 2 M M[OMHEE= 3K Bezier Curve 0|}
HAHMWAM= C1, C2 HEXZHE TESBIH. SDAL 9/196
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1.1.5 M HUEUE Aot = [ S - Water Line Hd (1)

S$t.19.75 St.19 St.15
C wz=a WO FQ AM Y TE section
~ - lineg 9] nl Xt HlAtES SO0l waterline 4

=\ 7 = a0l Q] waterline A S 9|5}
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- Water Line 44 (2)

St.19

St.19.75

S

z=a YIXIOIAO] EX

section line(station)

12/196

Waterline A

MENTY E&ﬁtTng) >

el

z=a HXIOIAICl BE WX
» z = all A2l waterline

z X0 CHoH <A at

| —
—
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‘tomation Lab.



- Water Line & (3)
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Ch 2. I'-Z.'*._(Curves)

. i{ul : . :
1 - 2.1 Parametric function/curves
. - faralafetatafutsts
: SPeEeERESEEcccC -
| Joooaeeeemsetoccoocc 202 Bezier Curves
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.2.1.1 Explicit / Implicit / Parametric function
N—
m  Explicit function(&Ct=4Al)

o =
o It y=f(x) 2 SH= LIEL
T2

LHOJXI® Ustagly 8 ex) y=+r -x°
o xJI FOIXIY yE EHAH ?

o WMPIbx, y FINY M, 8= f(x,y) =0 % E2 ex) x*+y°—r* =0
= Al=2
=

o ZFOIX MO FMO| IS FE QIF, AX T ex) (0 +(0) —r* <0
QEXE) A=Xl WHOD| HS (WY + (P -r2>0
e f(x,y) =09 B2 y0il HOH Z0IM y = f(x)2l
SEHJE QUKD Yot WMBH0| JEsS. BE ex) y=£Ir—x*
So4) YesE Mok & A= U2 0

y
= Parametric function(iJH == B=4l) 1o (reost, rsin
o 28I SUILIHIN B t& 018010, x = (1), /%
IR B! &
M 8= t& WHE Ol0 xQt y& HEOI= 4
06

- g(t)= LIEHHOIXIS OIS TH) / X
!
S QrSisAI2 IJH B S4AIOR Wel0] It

, 0
= ex) x(t)=rcost, y(t)=rsint

<
E 2
1

9

)
(L

E]

g

I Ji
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W

2.1.2 IR B4 (Parametric function)Q| £

Xl
o

(1)

4 X4yt v ZuEdan
o OHLIO| x a0l CHOH vy &aX0l = JHOlY Lk + AS
yl (multi-value function)
x4y =r y=2Vr’ —x’
d
A x . OI2 A4S BHOD| AL 2SN YS 2 =
Y dx x-r
= QN B S
i o OHLIC| OHIH B~ 2X0H CHOH OHLECl &aX2HOl LIS
x(t)=rcost, y(t)=rsint
(rcost , rsint)
/2 S , e OIE HI+E B0 #S
- >dy/dx& 2} QAEE LIS 0 AM HI&FeE: dy/dt, dx/dt
| d . d
4 * X —xz—rsmt, —y:rcost
dt dt

SDAL 22/196
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*xl_%gll.g 1* = -alj + a]_ xl + 31 xl + 331-3 .1,1 = _'? _';’
(=) AL
f X, y) = OQI EET&I
. TN N0 WS ENWOT A 5 YD)

o DIl HHEE SO0l M AlO]
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» CAD A|AEI0A] O4JH W 23/196
SDAL

Advanced Ship Design Automation Lab.
http://asdal.snu.ac.kr



[

%

2.1.2 IS5 B4 (Parametric function)Q] EA (3)

-

" The curve is defined by parametric functions 1

_|! a :
RANY : \
m |f the curve is rotated by 90°, A
SAIS BIOLX| 8411, SIK|T mst %
P

— 2t + 2t T X

V [

SDAL 24/196
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213 @t etao] REA B4 B (1)

Given: y =2x° —4x” +2x +1

y 1.6
1.5 F
1.4 F

1.3 F

1.2 r

11 |
4 ' / X

SDAL 25/196
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-
y=2x" —4x" +2x+1 - 014t B4l
A% 2,-4,2,1 OBE
o x(t) ¢ dO0| DYES ‘UM OF
r()=|" |= = . OIAOH] 0
y y(?) 2t =47+ 2t +1
LSS OlHQ 22 HHE
EHg & ULE

A {x} ) {X(tq | =0 % +3(1=0)"x +36° (=0, +17x;
— - y(t) B (1=1)y, +3t(1=1)2y, +3°A=1)y, +£y,

{ ¢ (1 O xy 361 -0)x, 367 (1 -1
21% — 47 +2t+1 (1 t) 3t(1—t) 362 (1 -1 +t

SDAL 26/196
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(1-1)’x, +3t(1-1)"x, +3t°(1—t)x, +t'x, =t

A0 Y& X, =0 x, =0
u9| Hl=: —3x, +3x, =1 » x, =1/3
u2o| HlI%: 3x,—6x, +3x, =0 X, = 2/3
uOl Hl$: —x, +3x, —3x,+x;, =0 X, =
I ! Linear
x. = X. = — . .
I I n Precision

SDAL 27/196
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(1-1)’ y, +3t(1=1)’y, +3t°(A=1)y, + 'y, =26 —4t* + 2t +1

AL0| Hi%: Vo =1 Yo =

t9] Hl=: =3y, +3y, =2 » y, =5/3
20 Hig: 3y, —6y, +3y, =4 y, =1
B Ay +3) =3ty =2 y, =

SDAL 28/196
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267 — 412 +2¢ +1

i

(1=1)*-0+3t(1-1)° l+3t 2(1-1)- —+t 1

N A AL
=(1-1) |:1:|+3t(1 t) {V}L% (1 t)L_H }

0 A . % . 1
283@{1}3«0{;}@ @W ot

(1-¢) -1+ 3t(1—¢)° -§+3t (1-£)-14+¢ -1

3




» H {"(ﬂ { t } (1-1)*-0+3¢(1-1) —+3r (1-1)- —+r 1
e P = | 5,3 2
y A R I O T g+3t (1=1)-1+£ -

- IR == & AlZt012t ] M Z0HH, r(r)= IS E Ml (rigid body) It 01 S 0l=

HI M (trajectory)& HEUTH A= H4E = AL

- Y2, ST STAUIME 01F0l= SHIC HIM &0 HHSE = AKX
B+ S22 = 0IS0l= =M HIH2 F&2Tt 0l

S3AMZ MGl AKXl r(n2 THIS SH &THE =+ ALL

r(n: =2 A, k@) =AY =, i@):=A2 VISR
———————— ®--—____
eI T 7
e t =1sec Tl e
o B g
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For any polynomial degree, on the cubic case n =3

r(t)—{x}— —(1-1) +¢
“ly] T 130-0%=301-0)f

Q% 201 0t S+ I ¥+ SHE HHE = AS. AU r(¢))
32 HHHC2T [H9 FYE (o] a3

[
0%
1z
|0
HU
FH
re
full
rir

<EH H71> O{EH Ol S8 Z{UXNOZ A0l S = UH B = A2k
_ L , ANZE ZFHE) T ZHES
The polynomial in terms of a combination of points; DMA 9IFIEH D
rHEEsS
o {X} —(1-0+7 oI 25t X410 4| DAY
r = = A S &
y| [3(1-1)*t=3(1-1)t Hl == 8 & 401 Ct
. i . : > XHFHOR MO HEE
=(1=1)*|  [+30=0)%| |[+31-0)? " |+7 HNanokody » US
0 1 | -1 0
3| 1 3| U 3 0 _ 3| 1 O2tA 2L TI=%}0 A
= B, +B’| |+ B; + B; > OgA 2L TS 5
L : -1 L0 aixuoi p.Bezierdb :

= B’b,+B’b, + B’b, + B’b, 19713 24

St 89 H(point)&E 3Xt Sl “blending”0l0] HHE HEHE = A

o =
EoH 0lgiSt ME SZI0|H FMO| HAQ| HOIE =, FMO] XA M (control points)0l2tal S



2.2 Bezier curves

| ~ 2.2.1 Definition & Characteristics of Bezier curves

; 2 2 Degree Elevation/Reduction of Bezier curves

2 2. 3 de Casteljau algorithm

A\ dvanced 2.2.4 Bezier Curve Interpolation / Approximation
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A\ utomation
|- aboratory




2.2.1 Definition &
Characteristics of
Bezier curves

2.2.1.1 Definition of Bezier curves

2.2.1.2 15t Derivatives of Cubic Bezier curves
2.2.1.3 Characteristics of Bezier curves

2.2.1.4 Higher order Bezier curves

2.2.1.5 15t Derivatives of higher order Bezier curves
2.2.1.6 Matrix form of Bezier curves

A dvanced 2.2.1.7 Sample code of Bezier curve class
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/A utomation
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2.2.1.1 Definition of cubic “Bezier” curves
S
® The cubic Bezier curve is defined by
)
r(¢) = { (IJ or |y(t)|=1-1t) b, +3(1-1)’tb, +3(1-1)t’b, +£ b,
Yy

2] _ B3 (1)b, + B (1) b, + B2(£) b, + B (1) b,

Warly independent

(01T OILIZIE [12 €T HHY 4 gl8)

where, b, : Bezier control points (b, b,) or (b, b;,, b..)
’(t) : cubic
5 or > B(=1, B(1)=0

0<¢<1: Bezier curve parameter

b, t=1




[

Y

2.2.1.2 15t Derivatives of Cubic Bezier Curves (1)
) —
r(t)=(1-1)b, +3(1-¢)°tb, +3(1-1)t’b, +t’b,

m  First derivatives: Tangent vector of the curve

A2 tllM e EMS S

T 3(1-1°b, +[30-0° - 601 -1,

+[6(1—1)t—3¢"Tb, +3t°b,

=3[b, —b,]J(1-¢)> +6[b, —b,](1—-1)t +3[b, —b, ]¢*
=3Ab,(1-1)> + 6Ab,(1—1)t +3Ab, ¢’
=3(Ab,B; + Ab,B} + Ab,B)

where, Ab. =b.  —b. : forward differences

SDAL ™
Advanced Ship Design Automation Lab.
http://asdal.snu.ac.kr
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.2.2.1.2 15t Derivatives of Cubic Bezier Curves(2)
-
=  The derivative of the cubic curve is quadratic curve.

dr(?)

" =3(Ab,B; + Ab,B’ + Ab,B;).

r(f) =

e where, Bl.2 : quadratic Bernstein basis function.

= Most important
Endpoints tangent vectors:

#(0) =3Ab, =3(b, -b,),
i(1)=3Ab, =3(b, —b,)

SDAL 36/196
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.2.2.1.3 Characteristics of Bezier Curves (1)
W

= Bezier 382 224 XYESE 484
= MS FOHO ZEA} OIXIY = Ol =

ay
HIEO] WS T 3 US

P4 ™
M

= Convex Hull LHO|l Xi&t ( Z B (t)zl)
x

IMOZRE XA L ZHOIMY HM

b

oa—

b

1
Q.

AIEEOIM O}
MM HE)

.. Convex Hull

b

0 b3
Bezier A ME2
2aA=0| Sl
=0 o
Al
E{19]
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2.2.1.3 Characteristics of Bezier Curves (2)

b b,

(=)

cusp b,
SDAL 38/196
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2.2.1.4 Higher order Bezier Curves (1)
) —
m A Bezier Curve of degree 7 can be defined by;
r(¢)=b,B,(t)+b B/ () +....... +b, B (1).

= where, B'(¢t) :Bernstein Polynomial Function.

n,\ . .
B/ (1) = ( .jtl(l—t)”",
l

v
n s if0<i<nm
=G =10 (n =)
! 0 else

B! (t)=tB"'(t)+(1-1t)B'"'(t) with B)(t)=1

®m  For cubic case, the Bezier curve as:

r(t)= boBg (£)+ blBl3 (£)+ szz3 (1) + b3B3? (¢).



[

|

2.2.1.4 Higher order Bezier Curves (2)

-
e Bernstein Polynomial Function:
[(1=t)+ef =(—t) +2(1—t) +1° 1
= By () + B/ (1) + B, (1), 11
1 2 1
[(1=t)+eF =[(1=1)+ e[ -1)+1] 1 3 3 1

1 4 6 4 1
A

3 2
:(l—t) +3(1—t) t+3(l—f)l‘2+t3 I} A 20| AbZbe

= BJ(1)+ B} (1) + B (1) + B3 (1),

[(1=t)+ ] =[(=2)+e[[(1=1)+¢]
=(1—t) +a4(1—¢t)t+6(1—2)> +401 1)’ +¢*
= By () + B} (1) + B, (t) + By (t) + B, (1)



I

N

2.2.1.4 Higher order Bezier Curves (3)
) —

5th-degree Bezier curve 6th-degree Bezier curve

7th-degree Bezier curve 7th-degree Bezier curve

SDAL 41/196
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.2.2.1.5 Derivatives of Higher Order Bezier Curves (1)
W
m  For Cubic Case(n=3),
r(t)=3[Ab,B; + Ab,B’ + Ab,B.].
" For degree=n,
(1) =n[Ab,B)" +Ab,B"" +......... +Ab _B"].
where  Ab.=b,  —b.  :forward difference.

m  Bezier Curve—> differentiated by more than one by parameter 't

m Forthe k" times derivative:

d'r(t)
dt*  (n—k)

[A'D B " (1) + A'D, B *(?)......+ A'b__ B (1)].

SDAL 42/196
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2.2.1.5 Derivatives of Higher Order Bezier Curves (2)

) —

= where, A*:forward operator.
= we can get Atb, = At-'b,,, —AF'b,.
where, A%, =b,.

m fork=2:b,,-2b. +b..

m fork=3:b,_,-3b,,+3b,, -b,.
m fork=4:b,,-4b, ,+6b. ,-4b.  +b..

i+3 i+2
m the k® der'ivative of r(O)andr(l);'
n! n! ‘

k — Zxk k — .
(0= T Ay and F ()=,
e For n=3, k=2;
3! 3!
2(0) = A’b 2(1) = 2
CO=G CO=G

=6(A'b, —Ab,)

=6(A’b, —2A’b, + A’b,)
=6(b, —2b,+b,)

=6((A’b, —A’b,)—(A’b, —

= 6(Ab, —A'b,)
A’b,))

=6(A’b, —2A’b, + A’b,)

=6(b, —2b, +b))

MEHSI ZMMSB ot} o 301 MIHS “HAMEMN”, 20062135

28|

= 6((A’b; —A,)~ (A, ~ A'D,))

43/196
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2.2.1.6 Matrix form of Bezier curves(1)
| —

m  Cubic Bezier Curve

r(t)=(-1¢)b, +3(1-1t)’tb, +3(1-1)t’b, + t’b,

= applying the dot product to above equation;

ENE
3(1-1)%t
31-1)¢°

3

r(t):[bo b, b, b3]

{

SDAL “™
Advanced Ship Design Automation Lab.
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® The Matrix form of Bezier Curve is

r(t)=[b0 b, b, b3]

e
3(1-1)’t
3(1-1) ¢t

t3

:[bo b, b, b3]

B ()]
B/ (t)
B;(t)

| B;(t).

2.2.1.6 Matrix form of Bezier curves(2)

Conversion to the monomial form: r(f)=a, +a+a,t” +a,’

r(t):[bo b, b, bs]

ety
3(1-1)°t
3(1-1)¢t’
t3

:[bo b, b, b3]
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.2.2.1.6 Matrix form of Bezier curves

W

® The Matrix form of Monomial Curve is

1
2 3 4
r(¢)=a,+agz+a,t” +a. :[a0 a, a, 33] ,
!
ZL3
Conversion to the Bezier form: -
r(t)=(1-1)°b, +3(1—-1)°tb, +3(1-1)t’b, + £’b,
= BX(t)b, + B} (t)b, + B2 ()b, + B2 (1) b,
1 -3 3 —1][1]
0O 3 -6 3
:[bo b, b, bs]o 0 3 _3llg
0o 0 0 1]|F ]
T 1
0
[bO b, b, b3]:[ao a, a, a3]0
0

(3)
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2.2.1.7 Sample code of Bezier Curve class(1)
L

#ifndef _ BezierCurve_h__

#define _ BezierCurve_h___

#include “vector.h”

class BezierCurve {

public:
int m_nDegree;
Vector®* m_ControlPoint; int m_nControlPoint;
BezierCurve();

~BezierCurve();

void SetDegree(int nDegree);
void SetControlPoint(Vector* pControlPoint, int nControlPoint);
Vector CalcPoint(double t);
double B (int i, double t); // Bernstein Polynomial
5
#endif
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2.2.1.7 Sample code of Bezier Curve class(2)
L

BezierCurve::BezierCurve () {
m_ControlPoint = 0; m_nDegree = 0;
m_nControlPoint = 0O;

3

BezierCurve::~BezierCurve () {
if(m_ControlPoint) delete[] m_ControlPoint;

3

void BezierCurve::SetControlPoint(Vector* pControlPoint, int nControlPoint) {
SetDegree( nControlPoint-1 );
if(m_ControlPoint) delete[] m_ControlPoint;
m_ControlPoint = new Vector[nControlPoint];
for(int i=0; i < nControlPoint; i++) {

m_ControlPoint[i] = pControlPoint[i];

3

void BezierCurve::SetDegree(int nDegree){

m_nDegree = nDegree;
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2.2.1.7 Sample code of Bezier Curve class(3)
[

Vector BezierCurve:: CalcPoint(double t) {
Vector PointOnCurve(0,0,0);
if(t<0.0]]t>1.0){
return PointOnCurve;
}
for(int i = 0; i < m_nControlPoint; i++){
PointOnCurve = PointOnCurve + m_ControlPoint[i] * B(i,t);

}

return PointOnCurve;

double BezierCurve:: B (int i, double t) {
double result = 0;
// Calculate ith Berstein Polynomial at parameter t

return result;




2.2.2 Degree Elevation /
Reduction of
Bezier curves

: ~ 2.2.2.1 Degree Elevation

2 2.2.2 Degree Reduction
OO0E JooocC O
aoagooooooon 100
0000000000000 c
_ LUOOOREEABABBEECCo0OC 2 2 2__3 Repeated Degree Elevation
3 JO00O00O000000OO000O000000 ‘II'__‘IF
] | o o oo o 10 0 OO 101 11 11 11
| o | o o o o 1011 11 L iy 11 |
OO0O0O0O0O00O000O00O0000O00000O0O0O0O0OoOoac
00000000 oOODoogodOoogoooogoooon
§00000000000000000000!

A\ utomation
|- aboratory



.2.2.2.1 Degree Elevation (1)
-
= S

e MZ UE X508 JME E2 X=—== HESZ [ AIE
( 3Kl Bezier M + 4K} Bezier 24 > 4K} Bezier M + 4K} Bezier M)

o HI[} E'JS @@92 SME Y XIS EAH Al
+1

n X} B-Spline M2 =& XE UM FEEH HEE
n Xl Bezier 419/ &/&f0ictil & = UL
HictM, B-Spline HM9| k= S SES

Bezier 549 k= S)I BEH2 T AFE =+ UL

SDAL 51/196

Advanced Ship Design Automation Lab.
http://asdal.snu.ac.kr



E2.2.2.1 Degree Elevation (2)

W

m 2X} Bézier curve -> 3X} Bézier curve

r(/)=(1—-¢)’b, + 2(1-)tb, + b, 1 x [t+(1-1)]

r()=[tA-1t)’ +(A-1)’b, +2*A-1)+ A =)’t]b, +[£’ +*(1-1)]b,

_____________________________________________________________________________________________________________

> | =, 2 MZ& control point2 2= 3X Bézier curve

SDAL *™
Advanced Ship Design Automation Lab.
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2.2.2.1 Degree Elevation (3)

o
AN

r(t)=(1-1)"b, +2(1-1)tb, +t°b,

r(t)=(1-1¢)b, +3(1- z)%[%bo + %bl] +3(1- t)t2[§b1 +%b2] +t'b,

SDAL *™
Advanced Ship Design Automation Lab.
http://asdal.snu.ac.kr



[2.2.2.1 Degree Elevation (4)

4
m by....b, & control pointZ J}XI= nXl Bézier curveE
n+1XI= degree elevationO™

Il
=
3

3%} — 42} degree elevation

__________________________________________________
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E2.2.2.1 Degree Elevation (5)

g
" by.....b, & control point® JIX|I= nX} Bézier curveS
n+1 XIE degree elevationO}™

n+1 colums

""""""""""""""""""""""""" B N
CO:bo, 1
% % o
I bo
C; = 4 +(1- )b; ol :
I 1 BN
n+l n+l ! n+2 rows L c | =
’ b
Cn+1:bn I
_____________________________________________ 1




!2.2.2.1 Degree Elevation (6)

) —

__________________________________

A by {ﬂ ¢ _boa
1 2
/\ c, _[gbo +§b1],
2 1
c2 _[_bl +_b2]9
o o b
by = b, =
0 / _ / C; _bz
DB =C
) ) (0 0]
1 0 0 [ _
13 23 0 0 0 = 2 2
0 2 y 3 3(=C 4 2
3 /360 6 0
i 0 0 1 | - i B
56/196
SDAL
MESHSH] TMOHQL IS} otEt 3813 RIS “MARMUEIAI”, 2006814 2817 dvanced Ship Design utoma



|

%

2.2.2.2 Degree Reduction
W

1 0

DB =C o |5 75
0 %

0 0

D'DB =D'C T I
D D:§ 2

B=(D"D) 'D’C 0

__________________________________

2 2
L2 gl -
3

22 2

N W O
o W O
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2.2.2.3 Repeated Degree Elevation

I'l
3 ‘.-
L
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2.2.3 de Casteljau algorithm

2.2.3.1 de Casteljau algorithm & Bezier curves
2.2.3.2 Parameter Transformation

2.2.3.3 Linear Interpolation on [a,b]

2.2.3.4 de Casteljau algorithm at u=u, of [u,, u,]
2.2.3.5 de Casteljau algorithmQ| A

2.2.3.6 Sample code of de Casteljau algorithm

A dvanced
S nip

D esign

/A utomation
L. aboratory



.2.2.3.1 de Casteljau algorithm & Bezier curves (1)
S

Linear interpolation

b,(1) =(1-1t)by +1b]
b (1) =(1—-1)b] +1b)
b (1) =(1-1)b) +1b)

SDAL 60/196
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.2.2.3.1 de Casteljau algorithm & Bezier curves (2)

) —

Linear interpolation

b,(1) =(1-1t)by +1b]
b (1) =(1—-1)b] +1b)
b (1) =(1-1)b) +1b)

bl(t) =(1-1)b, +tb;
bi(t) =(1—1)b! +1¢b;

SDAL 61/196
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.2.2.3.1 de Casteljau algorithm & Bezier curves (3)

Linear interpolation

b,(1) =(1-1t)by +1b]
b (1) =(1—-1)b] +1tb)
b (1) =(1-1)b) +1b)

bl(t) =(1-1)b, +tb;
bi(t) =(1—1)b! +1¢b;

by(t) =(1-1)bg +¢b;

3 X} Bezier curves 2F =& Sk &b=4AI 1N

b, (t) = (1-1)’by +3t(1-1)’b] +3t>(1—1)b] +£'b)
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2.2.3.1 de Casteljau algorithm & Bezier curves (4)
) —
m de Casteljau 211d|&: “Constructive Approach”
Input: b. (Bezier control points)
Processor: ntH =X}A ‘linear interpolation’
Output : nX} ZMA0| A

- Bernstein basis function(polynomial) ¥HZ H& &

m Bezier ZMAl. “Bernstein Function evaluation Approach”
Input: b, (Bezier control points)

Processor: 82t &9 & b, Q Bernstein Basis function&
“blending”0l{ &8 S HILOIH SMA0| HS

__I.IBI- A Ol
= T A\

Output: Bernstein basis function(polynomial) it b. 9]
=g 2 EUE B
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.2.2.3.2 Parameter Transformation
W
® Parameter Transformation

= the affine map for the interval of ¢ <[0,l] > u €]a,b],
. We get

m 1 > global parameter, > local parameter
® the process of changing interval is called parameter transformation.

SDAL 64/196
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2.2.3.3 Linear Interpolation on[aq, 5]

| —
A A
e ' o :
[4) u

S @

u—a:b—u=A,:A,
Ay(b—u)=A(u—a)
(A, +A)D)u=Aa+Ab
Aa+Ab

A, + A,

__ 4 a+ A
Ay +A, A+ A,
AO

A1

U =

b

ratio(a,u,b) =
65/196
@ SDAL ™
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12.2.3.4 DHIHEIZ 2401 [1y,4,]0) 2L, v -, Q] DAIALO]

! & 3011 de Casteljau Algorithm
| b!(u)=—2—"p? + LMo py?
u, —u, u, —u,
:ﬁbg+ﬁb;’
A A
A A
bi(u)= Albf +- Aobg
A A
bl (u) = Albg + A‘)b;’

SDAL 66/196
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12.2.3.4 WIHEZ 20| [1,,0,]190 BL, u=v, KIS FMALO)

‘

X -TIUIJI de Casteljau Algorlthm

..........
.....................
......
.o
ce
ce
ce
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12.2.3.4 DRIH®IZ 22000 [1,0,]191 AL, 1 =u, HIAIQ] BAALO)

! & FA0l)|: de Casteljau Algorithm
' (u)_ bO u MO bO
U, —u, U, —u, 1
A, A
A lil =“Ubj+=b)
/// \\\\\QQ&
S A A
b2 ///./.f--/---/--/":-A'1°""""'-""'1 ................ bl(u) = lef n XObg

A A
b;(u)_jngr ‘b,
A
bf,(u):fb:,+ b,
u=u,
A A
bl(u)=—b! +—Lb]
AI :uz —l/ll, l( ) A 1 A 2
. 32 73 72 :u—u0:A0 A A
ratlo(bo ’bO >b1 ) "y — AI bg(u) = le(z) +X0bf

3 Xt Bezier curves 2 =& St &h=A1 11

Let 1=—--, b (u)=r(t)=(1-1)b, +3(1-




. 2.2.3.5 de Casteljau Algorithm9]

1
A, D
/#T\\\\A
Ay, b
1,7 b o
B! //-/---"A'1"""°""""°1 ...........

|
I—
U, A, U=
A=u, —u,, A =u, —u, - A=A, +A,
: — A
ratlo(bg‘,bg,blz):u Yo - o
u, —u A

@ r(t)=(1-1t)by +3(1—1)*tb) +3(1—-1)t’b) +°b3, ¢
r,(t)=(1-1)b, +3(1-1)’tb, +3(1—1t)t’b, +t’b;, ¢

r(t)=0-1)"b, +3(1—1)’tb: +3(1—1)t’b} +’b3, ¢

=4 ()
v

1. Bezier 3MO| =y, 0{IA{°]
a8 ALt

2. =AM =l!5|-

e - == =2

u=u, I 2JH9] Bezier

INOZ GBtEl
I_

T e ——l

=, AX JM r ()2 Bezier
pomts b%, bly, b2, b3, CF
0101 Xl
PEXE M r ()2 Bezier
points b3,, b?, bl,, b%,CF

) RS

u—1u,
U, —u,
e
Uy —uy
_u—u

u, —u,
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2.2.3.5 de Casteljau Algorithm®] EA (2)

(1) FM rw2 E0H A= F 2

~__ Bezier &M r (1), r,(V8 u=u,0lIA
---------- de Casteljau algorithmZ IE0IE S
| 1D O M2tet £ AUZ. 0] Iy
uwe JUE OIUE [ S0l

O|0IZ knot 21l £ E

b?, 2) O 9i|= ©¥H,

M rw2 8UHH U=
& JH9l Bezier &2M

ry(0), r,(O& u=u,0IA
Co, C', €2, CC S XA
=01 HET

HOE MU 5 AUr}

i

O

u u,

=

r,(t)=(1-12)’by +3(1-1)*tb; +3(1-1)t’b; +t'b;, r,(t)=(1-1)b, +3(1-1)*tb; +3(1—1)t’b} + b},

Uu-—u u-—u
l‘: 0 t: 1
U, —u, U, —u,
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2.2.3.6 Sample code of de Casteljau algorithm (1)

L

#ifndef _ BezierCurve_h__

#define _ BezierCurve_h___

#include “vector.h”

class BezierCurve {

public:
int m_nDegree;
Vector®* m_ControlPoint; int m_nControlPoint;
BezierCurve();

~BezierCurve();

void SetDegree(int nDegree);
void SetControlPoint(Vector* pControlPoint, int nControlPoint);
Vector CalcPoint(double t);
Vector deCasteljau(double t); // CalcPoint by de Casteljau algorithm
double B (int i, double t);
5
#endif
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2.2.3.6 Sample code of de Casteljau algorithm (2)

Vector BezierCurve:: deCasteljau (double t) {
Vector* TmpControlPoint = new Vector [m_nControlPoint];

for(int i = 0; i < m_nControlPoints; i++) TmpControlPoint[i] = m_ControlPoint[i];

for(i = 1; i < m_nControlPoint; i++){
for(int j = 0; j < m_nDegree - i; j++){
TmpControlPoint[j] = (1-t)*TmpControlPoint[j] + t*TmpControlPoint[j+1];
/I b by S

0 1 2
} b) b, b;
Vector result = TmpControlPoint[0]; // by’ 0 1 2
bl bl bl

delete[] TmpControlPoint;

0 1
return result; bz bz




2.2.4 Bezier Curve
Interpolation /
Approximation

2.2.4.1 Introduction to Curve Interpolation
2.2.4.2 Cubic Bezier curve Interpolation

2.2.4.3 Bezier curve Interpolation beyond Cubics
2.2.4.4 Bezier curve Approximation

2.2.4.5 Finding the right parameters

2.2.4.6 Sample code of Bezier curve Interpolation

A dvanced
S nip

D esign

/A utomation
L. aboratory
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2.2.4.1 Introduction to Curve Interpolation (1)
N—
= |f we are given fitting points P, and we wish to pass a curve through

them. There, the points are 2D, but the curve might as well be 3D.
This is called “curve interpolation”.

P,

= We may choose among many kinds
of curves; for right now, we will use
r() a cubic Bezier curve.

- “cubic Bezier curve interpolation”

Po

P, P, r(t)=(1-1)’b, +3(1—-1)’tb, +3(1-1)t’b, + t’b,



.2.2.4.1 Introduction to Curve Interpolation (2)
W
®m Every points’on\a Bezier curve has a parameter value t; in order to
solve inteppolatipn problem, we have to assign a parameter value ¢,

0=¢,<t <t,<t, =1

m A natural choice is to associate each
P. with a uniform parameter ¢, = i/3.

®  Then, we want a cubic Bezier curve
such that:

r(¢,)=p,;; i=0,1,23.

r(t)=(1-t)b, +3(1-1)’tb, +3(1-1)t’b, + ’b,
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2.2.4.2 Cubic Bezier curve interpolation (1)
| —

m The cubic Bezier curve of the form:

r(t) =By ()b, + B ()b, + B, ()b, + By (t)b,.

m All interpolation conditions are:

P, = B;(t, @+ B; Uo@"‘ B; (to@+ B; (to
P, =B; (tl@_l_ B} (tl B; %@D“L B3 (1, )@
P, = B; (4, "' B} (tz"' B; Uz@"‘ B3 (tz@
p; =5; @3@"' B} @3@"' B; (t3@+ B3 (t3@

4 Unknown Vectors, 4 Vector Equations

SDAL 76/196

« Advanced Ship Design Automation Lab.
A‘I%LHQI‘H'- EtcHgng Q!‘_‘?_ 3§“_i| ml—ug HAl_I‘ﬂ I:_I!'/élj;"”, 2006:2“55 2§||‘j| http://asdal.snu.ac.kr



. 2.2.4.2 Cubic Bezier curve interpolation (2)
N—
®  To find the solution of these four equations for four unknowns, we can
write in matrix form:

My Bi(t,) Bi(t,) B3(t)) Bi(t,) b,
Ll Bi(t,) Bi(t,) B;(t) B;(4) | b,
P Bi(t,) Bi(t,) B () Bi(t,) | b,

P3| [By(t) Bi(t;) Bi(t;) Bi(t) |Lbs_

®  To abbreviate the above form as: P =MB.

= The solutionis: B=M'P.

m  Although it is looks like the solution to one linear system but it is the
two or three systems depending on the dimensionality of the P;.

T

ex) p, = [xo yo]T or [xo Yo Zo]
SDAL 77/196‘

Ad dShpD gA oma
aaaaaaaaaaaaaaaaaa



|

. 2.2.4.2 Cubic Bezier curve interpolation (3)

T

—

Cubic Bezier interpolation.

SDAL 78/196
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. 2.2.4.3 Bezier curve interpolation beyond Cubics (1)
) —

Polynomial interpolation can also works for more than four data points.

Given: points Po>----P, and
corresponding parameter values 0=¢,<t <..<t, <t =1.

If we choose a Bezier curve of degree n for interpolation,
we have “m+1 vector equations” for “n+1 unknown vectors”.

n>m . underdetermined system,
We need additional conditions to solve the interpolation problem

n=m . determinate linear system -> “Interpolation problem”

n<m : overdetermined system - “Approximation problem”

SDAL 79/196
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. 2.2.4.3 Bezier curve interpolation beyond Cubics (2)
<
" Given: points Pos>----P, and
corresponding parameter values 0=t <z <..<t,_, <t =1.

® |f we use a Bezier curve of degree n (=m),
we have a linear system: P = MB.

m M isan (m+1)x(m+1) matrix with elements;

— B;'n(ti)

® |t can be solved with any linear solver.

= Polynomial interpolation does not provide satisfied result for
higher degrees. Figure in the next slide should be convincing
enough.

SDAL 80/196
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2.2.4.3 Bezier curve interpolation beyond Cubics (3)
) —

Top: Data from a circle; Bottom: one point slightly modified.

m  The processes of a small change in data can lead large change in the
interpolating curve is called ill-conditioned.

m  Different polynomial forms will give the identical result.



| 2.2.4.4 Bezier curve approximation (1)
<

® One is given more data points than should be interpolated
by a polynomial curve (i.e. number of data points more than
degree of curve)

- We can solve the problem
by interpolating with a higher degree Bezier curve,
but higher degree interpolation becomes ill-conditioned.

® |n such cases, an approximating curve will be needed,
which does not pass through the data points exactly;
rather it passes near them.

e the best technique to find such curves
e > ‘least squares approximation’.

SDAL 82/196
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. 2.2.4.4 Bezier curve approximation (2)
S
® Given: points Pos----Pnand
corresponding parameter values 0=¢,<¢ <..<t,_, <t =1.

® We wish to find a polynomial curve r(¢¥) of a given degree n (< m)
such that

—> minimize (or) p,=r(); i=0,l,....m

®m Polynomial curve is of the Bezier form:
r(¢)=b,B,(¢)+b B/ (t)+......... +b B’ (?).

SDAL ™™
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. 2.2.4.4 Bezier curve approximation (3)

g
= We would like the following to hold:

+b,B, (%)
+b, B, (1)

=)

Bl (t,)

By (2,)

B(t,)

B, (t,)_

MB =P

Po

P

(m+1)*(2 or 3) Unknowns < (n+1)*(2 or 3) Equations

SDAL 84I196l
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. 2.2.4.4 Bezier curve approximation (4)
W
® Multiply both sides by :M*

M'MB=M'P. < Normal equation

T
where MM jsa square and symmetric matrix,
which is always invertible.

. B=(M"M)] M"P.

note that any modification of the #; would result
in an entirely different solution.
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2.2.4.4 Bezier curve approximation (5)
-

N

Least square approximation to a wing.
A quintic Bezier curve with chord length
parameters assigned to the data.
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. 2.2.4.5 Finding the right parameters (1)
) —

® |n both interpolation & approximation curve,
in practice, the parameter value ¢, are not normally given,

and have to be made up.

" There are two types to be made up:

(1) Uniform sets of parameters;
= |f there are (m+1) points P;

= thenset 7, = /.

(2) chord length parameters; t, =0

= if the distance between two pointsis  ; — +HP1 —PoH
relatively large, then their parameter
values should also be fairly different.

=10, + sz _pz—1H
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. 2.2.4.5 Finding the right parameters (2)
) —

m |f desired (it makes no difference to the interpolation or
approximation result), the parameters may be normalized by
scaling the parameters to live between zero and one:

® |n general, chord length parameterization method is superior to
the uniform method, because it takes into account the geometry
of the data.
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2.2.4.6 Sample code of Interpolation/Approximation (1)
e

#include “vector.h”

class BezierCurve {
public:
int m_nDegree;

Vector* m_ControlPoint; int m_nControlPoint;

void SetDegree(int nDegree);

void SetControlPoint(Vector* pControlPoint, int nControlPoint);

Vector CalcPoint(double t);

double B (int i, double t);

int Approximation(int nDegree, int nType, Vector® FittingPoint, int nPoint);
int Interpolation(int nType, Vector* FittingPoint, int nPoint);

void Parameterization(int nType, Vector® FittingPoint, int nPoint, double* t);

&
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2.2.4.6 Sample code of Interpolation/Approximation (2)

[ —

void BezierCurve:: Parameterization (int nType, Vector* FittingPoint, int nPoint, double* t){
// assume t is allocated out of function
if( nType == 1) { // Uniform Set
for (inti = 0; i < nPoint; i++)
t[i] = 1./(nPoint-1);
} else if ( nType ==2) { // Chord length
t[0] = 0.;
for (int i=0; i < nPoint-1; i++)
t[i+1] = t[i] + (FittingPoint[i+1] - FittingPoint[i]).Magnitude();
double t0 = t[0], tm = t[nPoint-1];
for (int i=0; i < nPoint; i++)
t[i] = (t[i] - tO)/(tm - t0); // Normalize
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2.2.4.6 Sample code of Interpolation/Approximation (3)
L

int BezierCurve:: Approximation(int nDegree, int nType, Vector® FittingPoint, int nPoint){
m_nDegree = nDegree;
m_nControlPoint = m_nDegree+1;
if(m_ControlPoint) = delete[] m_ControlPoint;

m_ControlPoint = new Vector[m_nControlPoint];

double* t = new double[nPoint];

Parameterization(nType, FittingPoint, nPoint, t);

/' / Solve normal equation

delete[] t;
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2.2.4.6 Sample code of Interpolation/Approximation (4)

L —

int BezierCurve:: Interpolation(int nType, Vector® FittingPoint, int nPoint){
m_nControlPoint = nPoint;
m_nDegree = m_nControlPoint-1;
if(m_ControlPoint) = delete[] m_ControlPoint;

m_ControlPoint = new Vector[m_nControlPoint];

double* t = new double[nPoint];

Parameterization(nType, FittingPoint, nPoint, t);

// Solve MB = P

delete[] t;




2.3 Blasis]-spline curves

i - 2.3.1 Definition of B-spline curves
2.3.2 de Boor algorithm

. 12.3.3 B-spline basis function
28865658 (Cox-de Boor recurrence formula)

2.3.4 Cland C2 continuity condition
2.3.5 B-spline curve Interpolation
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2.3.1 Definition of
B-spline curves

Er 3. 1.1 Knots, Spline curves
- 2.3.1.2 Definition of B-spline curves

1OCO0DO000000
‘LoOooREARSABEEECC o) __g_?L 3.1 1.3 Geometric meanings of cubic B-spline curve
'.IZ:IEIDZZIEIE'E:IEIDTTI'II'__'_II'__'II'__'II__ 11
] QOO O00000001 i m ] 101 11
(| | o 11 1L11 11
0 o o
Bl 31 [s1=[=]=[s/s =[] o[a]a[=]s[=]s e[aie[a]e slal=]5
A dvanced
S hip
D esign
A\ utomation

|- aboratory
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. 2.3.1.1 Knot & Spline curves

|

: Spline curve
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2.3.1.2 Definition of B-spline curves

W

® Ex): Cubic B-spline curves

Given: d,, u

r(u) =dy,Ny () +d,N; () +d,N; () +---+d, Ny, (1)

d, : de Boor points (control points), i=0,1,...,D-1
N"(u):B-splines basis function of degree n(=3)
7y :knots, j=0,1,....K—-1, where K=D+n+1
[ u—u u. —u A
N/ (u) = = Nin_l (u) +—= Nin+_11 (u)
Uiy — U Ui, — U
1 if u_ <u<u <
N} (u) = o i 92Nin(u):1
0 else -
- J

SDAL 96/196

dShpD ign Automation Lab.
http// asdal.s c.kr



I

N

2.3.1.3 Geometric meanings of cubic B-spline curve (1)
S

® ‘Cubic’ B-spline curve consist of ‘cubic’ Bezier curves,
which are connected with the C? continuity condition ¥




[
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2.3.1.3 Geometric meanings of cubic B-spline curve (1)
) —

® ‘Cubic’ B-spline curve consist of ‘cubic’ Bezier curves,
which are connected with the C? continuity condition ¥

b!,

CO continuity condition

| A=l A =2

Assign new global parameter « to jointed curve
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2.3.1.3 Geometric meanings of cubic B-spline curve (1)
S

® ‘Cubic’ B-spline curve consist of ‘cubic’ Bezier curves,
which are connected with the C? continuity condition ¥

C' continuity condition

' b;):bt !

_ _ i A A |

I A=l A =2 bl =bl=——L_ _bhls_——0 p!
! ! | Ay, + A, Ay + A,
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2.3.1.3 Geometric meanings of cubic B-spline curve (1)
S

® ‘Cubic’ B-spline curve consist of ‘cubic’ Bezier curves,
which are connected with the C? continuity condition ¥

d, < B-spline control points

' b(s) :bt !
_ _ i A A :
| A =1 1 A =2 | ;b§=bi,: L b+ L
| i | : AO +A1 AO +A1
u, =0 u, =1 u, =3
. b) = { A id +{L}d
Assign new global parameter « to jointed curve i TUAGHA T AHA
' A A
L=, +
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2.3.1.3 Geometric meanings of cubic B-spline curve (2)

n: degree
S: # of Bezier curve segments
# of knot = (5-1) + 2(n+1)
# of control points
=4+ (5-1) = (n+1) + (5-1)

A =2
|
Us =
Us
< Start/end knot multiplicity : degree + 1 - Z6
7

r(u)=d,N; () +d,N; (@) +d,N; (u)+d;N; () +d,N; (u)
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. 2.3.1.3 Geometric meanings of cubic B-spline curve (3)

" 3: degree

m  5: # of Bezier curve segments
|

|

d, d,

# of knot = (5-1) + 2(3+1)

# of control points
=4+ (5-1) = (3+1) + (5-1)

d6
d7
I | | | | |
I I [ [ [
L= = Uy S Us =
U, Uy
U U
U, ty

r(u)=d,N;(u)+d,N’ (u)+d,N;(u)+d,N;(u)+
d,N;(u)+d.N;(u)+d N (u)+d,N;(u)



2.3.2 de Boor algorithm

= 2 1 de Boor algorithm
sfaleal 3 2.2 Relationship between de Boor algorithm &

_-_II__ IOL
ggaooon 00! ,B splme curves

aoono O I0000000000C
] [ ooo 10000LC 00000000000
| "_.._IFII'I_ o o | - |} D0
| o 1011
[ 1O00000000000000000000000000000000
JO000O00O00O0O0O00O0oOo0ODO0DOooOoOooOoor

1000 1 100 0 1000 1001

I 10 I | i 1

A\ utomation
|- aboratory
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. 2.3.2.1 de Boor Algorithm (1)
W

™
Il
ek
o0 0

= Linear Interpolation H|&0] t:(1-t)E ZAMH de Casteljau algorithm(|
HIOI0] de Boor algorithmOIAl= Linear Interpolation H|Z0| St}
= (]= B-spline curve & FM0}= Bezier curve segment®] DR 24 0]

Mz O=J] lZE0it
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2.3.2.1 de Boor Algorithm (2)
N

r(u)= doNg (u) +d1N13 (u) +d2N23(”) - +an2 (u)



F 2.3.2.1 de Boor Algorithm (3)

W

k=2 | : |
k=73 e

r(u)=d,N;(u)+d, N, (u)+d,N;u)+---+d N> (u)



[2.3.2.2. Relationship between de Boor algorithm &
! B-spline curves

W

® de Boor 211d|E : “Constructive Approach”

Input: d, (de Boor Points)
Processor: fZtEE d & ntH =XIA ‘linear interpolation’
Output : nXlI SMAO| A
- ‘B-spline function’(Cox-de Boor recurrence formula)
HH=Z BHY &

r(u)= doNS(“)+d1N13(u)+d2N§(“) +"°+an,f(u)
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2.3.3 B-spline basis function

(Cox-de Boor recurrence formula)

2.3.3.1 Cox-de Boor recurrence formula
: . 2.3.3.2 B-spline curves

. 2333 Relationship between de Boor algorithm &
el B-spline curves
. 2.3.3.4 Sample code of cubic B-spline curves
A dvanced
S nip
| Design
A\ utomation

L. aboratory
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. 2.3.3.1 Cox-de Boor Recurrence Formular (B-spline function) (1)

- d
= (Ofl: Cubic B-Spline =M d a
B ] 1 r(u)
x(u) | 0, : 4.
r(u)=|y(u)|=2 d;N;(u) " b u
z(u) | = N ue

= Cox-de Boor Recurrence Formula (B-spline function)

u-—u. _ u. —u _
N () N )

i

Nzn(u) —

Uiy —U; u;.,

if u,  <u<u,

0 1
Ni(”):{o

else
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2.3.3.1 Cox-de Boor Recurrence Formular (B-spline function) (2)

™
No
No N
N M
3 Ni 1 N
Ni o - N
AP "Ny - 1 Né)
: ,
T NE - 3 N
N3 > Ni
Ni N?
Ni ; N
5 .
N

0 g <u<uy
0w Su<u
0 wm=u<u
1w Su<uis

0 wu<iu
0 UsSu<us

0 Us=<u<ug

0 us<u<w
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2.3.3.1 Cox-de Boor Recurrence Formular (B-spline function) (2)

GoHaE Uy Ne 0 wua<u<up
0 Us 1
U, U 5 NO

liz() 274 3 N 0 Nl NIO 0 Ho = U< .
No 1

N? Ny o w<u<u
Moo N=HTE NI AR N

1 2 U, —u, Uz —Uy ; sz Ng 1 w Ju<in
N; , N

A2 N N N o ws<u<uy
3 ) 4

AZ Ni 1 N o waSu<us
4 N

2 5 <
F Ng 0 UsSu<us

0 us<u<w
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2.3.3.1 Cox-de Boor Recurrence Formular (B-spline function) (3)

- Nin+_11(u)
| < u,
Aaislzle l
u u 231 uy, N(()) 0 U Su<u0
EO 35 N(l)
“o y 3 Ng | NIO 0 o Su<uy
No N
U, —uU 1 u l/lz 3 Mz 1 N2O 0 u Su<u2
Nl =0 Nj=—2— N3= Ni , N>
st 3T 3 N> N3O 1 w Ju<in
N2 Nl
3
N12:u3—u N1:u3—u.u2—u N3 N?% 1 th) 0 M3SM<U4
Uz —uy Uz —up Uz —up 3 ) N4
Ni N o ws=u<us
2 U—Up 1 Ug—U o ]\]3 |
N3 = Nj N} 4 ; N <
l/l3_1/l1 l/l4_1/l2 7 Ng O us_u<l/l6

0 U <u<uy
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2.3.3.1 Cox-de Boor Recurrence Formular (B-spline function) (4)

CEnoct B . 1 No 0 w1 <u<up
u, uz NO
5 Y N3 1 Ne 0 o Su<u
No M
N{=0 N,=2 Nl = Ni 2 M
Uy =, us=iy N3 N 1 w=<u<us
N; , N
NE_ MU 1 W3 Uy U . Ns 1 NY o0 w<u<u
Uz —U; Uz —Up Uz —Up N3 ) N4 <
N N o wsu<us
N2=HTH 1 MaTH Ni .
uy -y ug—uy * 2 Ns 0 U =u<ug
5 1 N¢
_ Z/l_l/ll uz_u U4_l/l Z/l_U2 N
= . + 0 6
U3_M1 M3_U2 M4_U2 U3_M2 N,? O %Su<u7
u—1u u, —u U—u, uU,—u U, —u U, —U U—U U, —U U, —U U, —U U—U
N13_ 0 le 4 N22 — 0 3 ] 2 4 ] 1 2 4 4 2
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2.3.3.2 B-Spline curves (1)

oNg(u)"' d1N13(”)+d2N23(u)+d3N33(u) A

d,N;(u)+d N (u)+d N;(u)+d,N;(u)

No
Ny .
N,
N| .
N,
N,
N3
N, .
N,
N, ;
1 N
N ;
N
N .
1 7
N; .
Ng
N NS
1
Ns NG

0 u <u<u
1 0

0 u <u<uy
0 1

0 u <u<u
1 2

<u<
1 u, Su<u,

0 u =u<u
3 4
0 u <u<u
4 5

<u<
0 u,Su<u
0 w Su<u

6 7

<yu<
Ou7uu8

<u<
Ouguug

0 <y <
M9 u Mlo



!2.3.3.2 B-Spline curves (2)

e

r(u)=d,N2(u)+d, N (u)+d,N>(u)+d,N3u)+
d,N;(u)+d,N(u)+d N (u)+d,N;(u)

d,

g N,

Ny
No .
N,
N, )
N,
N,
N;
N .
N,
N, 0
1 N
N. 0
N
N ;
1 7
N ;
Ny
Ny N
1
N N

0 u <u<u
1 0

0

u <u<u
0 1
u <u<u
1 2
u <u<u
2 3
u <u<u
3 4

u <u<uy
4 5

u <u<u
5 6

u <u<u
6 7

u <u<u
7 8

u <u<u
8 9

<u<
u9 u ulo
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.2.3.3.2 B-Spline curves (3)

r(u)=d,N2(u)+d, N (u)+d,N>(u)+d,N>u)+
d,N;(u)+d ;N (u)+d N (u)+d,N;(u)

d,

r(u)=d,N;(u)+d,N;(u)+d,N;(u)+d,N

2

53(”) N63 N62
3 N7

N ,

N

0 uw <u<u
1 0

0

u <u<u
0 1
u <u<u
1 2
u <u<u
2 3
u <u<u
3 4

u <u<uy
4 5

u <u<u
5 6

u <u<u
6 7

u <u<u
7 8

u <u<u
8 9

<u<
Z49 e Z410
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2.3.3.2 B-Spline curves (4)

r(uoNg(u)+ d, N’ (u)+d,N;(u)+d,N;(u)
d,N;(u)+d,N](u)+d N (u)+d,N;(u)

_|_

d3 d4 3
: Ny
3
N
3
N -
d, 2
| N
: u p 5 d7
2 ° A A
A A Dy at
4 ug 5 ug 6 : Zé N4
A Uy

r(u)=d,N;(u)+d,N;(u)+d N (u)+d N (u) N
6

N;

N/ () = ——=— N 7 () + e N 15 ()

0 u <u<uy
1 0

0

u <u<u
0 1
u <u<u
1 2
u <u<u
2 3
u <u<u
3 4

u <u<uy
4 5

u <u<u
5 6

u <u<u
6 7

u <u<u
7 8

u <u<u
8 9

<yu<
ug u u1o



!2.3.3.2 B-Spline curves (5

B 2 (1) - d N (i) + A, NP () +d N (u)+}

NO
d, N (u)+d, NZ(u)+d N (u)+d,N3(u) - 0
0 0
d 1 Nl
A NO ; Nl 0
N3 N N N2
! 2 2 NO
\ N; 3
| . Ny =~ , N

: 6 0
| N;/M <. N,
ui P d, Nj / 4 \ 50

S a T s L & Saln N N
A%{l(l) U, 4 5 6 Aug NSZ 5 «NO
Ay, A U 6
N N ;

2

r(u)=d,N; (u)+d,N}(u)+d N (u)+d,N;(u) N2 N N !
6 0
e N7 | Ny
7 Ng 0
Ns | No
Nin(u) ) ij—/ln_l ulll—l N n 1(u) " ti++nn_ i Nln+1](u) N9 NIOO

0

u <u<u
0

u <u<u
0 1

u <u<u
1 2

u <u<u
2 3

u <u<u
3 4
u <u<uy
4 5
u <u<u
5 6
u <u<u
6 7
u <u<u
7 8

u <u<u
8 9

<u<
Z49 e Z410



[2.3.3.3 Relationship between de Boor algorithm &
! B-spline curves

S
® de Boor 2112]E : “Constructive Approach”
Input: d. (de Boor Points)
Processor: /22t & d.8& ntH =XIA ‘linear interpolation’
Output : nX} SMAO| A
- ‘B-spline function’(Cox-de Boor recurrence formula)
iz HA &

m B-spline HMAL: “B-spline function evaluation Approach”
Input: d, (de Boor Points)
Processor: 32t &9 & dQ} B-spline functiong “blending” 010
S aS HILOIE U Y0 EE A8 = US

Output: B-spline functionill d 0] =8} St HHE HA
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2.3.3.4 Sample code of Cubic B-spline Curve (1)

L

#ifndef __CubicBSpline_h__
#define __CubicBSpline_h__

#include "vector.h*

class CubicBSplineCurve {

public:
Vector®* m_ControlPoint; int m_nControlPoint;
double* m_Knot; int m_nKnot;

int m_nDegree;

CubicBSplineCurve();
~CubicBSplineCurve();

void SetControlPoint(Vector* pControlPoint, int nControlPoint);

void SetKnot(double* pKnot, int nKnot);

Vector CalcPoint(double u);

double N(int d, int i, double u); // B-spline basis function
5
#endif
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2.3.3.4 Sample code of Cubic B-spline Curve (2)

X
L —
CubicBSplineCurve::CubicBSplineCurve () {
m_ControlPoint = 0; m_Knot = 0;
m_nControlPoint = 0; m_nKnot = 0; int m_nDegree =3;
}

CubicBSplineCurve::~CubicBSplineCurve () {
if(m_ControlPoint) delete[] m_ControlPoint;
if(m_Knot) delete[] m_Knot;
3
void CubicBSplineCurve::SetControlPoint(Vector* pControlPoint, int nControlPoint) {
m_ControlPoint = new Vector[nControlPoint];
for(int i=0; i < nControlPoint; i++) {

m_ControlPoint[i] = pControlPoint[i];

3
void CubicBSplineCurve::SetKnot(double* pKnot, int nKnot){

m_Knot = new double[nKnot];

for(int i=0; i < nKnot; i++) {
m_Knot[i] = pKnot[i];

3
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2.3.3.4 Sample code of Cubic B-spline Curve (3)

L —

Vector CubicBSplineCurve::CalcPoint(double u)
{
Vector PointOnCurve(0,0,0);
if (t <m_Knot[0] || t > m_Knot[m_nKnot-1]) {
return PointOnCurve;
3
for(inti = 0; i < m_nControlPoint; i++){
PointOnCurve = PointOnCurve + m_ControlPoint[i] * N(m_nDegree, i, u);

}

return PointOnCurve;




[
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2.3.3.4 Sample code of Cubic B-spline Curve (4)

[ —

double CubicBSplineCurve:: N(int d, int i, double u) {
// Find Span k
//Ui-1<=U<Ui 2> k=i

if(d==0){
// return O or 1;
} else {

// return Cox de-Boor recurrence formula




condition

2.3.4.1 15t Derivatives of Cubic Bezier Curves
at Junction point

2.3.4.2 C' continuity condition of composite curves
2.3.4.3 2 Derivatives of Cubic Bezier Curves
2.3.4.4 CZ continuity condition of composite curves

A dvanced
S nip

D esign

A\ utomation
L. aboratory
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. 2.3.4.1 15t Derivatives of Cubic Bezier Curves at Junction point

s B t= [0,1] 22te
U — U, A,- £ 0§ JH & ==(“local parameter”)
e A, o dr(() _de(0) de _ 1 dr()
| = | du dt du A, dt
MO = O Lll — 1 u2 = 4
/dr(u) - o N dr (u) _ i, D
e 2 uOSuSuIOHA-I_.I 0l 2 8t 2w su<u, HAS OIT &
dmiln | WEln [Ol] =R 2ic)] LU Y3 t= [0,1] 2 9_9
Ve A e LN G u =l A, =F UHJH
au ) dv@o)de L dn0) dr (W) dr@)dt 1 dr()
du dt diy N di du dt du = A dt
N N 4
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.2.3.4.2 C' continuity condition of composite curves

) 4 r(u) b,
A

1

.......
....................
..........
.....
T ey
..
..
e
*e
.
*e
.
.
.
*e
.

bl
bo | A, | A, | b6
u, =0 u, =1 u, =4
ru=u)=r(t=1)=r(t=0)AZ ZUA C' ZAS A= ali0t5t22
drw)l 1 dry(2) 1

du —1_ A, dt L:l Ay

ul__ 1 dr,(t)| > @

1 -:3(bsa—bs) ~
A, dt L:o A,

parameter uS Al2t0|2t1) M216tH, 1A 0|2 Al S48 S AUes 82 £hctd 28 = QUL
HAZE b0l A 1X Ol 2 Hl==JF AE0[2tH O H0llA S0 H=0/010F 8tCh= 20101 CH
OHEZ A2H2HZE0l Ay 0 Ay 22 BHEHH =, A2 2tZ30] HGHH,

— L—_ 7/

1 Helx dlellott Hot0F HZ EHUIA SIF H=0|C!1!Y

&AL
c

= —3(b3_b2) D (b3_b2):(b4_b3) :AO :AI



[2.3.4.3 2"d Derivatives of Cubic Bezier Curves

al « J1 0 OllM 1DEX] B2 I

nA} Bezier=A1 2} 1] &

dzl'(u) -2
o n(n— I)Z(b ., —2b. +b)B’

32} Bezier=rA 2} 1| &

d;"(”) 33— 1)Z<b 2 =2b,, +b)Blw)
u

10] \;q]
dzr(l)

=33 -1)(b,—2b, +b,)

B w Ibu, LM« DEX] SIS O

d’r(u(t)) 1 d’r() _
at @y ar AT
u=u, 4

dr@) _ 1 dx®)_ 1 55 1 _ob, +b)
di (A di () o
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2.3.4.4. CZ continuity condition of composite curves

|
|
uo ul u2

(D224 bAA =2 (D#ug a, =-2ip, 4+ Lp, 2t 5w
: - A A
d’r(u, ) 1 dry(1) 1 : 0 0
) _ = 33-1)(b,—2b, +b,) A A
BB a0 NPT by=—"b+—d,
dr,) 1 dn©) _ 1 : A A
24 = 33=1)(bs —2b, +b;) : o a4 _ =
T RS R H O R G =4, Pe 7, P OHE
@aﬂr(u_) d*r(u,,) - _ A |
o G N
6 6 5 = — = ol ™ = =0 2 XD
(a,) (b3—2b2+b1)=m(bs—2b4+b3)°1ﬂ}- @W(dz— d;, =d;)2 B0l EMoHS ¢ =
0 0 .
e C%Zﬂ(bﬁ%bﬁ%bn’é sl &t @ EEEERRaEET )
i : A
g8 std 5 ——Lp, +Ab2 =Ab4 —p,
A, A A A, : Ao 0 A A A,
= _A_Obl +A—Ob2 = A—l 4 —A—lb5 i I"Clth(bl,bz,dz):ratZO(dz,b4,b5):A_

_ 1)




2.3.5 B-spline curve
Interpolation

] ﬁﬁﬁ = 2.3.5.1 Determine # of curve segments & Knots values
- B0t2.3.5.2 Problem definition of B-spline curve interpolation
1000000000001 ] " .
o000 2.3.5.3 Determine Bezier end control points by end tangent vectors
' 2.3.5.4 Determine Bezier control points by C' continuity condition
2.3.5.5 Determine B-spline control points by C? continuity condition
2.3.5.6 Tridiagonal matrix 0i®iE 0|29t B-spline M THEH 2H
2.3.5.7 Bessel end condition
A dvanced 2.3.5.8 Sample code of cubic B-spline curve interpolation
S hip
D esign
A\ utomation

L. aboratory
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. 2.3.5.1 Determine # of Bezier curve segment & Knot value (1)

) —
m Given: fitting points P, and corresponding parameter ¢,
where, i=0,l,...m and ¢, =0, ¢ =1,

m  First, determine # of Bezier curve segment and its knots

" 3: degree
m  2: # of Bezier curve segments

m  # of control points
=4+ (2-1)=5
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. 2.3.5.1 Determine # of Bezier curve segment & Knot value (2)
) —
m Given: fitting points P, and corresponding parameter ¢,

where, i=0,1,...m and ¢, =0, ¢ =1,

m  First, determine # of Bezier curve segment and its knots

PO = 3: degree
t, = m  3: # of Bezier curve segments
m  # of control points
=4+3-1)=6

= How we determine Knots ?
(= start / end points of each
cubic Bezier curve)
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. 2.3.5.1 Determine # of Bezier curve segment & Knot value (3)

® Given: fitting points P, and corresponding parameter ¢,
where, i=0,1,...m and ¢, =0, ¢ =1,

m O determine # of Bezier curve segment to be (# of fitting point -1)
= @ We can determine knots to be the same as the parameters ¢,
= 3 How about the B-spline control points ?

4_. -
P, P
£=07 ) p
t, =05 SR _
t, =0.85
t,=03 4 5
" 3: degree 1, ~1.0
PO m  5: # of Bezier curve segments
£ =0 m  # of control points
0~ =4+ (5-1)=8
| | | | | |
u, =0 u; =0.3 u, =0.5 u, =0.7 u, =0.85 U, =
U, Ug
U Uy
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. 2.3.3.2 Problem definition of cubic B-spline curve interpolation

d, d, Given:
@ ————————————————— o _ S &9 Hp,.y
e S~ HAMO| E'EE u
/// ............................... S~ gJEJEQI é‘!t |E-I tO’ tl
/// et LT \\\\ d
/// ..-'.‘. p 2 p 3 ...'0.. \\\Q 5 F]nd.
d /// IM MO M p 2 XU
2‘,/ -... \\\ C2 EJ_I\ 5?_1; E"—-:UH:
// .,-'. p 4 . N 3Kl B-Spline M
/ NS
3 "\ B-Spline XX X4
// ... pl ...\\ ( p —I—O|:|)
=g '.‘\
///-': H-? d6
dl 6 By
% H
& Y
4 .11
.
4 é d7
A A A A A A
a U Uy u, 5 Ug A U
A Zl AU,
2
3: degree

5: # of Bezier curve segments

I : 2t M MIOMEE 3K} Bezier Curve O]} zgi ‘égztm l(zgi:]:sm”)
24X — 1 2 AE)-'O o=} )
ASEUN= ¢, ¢ As2ds asdn =4+ (5-1) = (3+1) + (5-1)




. 2.3.5.3 Determine Bezier end control points by end tangent vectors

d, d,
B o _
//// eI ....... \. .\\\\ t
PRty @ ....... ~o_ @
/o'.. . .°-. \\\
@ e - Do d,
f //j".. ..".
) J 4)
I

’ - A
/i-'. ty = (b, bO)a b, =b, + —2t0 #
= d(): p

3(b,. —b A
tl — ( 15 14) , b14 _ b15 _6t1
A 3 ®s=d, =b;
0

Au,p A A, A A, A A A A, Ay
Auo Us Uy Us Ug A Ug
A Y

AU
1 A uy

A, O : Given or Known values
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. 2.3.5.4 Determine Bezier control points by C' continuity condition

-

S = A A, A A A A, Ay

Au, U, u, Us g A U,

Ay (b;—=b,):(b,-b;) = A,:A, A U

Au, (by—bs):(b,—b,)=A,:A, A uy,
(by—bg):(b,,—by) =A,:A;
(b,=-b,):(b,-b,)=A A, SDAL 135/196

dShpD ign Automation Lab.
http/l asdal.snu.ac.kr



[ 2.3.5.5 Determine B-spline control points
N by C2 continuity condition (1)

b. = d, + d
: {A2+A3+A4} : {A2+A3+A4} .

A
b, = d. + d
7 {A3+A4+A5} } {A3+A4+A5} N

A+ A,

b=t ——— S+ {——}d,
B A3A1ASA4 ’ A415 As A Ay A W
by, 24—, + . A
Ay + A+ A Ay + A+ A A W
pm e, o, A
A, + A+ A A+ A + A
A A
b, ={ ° jds +{ : jdg
A + A Ay + A
136/196
R SDAL
hiy =doc=ips



[ 2.3.5.5 Determine B-spline control points

\ by C? continuity condition (2)
CL,C2EZ2= 0|ZEotH POl &8t & R A A, + A
O by =, + {2,
A, A, A, +A; +A, A, +A;+A,
Pl :b3: b2+ b4 A —|—A A
A, +A, A, +A, b, :{A 4A SA d, +{A A3 i W,
A, A, 3 TRy T A 3 TRy T A
YW As A +A,
S 3 8:{A A A}d3+{A A A}d4
A, A, 3 T Ay T A 3 T Ay T A;
DT LA ST, A, As + A A,
== o Po =t A ra BTy A 1A
A b A, : 4 TAs T A 4 TAs TR
P, =b, = nr 13 A A + A
A5+A6 A5+A6 b11 :{ 6 }d4+{ 4 5 }ds
A, +A + A A, +A + A
biri—d, =P A A
? : ’ b, =1 ° fds +4 : dg
b, =d, As +Ag As + A
b, =d
b, ={ id, +{ id, i
A, A 2+A3 b =d;, =p;
A+ A A
b, =, + 2 i, 1371196
A, +A; +A, A, +A; +A, SDAL

dShpD ign Automation Lab.
http// asdal.s c.kr



[ 2.3.5.5 Determine B-spline control points
\ by C? continuity condition (3)

W

P =
A AN, +A A

[(A3)7 (A, + Ay + A /(A, +A5)d,

H{ALA (A, + A +A ) A (A, +A)A; +A)(A, +A5)d, +(A2)2d3]

=ad, + 4d, +y,d,

1
P =
(A +A A +A, +AS)
A (A, +As)Hd; + (A3)2d4] =a,d, + f,d; +7,d,

[(A)°d, +{A, (A, +Ay)+

P — 1
(AL AN A, +A,)

[(As)*d; +{As(A; + A (A, +As +Ay)

+AL A +ADA + A+ A (A + A +A)d, +(A4)2(A3 +A, +As)

(A, +As + A d]=ad; + Sid, +y,dg

1
P, =
(AS +A6)(A4 +A5 +A6)
{A(A, +AH+AAN(A, +A5+Af)
+(A5)2(A4 +A;+A)dg]=a,d, + B,ds +7,d,

[(A¢)°d, +

-

o

(. (A...)° )
i (Az +Ai+1 + Ai+2 )(Ai+1 +Ai+2)
— Ai+2 (Az +Ai+1) AH] (Ai+2 + Ai+3)
N N SV N S U
7' — (Ai+l)2
l (Ai+1 + Ai+2 + Ai+3 )(AH—I + Ai+2)
/
FOE A J0HO0k Ol= A
<11 0 0 0 0 0 0 o]*
Py -3 3 d,
| 0 0 0
t, A, A, d,
P, 0 a B »n 0 0 0 0|4,
P> | 0 0 a B 7 0 0 0 ]d,
P, 0 0O 0 o B y; O 0 ||d,
P, 0 0 0 0 a B v O0|d,
t, 0O 0 0 0 0 0 ;—3 Ai d,
6 6
Ps o 0 0 0 0 0 o 1%




[ 2.3.5.6 Tridiagonal matrix 0fEdS 0|22t B-spline M XH A (d)
> x4
g =3(1)

1 0 0 0 0 0 0 0
Py -3 3 d,
2 =2 0 0 0 0 0 0
t, A, A, d,
P, 0 o B 7 0 0 0 0|4,
P> | 0 0 a £ 7, 0 0 0 d,
P, 0 0 0 a, B 7, 0 0 d,
p. 0 0 0 0 a B 7. O0]|d.
t, O 0 0 0 0 0 -3 Ai d,
6 6
Ps o 0 0 0 o o0 o 1|9
=D = A = X
=X H HAK & QU= H 0Ok Ot 24

D=AX
X=A"'D

8| 3= AD} Tri-diagonal matrixQ|2 2 ZIEHOIH A 'S HME = US



r
= 0|28t B-spline |8 ZXJ&(d)

1 2.3.5.6 Tridiagonal matrix O} & o
\ 83(2)
iTridiagonal matrix
2 A2 1 91/0kH, 2/ 4E20t00] OFH 24011, LHHX| 822 0 a2 Wl
2t dEE SelCE 3% FE8H00] O &t =» Tri + Diagonal

~
=, [H_I o= 0o

= 1T - - - v, ? v
Dy 0 Xo d, Ax=d
groch) ¢ 0 X, d, ®A=//U
: _ So= &l
LUx=d :
eeeeees G e
0 an—l bn—l Cn—l xn—l dn—l X ;‘) ..... A=
%o !
- B - - v
A




[- 2.3.5.6 Tridiagonal matrix 0HH & 0|2t B-spline M XHE(d)
\ 23(@3)
v, v %
‘ OA=LU
iR CEEi0 _ f, O 1/t »n 0 _
@ochcgie, 0 a B0 0O 1 y, O
Omraybs—ic, ', 0 0O o, B 0 0 1 » O
0 a,, b, ¢, 0 «a,, B, O 0 1 y,
i 0 a, - i 0 a, B, || 0 1]
A = L U
AW v
v, v X=
bo — 0 ..................................... ‘/CO :v‘/ﬂo‘}//l az = al 1= 1, ,n v e
A/ .......... OA=LU
“/11 :‘/051 ‘/bl :\651‘7//1 + Dy e, =By, _G _ l
LTI, 4 Viet = IB l= 09“ > 1 -1 Pl
a, =&, b, =y, + b, ¢, =Pl i LUxd ::
. ﬂi+1 - bi+l _ai+17i+1 V ............ ;
d, =&, bn—l =, 1V, + -1 Co = IBn—lj/n ) Y . A
with S, = b, ®/L°y=‘(/i
a,=a, b,=a,y,+p,




[ 2.3.5.6 Tridiagonal matrix 0 & 0|2 Tt B-spline M T &(d)
24 X4
g =35(4)

‘®t§=ﬁ

_ﬂo 0 11 Yo — | d, _
apiaofl =0 N d,
Oreres = B 0 Vs d,

0 «a,., B O Y- d,
|| O an ﬂn_ | yn _ L _

Wl v
v, ! v X=
:Bgyo =d, T v\ %
v a7 / ! v di_aiyi—l 1®A: U
a,y, t Py =4, Forward Vi =
substitution ,Bi
a + IB =d l = 17 N LUFd .......
21 2 V) =4y p : i
: with y, = FO v l@"U?x:'y
an—lyn—2 + IBn—lyn—l = dn—l 0 Va v A
@Ly=d




[ 2.3.5.6 Tridiagonal matrix 0f &
\ 23(5)

‘ aUx=Yy

el syl |
&5 R |
gy, 10

Yo
34
%)

yn—l
Yn

fio
S
0l

Backward
substitution

X =YV = ViaXin

i=n—1

with x =y,
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2.3.5.7 Bessel End Condition (1)
= B-spline curve interpolation(IA ZE& 0|2 HMHIH ¢, t,01 SO X|X] SEUS W,
(1) 30| ¢TO| AXE N HOZLE 2Kt T M (quadratic curve)S A0,
(2) S8 2K FM0] % ZHMAMO 1XI DIZ2aE LI A0t Xl Ol=
B-spline curveQ| & EE0IAMC HM YHZ J1E0l= S8

d,

d,
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: 2.3.5.7 Bessel End Condition(2)

P1 - == P>
e e @
7
/
/
t,,/
/
/
Po
1] | ,
[l ! I
o A u, A, u,
ul
u2
t =(— 24, + A3 4 (Az +A3) . A, ) t,=( Ag P, (Ag s +Ax ) .
UG, T aA, DT AG )Y A s(Aes+Ac) oy

(ZAK—4 +AK—5) p)
(AK—S + AK—4)AK—4 ;
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2.3.5.8 Sample code of Cubic B-spline Curve (1)

L

#ifndef __CubicBSpline_h__
#define __CubicBSpline_h__

#include "vector.h*

class CubicBSplineCurve {
public:
Vector®* m_ControlPoint; int m_nControlPoint;

double* m_Knot; int m_nKnot; int m_nDegree;

void SetControlPoint(Vector* pControlPoint, int nControlPoint);

void SetKnot(double* pKnot, int nKnot);

Vector CalcPoint(double u);

double N(int d, int i, double u);

void Interpolate(Vector *pFittingPoint, int nFittingPoint);

void Parameterization(int nType, Vector® FittingPoint, int nPoint, double* t);
5
#endif
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.2.3.5.8 Sample code of Cubic B-spline Curve (2)

L —

void CubicBSplineCurve::Interpolate(Vector *pFittingPoint, int nFittingPoint)
{

// Generate Knot
if(m_Knot) delete[] m_Knot;
m_nKnot = (m_nFittingPoint - 2) + 2*(3+1);
m_Knot = new double [m_nKnot];

// Use Chord length or Centripetal method

// Generate Matrix : (L+1) * (L+1)
int L = m_nFittingPoint + 1; /1 (L+1)*(L+1) size Matrix

// Fill rhs
Vector® rhs = new Vector[L+1];

for(i = 1; i <= L-1; i++) rhs[i] = pFittingPoint[i-1];

// Bessel End condition
rhs[0] = rhs[1]; rhs[L] = rhs[L-1];
rhs[1] = StartTangentByBesselEndCondition; rhs[L-1] = EndTangentByBesselEndCondition;
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2.3.5.8 Sample code of Cubic B-spline Curve (3)

L —

double* alpha = new double[L+1];
double* beta = new double[L+1];
double* gamma = new double[L+1];
double* up = new double[L+1];
double* low = new double[L+1];
if(m_ControlPoint) delete[] m_ControlPoint;
m_nControlPoint = L+1;
m_ControlPoint = new Vector[m_nControlPoint];
// Fill alpha, beta, gamma
// Solve LU system
l_u_system(alpha, beta, gamma, L, up, low);

solve_system(up, low, gamma, L, rhs, m_ControlPoint);

// Release memory

delete[] rhs; delete[] alpha; delete[] beta; delete[] gamma; delete[] up; delete[] low;




Ch 3. M (Surfaces)

] 3.1 Parametric Surfaces
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_ ~ 3.2 Bezier Surfaces
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. 2.1 Parametric Surfaces

z 3o
e I
'_F.;-_';"F-_.r e *‘“.:_,__h
Jf-"f_," £ 1"‘ Hx:h"\
) RN gox | iy isoa
o 4
.I'.III IJ
x =d cos¢@cosb
i f,,—]r'-”é 0H JH y=dsingcos
ri 1
'[r ‘: ._J—F z=d Sin 9
Ty ‘||
'I.'II \“h.i'l
\\_‘ ‘\:"H._L__ r= I"(X(¢, 9)9 y(¢7 9)9Z(¢9 9))
‘L\\\\‘\\ \
Vo es® 7E 200 WIS (4 0) =

HOIE 21| 4101 & 4 QUCH
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3.2 Bezier surfaces

3 2. 1 Generation of Bezier surfaces
by de Casteljau algorithm

.Il"t'.__ _.-I.-
La5a88aeaa0000 " j 2 Generation of Bezier surfaces
.;jungﬂuugnuuggunzzuL==4L=_ 0
B0 i A R AR R R HHE EBE by tensor-product approach
SREEEo e N R oo ADaeaon
-~ 0BBa880808008000080080080
A dvanced
Ship
D esign
A\ utomation

|- aboratory



3.2.1 Generation of Bezier surfaces
by de Casteljau algorithm

~ 3.2.1.1 Bi-linear Bezier Surface Patch

- 3.2.1.2 Bi-quadratic Bezier Surface Patch
S Sopooc gooooC
_ _JOEoBEEEEReEEECCo00: }_2_41__3 Bl Cubic Bezier Surface Patch
: 0000000000000000000000000000000
| S1a[a{afafalu utatafafafafals utatatafiafafalatatafal
O00O00O00OOO00O0OO00O00000000000C
Rl ool ool
A dvanced
Ship
D esign
A\ utomation



[ 3.2.1.1 Given : 2x2 Bezier control point

Find : Bi-linear Bezier Surface Patch

S u,v BHFOF ‘de Casteljau algorithm’ HE
P, = (I-u)by, +4 by,
q, = (I=u)by, +¥ by,

N

r(u,v) = 1-v)P. + vq,

F(u,v) = (1=v) (=w)by, +(1-v) u by,
+v (1-uwb,, +vu b,

ru,v) = [1-v) V] {boo b10:| {(1_”)}

bOl b11 i

u,v& 0 A 1744 S7}3hm
r(uv)E ALtsha A bgosbygsbg15by, =

NNA = (@) [T
TR HO R = HHE IS F Ut

2x2I1°l Bezier X
Interpolation 2

»
!

0 U 1 u

1M E 012010 Bi-linear }

MAH=2
ocoaa&
(=] AL
2 dAHAI=2 __I.IBI- OI|:|._




3.2.1.2 Given : 3x3 Bezier control point
Find : Bi-quadratic Bezier Surface Patch
&8 de Casteljau algorithm

u

by by
b, by
_boz b,

b, (1-u)’
b,, 2(1 —u)u
b, u

)
Il

(I=u)b gy +4 by,
q, (I=)by, +1 by,

=
I

(1-u)by, +4 b,
q, = (I-w)b,, +4 b,,

P/ = (I-wby, +ub,,
q, = (I-u)b,, +4 b,,
r,= (I-u) P, + u q,
r'= (1-u) p, + u 4,
r'= (1-u) P, + u 4q;

r-o= (1—u)2b00 +2(1-u)u b, + M2b20

-
Il

1 (1—u)2b01+2(1—u)u b, + M2b21

r,=0-u)b,, +2(0-u)u b, + u2b22

SDAL 155/196

Advanced Ship Design Automation Lab.
http://asdal.snu.ac.kr



I3.2.1.2 Given : 3x3 Bezier control point
Find : Bi-quadratic Bezier Surface Patch

HHtH . de Casteljau algorithm

|

7]
I

0 (1_V) rou + v rlu
1 — (1_V) rlu + v rzu

_____ r(u,v) = (1-v)s’ +vs,

r(u,v) =(1-v)' ry,+ 2(1-vjvr' + v’ r;

r,
LT b, r(u,v) = [a-vy 20-vyw v] ¥
A% 0 y
s> r' by by by |[ a-u)
u r.u = b01 b, by ||20-uu
rz _b02 b12 b22_ !

r(u,v) = [a-v? 20-vyw || P Py by | |20 —w)u

3x3)iC =3 E 012010 Bi-

Quadratic Bezier PatchE & £ QULL

|




[3.2.1 .3 Given : 4x4 Bezier control point
X Find : Bi-Cubic Bezier Surface Patch by de Casteljau algorithm

—_—
- -—
- ~

e

7 -—
-, = ~. T T == \\
UL -7 T Qo #
R Eal SEe i TR
- ~
-

0 | [ Bo)|
313 (v)
B, (v)
3,0 B33 (V)

\. - ’ i =,

Ax4Je] ZMAME 012010 Bi-Cubic
Bezier PatchE & £+ ULL

—_
-
=
—_
-
[y
—_
-
N
—
-
W

bu,v)=[B:(u) B'(u) B(u) B )]

2,

=piN = - =2
(=]
= aN = = S =
[\
=pi = - =
>
()
= a2 = S =
\S)

(98]
(5]
98]
-
W

~N




[3.2.1 .3 Given : 4x4 Bezier control point

X Find : Bi-Cubic Bezier Surface Patch by de Casteljau algorithm
g e T
/_(__/,._ - ®
- - _ T~o *
,/,::/zf ‘//“‘———-\ _____ .\ \\\\\\\ @ /
/f’f”’—/— i l“\ \ \\\\\\\ /

‘/’//,’ ®-[- // \\\\\\ \\. /
/ 7 —/— ________ l-_. \\\\ /
/ // _I—-‘———- ) s //
et 1 JOERN i

o = R AN
/"_Z: \\b
4 - =
bo,o b0,1 bo,z bo 3 Bo (V)
b b b b B’(v)
bu,v)=[B'(w) B'w) B B)]| 0 T e P8
bz,o bz 1 bz,z bz 3 B; (v)
\ _b3,0 b3,1 b3,2 b3,3_ _B;(V)_ )
Ax4J4e] XA E 0I2010 Bi-Cubic
Bezier Patchg& & + UL




3.2.2 Generation of Bezier surfaces
by tensor-product approach

2 3.2.2.1 Tensor-product approach
ot ; 3.2.2.2 Tensor-product biquadratic Bezier surface

-.'n':
IEEREHEE } 2.2.3 Tensor-product bicubic Bezier surface
OOO000OoO00n |
ooooooool :..f5|| oooooool I I
;:JE;_QL__JL__szz#%zz%?__%H

A dvanced

D esign
/A utomation
|- aboratory
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3.2.2.1 Tensor product approach (1)
) —

Directional curve =

A

-2
o
Eire

STy 40 .
warm. -

|__15| / End moving curve

. o:l_lmf |
2

— Moving curve
->-makes a surface

Start moving curve




[ 3.2.2.1 Tensor product approach (2)

%

-

= moving curvell @88t Xt59] Bezier curve
0111, moving curve®|Bezier control points9|
HIAME UEHHE directional curveT Bezier
curved [, 0|2t WHO = WAL= JHE

“Tensor product Bezier surface” 2tal BtL}.

moving Curve

* CAGD, Ch14.3, Tensor Product Approach
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3.2.2.2 Tensor-product biquadratic Bezier surface (1)

= Given 3x3 Points b,

m Generate start/end moving
curves and directional curves
in quadratic Bezier form

b,(u)= bong (u)+ bl2Blz (u)+ bzszz ()
bg(u)= booBg (u)+ b10B12 (u)+ bzoBz2 ()

b,(v)= booBg (v)+ mel2 (v)+ bosz2 (v)
b,(v)= blOBg (v)+b, 1Bl2 (v)+ bl2B22 (v)
b,(v)= bzoBg (v)+ blel2 (v)+ bzszz (v)

4 )

_bo (V)_ by by by, Bg (v)
b,(v) |=|b, b, b, 812 (v)
_bz (V)_ b,, b, b, _Bzz (V)_
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3.2.2.2 Tensor-product biquadratic Bezier surface (2)

=i~ =

00

10

20

=2

01

=3

11

= a = =

02

12

22 |

= Given 3x3 Points b,

= Moving curve can be
represented in the following
form:

b(ut,v) (b, (VB2 (1) Kb, (v)B? () +b, (v)B2 ()

—[Bw) Bw) Biw)

-
_boo b, boz_ Bg(")
b =[Bw) Bw) B by, by by, || B )
- by by by | _Bzz (V)_

= ZzbijB,-Z (U)BJZ (V) Bezier surface

j=0 i=0 control points




3.2.2.3 Tensor-product bicubic Bezier surface (1)

= Given 4x4 Points b,

m Generate start/end moving
curves and directional curves
in cubic Bezier form

b,(u)= b03B§ (u)+ b13Bl3 (u)+ bz3Bz3 (u)+ b33B33 (1)
bg(u)= booBg (u)+ blOBl3 (u)+ bzoBz3 (u)+ b3oB§ ()

b,(v)= booBg (V) + b01Bl3 (V) + bong (V) + b03B3? (v)
b,(v)= blOBg (V) +b, 1Bl3 (V) + blzBs (v)+ b13B; (v)

b,(v)= bzoBg (V) + blef (V) + bzzBs (v)+ b23B§Tj (v)
b,(v)= bsoBg (v) +b31B13 (V) + b3.2Bz3 (v) +b33B33 (v)

(- _ _ )
b,(v) by, by by, by Bg (v)
b,(v) _ b, b, b, b; B13 (v)
b,(v) b,, b, by, b, Bz3 (v)

_b3 (V)_ _b30 b;, by, b33_ _B; (V)_
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3.2.2.3 Tensor-product bicubic Bezier surface (2)

= Given 4x4 Points b,

B (1) :
b = Moving curve can be
D v=1 represented in the following
form:
b)) Lo, ) Co, )8 ) (o, ()8 ) B, (DB )
_bo(V)_
b1
[ Bo B Bw]
_b3(V)_
~ ] — Y
by by by by, Bg(v)
3 3 3 3 b10 bll b12 b13 Bl3
— — bun=[Bw B Bw Bl 0 Y
b, (v) by by by b || By(V) 20 2l 23(\))
b,(v) _ b, b, b, b, B13(V) 3.3 ; ; (P50 By by by | 50,
b,(v) by by, by by B;(V) :ZzbijBi (u)Bj (V)
\_b3(V)_ _bso b, b, b33_ _B; (V)_/ L 2 )




3.3 B-spline surfaces

“ 331 Generation of B-spline surfaces
by tensor-product approach
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3 3.1 Generation of B-spline surfaces
| by tensor product approach

! 331 .1 Tensor-product bicubic B-spline surface
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3.3.1.1 Tensor-product bicubic B-spline surface (1)
W

= Given 5x5 Points d,,
u-knots, v-knots,
u-degree(=3), v-degree(=3),

) = Generate start/end moving
Kz curves and directional curves in
A cubic B-spline form:

1y () = dgyNo () +d, Ny (1) +dy N (1) +dy N5 (1) +d N ()
rg (1) =dy, N, g (u)+ d]O]vl3 (1) +dy,N. ; (1) +d;,N. 33 (u)+d,,N. j (1)
Cd,(v)=d,,N, 3 (V) + dle3 (v)+d,, N, ; (v)+d,; N ; (v)+d,N. j (v)

d,(v)=d,,N,;(v)+d,, N’ (v)+d,,N; (v)+d,;N; (v)+d,,N; (v)

d,(v) =d, N, v)+d,, N, (v) +d,N; (V) +d,,N; (v) +d,,N; (v)
d,(v)=d,,N, (v)+d, N, (v)+d,,N; (V) +d,N; (v)+d,,N, (v)
d,(v)=d,,N,(v)+d, N’ (v)+d,, N, v)+d,N;(v)+d,N; (v)

T 1 r T R
do(V) d, d, d,, dy d, NS (v)

d,(v) d, d, d, d; d, N13 v)
d,(v)|=|dy d, d,, dy; d,, || N 23 (v)
d, d, d,, d
d, d, d, d

d;(v) s || N5 (V)
d,(v) s ]| N j (v)

3

[\

3

N

a0 Qo

42 43

= oy
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q 3.3.1.1 Tensor-product bicubic B-spline surface (2)

= Given 5x5 Points d,,
u-knots, v-knots,
u-degree(=3), v-degree(=3),

) = Moving curve can be represented
) in the following form:

_do(V)_
d,(v)
Z[NS(M) N @) N@) N Nf(u)] d,(v)
d;(v)
d,(v) ]
E(1,) = dy ()N (1) + 4, ()N @)+ dy (N2 a)+ dy (v) V2 1)+, ()N )

- i 2\
doo d01 doz d03 d04 N, 3 (V)
d, d, d, d; d, N13 (v)
———— — = r(u,v)=|N, N N, N; N,w|d, d,, d, d, d,| N
g d,(v) d, d, d, d, d, N§ ) ) (u,v) [ o) T (u) > () s () 4 (u)] 20 Uy Uy Oy Oy 23 (v)
3 d, d; d;, d;; d, ||N ()
d,(v) d, d, d, d, d, N; (v) 5 5 3
3 _ d N3 N3 d, d, d, d, d, | N L)
dz (V) = dzo d21 dzz d23 d24 N. 2 (V) i ZZ joi (u) J (V) - __ B
d;(v) d, d, d;, d;; d, N33 (v) J=0 =0
\_d4 (v) d, d, d, d; d,]| N, 2 (V)_ ) N J




3.3.2 B-spline surfaces Interpolation

©3.3.2.1 B-spline surface interpolation 1}3
3.3.2.2 bicubic B-spline surface interpolation
3.3.2.3 Finding knots sequences

3.3.2.4 Knot ZHHXI0D} == Y

3.3.2.5 Sample code of B-spline surfaces

A\ dvanced
S nip

D esign

A\ utomation
L. aboratory
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q 3.3.2.1 B-spline surface interpolation 1}& (1)

" Given 3x3 fitting points

m (1) interpolate start/end moving B-
spline curves with same u-knots, which
are swept along directional curves

d,H)=d,, dO=d, d,DH=d, dOH=d, d,(1D=d,

_do(Vﬂ
d, (v)
run) =[N N N N Nw|do)
d3(V)
_d4(V)J

d, 0)= d, d 0)= d, d,(0)=d, d,(0)=d,, d,(0)= d,




[

q 3.3.2.1 B-spline surface interpolation 1}& (2)

= Given 3x3 fitting points

®m (1) interpolate start/end moving B-spline
curves with same u-knots, which are swept
along directional curves

m  (2) interpolate moving curves at v=v* with
same u-knots

( N\ ( N\ (. N (. N\ (. )
d,)=d,| | d,0D=d,| [d,D=d,]| [d,D)=d;,| |d,(])=d,

do (%) = t0 dl (%) =t dz (%) = tz d3 (%) = t3 d4 (%) = t4

| | \do 0)= dy \d1 0)= d]g Qiz 0)= dz& \d3 0)= d@ 84 0)= d@
y ) t d,(v) d,(v) d,(v) d;(v) d,(v)




[

4 3.3.2.1 B-spline surface interpolation 1t& (3)

m  Given 3x3 fitting points

= (1) interpolate start/end moving B-spline
curves with same u-knots, which are swept
along directional curves

v=1 ® (2)interpolate moving curves at v=v* with

same u-knots

= (3) generate directional B-spline curves with
same v-knots by interpolating the control
points of the moving B-spline curves

= The control points of the directional curves
are the control points of final bicubic B-spline
surface

(- N N\ (. N (. N\ (. )
d,(1)=d,, d1)=d, d,(H=d,| [d(D)=dy| |d,(D)=d,

u, =0 '

n u, =0.5 36

. " dd=t,| [ dd=t| |&D=t| |dB=t | |dLE=t
] ] ;

v, =0 lv4 v =1

v Vs
v, v,
v Yy

Qlo 0)= d@ \dl 0)= d19 \dz 0)= d29 de 0)= d39 (14 0)= d@




13.3.2.2 Given : ITIAO| 93} Fill, 4 BXIHOIME] u,viISE0] HAMEY
\ Find: bicubic B-spline Surface(1)
Po v _ _OI?E
pOB// pO \\\S?P<2
/ 17 I

u B R =
do,«( d1,0 dz,o d3,0 \d\4,0 N; (v)
'({0,1 d, d,, d;, dy N (v)
r(u,v) = [Mw Nw Nw Nw Nw|fo, di; dyy, dy, d N O)
d\3\ d,; d,; dj; d/£ N, (v)
d,, \d,,_4~d_21_ d,. /d4’4_Nj’(v)

5x5 2 ZEEE HolH =HE ddE == UL
[ ==

‘ o LS I
A‘I%[HQE EA_UH%‘-E,'QIH glu?_ 39!5 mmg “Il__ltl_dgl,g]:ll,,’ 20069.'55 Zaﬁ"jl wAdvancedShrpDesxgnAutomatronLab.

http://asdal.snu.ac.kr
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9l 91 &k, 4 BXIENWAIL u,v

[3.3.2.2 Given : 2HA!
Find: bicubic B-spline Surface(2)

too - RN Lo - TS
- P1o S o i P11 .
/4 S v ~

4 ~ /4 ~

Poo pZONAZO Po1 P21NA21
0 . E
Hoveal ond comditior Bessel end condition@ 2 HMMIE](t; ;)& 7Tt}
SEE A= 38 S 214 2 2 & 2 (interpolation) 8
S BN BEUAMO IX0I2AS 7ot 2




[ 3.3.2.2 Given: HAO| 9Jl &it, 4 RXIEUAME] u,vEZO HMYH
N Find: bicubic B-spline Surface(3)

-




pOZ p12
¢ 5 4 ’\E)
22
3.6
Po1
.—
6 P11 ,
P21
o
/4 p10
Poo
u P20
O Given

o JMO| XILIOFE MS9 XIH
HE2 A grid HEHOI0F & (0ll, 2x2)



[[’gﬂl] T X M H2H0l= bicubic B-spline =™ A Uty

Poz P12 1. u @S knotE A
¢ o IO HSO| um HAE A
0 5'N22 o A HIE 2 HEZ LMoL} 0] HAS
Po1 I MO| yWSk knotdlad B EC}

U Given
o ZHO| X|UOISE MZSO| XIH

o ME2 A=Y grid HEHOI0F & (Oll, 2x2)
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. 3.3.2.3 Finding Knot Sequences
-

B-Spline = M0j|A{9] ]

Tensor Product@AlOZ MO|=
Knot ZHd OIS

Spline = M0IAO] Knot ZHAMIZ

|
I I
I !
I l
I
Xl SMAMO| MEZLH Chord | | N
T onethl A (" Z0ixi= Z@A0| H0| GRIDSE ),
(| &0 20D =010 018X |
A N . S Jis .
Ai :\/pzl Pio eIt 1 oI
i+1 Pi— Piq I

I
o ] |
2V . .
4 N (= =oix IME0| Knot Z+40] ) |
= Aol IS M MAIE GRSl [Knot NN e BRI
ZHAZ 0|20t B-spline XHMES | | o5 E300FE !
8 = AS | '
I

!
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. 3.3.2.4 Knot 2H4 XI0IJt F= B

o

l il & AL0IQ] knot 2ZHHE2 1 & ALOIE XILDI= Gl Eel= AlZhl 22 JHE0IC

o—C— Son
1

I I I

[ I I
0 0.5 1.5

2 cTN
Oo— "\_ =
3 O/;—\i
~

** CAGD Figure 16.13
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. 3.3.2.4 Knot ZH4 XIOPJt F= B

o

l il & AL0IQ] knot 2ZHH 2 T & ALOIE XILDI= Gl Eel= AlZhl 22 JHE 010
1

** CAGD Figure 16.13
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l it A AL0IC] knot 2HHEE 1 & AIOIE XIWJ= dl Z2l= AlZHl 22 20|
A0 X
Knot 2+

ALY
I

2
3 =
** CAGD | 1292 knotZtzHIJt I = J00| H=0| XL} ]
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N

3.3.2.5 Sample code of bicubic B-spline Surface (1)

void BicubicBSplineSurface::Interpolate(Vector **pFittingPoint, int nU, int nV) {
/1 Generate u-Knot
if(m_UKnot) delete[] m_UKnot; @ @) @) @) @)
m_nUKnot = (m_nU - 2) + 2*(3+1);

m_UKnot = new double [m_nUKnot];

// Initial u-Knot
nitial u-Kno nv <
double** tmpUKnots;

tmpUKnots = new double*[nV];
for(int j = 0; j < nV; j++){

tmpUKnots[j] = new double[nU]; . O @) @) @) o

for(inti=0; 1< nU; i++){ . g L
tmpUKnot[j][i] = ...; // chord length or centripetal

] nU

}

// generate average u-Knot

for(inti=0; 1< nU; i++){
m_UKnot[i] = 0;
for(int j=0; j<nV; j++) { m_UKnot[i] += tmpUKnot[j][i]; }
m_UKnot[i] = m_UKnot[i] / nV;




[

N

3.3.2.5 Sample code of bicubic B-spline Surface (2)

/1 Interpolate u-directional B-spline curve

CubicBsplineCurve* u_curve = new CubicBsplineCurve[nV];

for(int j = 0; j < nV; j++){ @ e © ©
u_curve[j].SetKnot( m_UKnot ); nV <
u_curve[j].Interpolate( pFittingPoint[j], nU );

/1 Generate v-directional Fitting Point

int nvFittingPoint = u_curve[0].m_nControlPoint; ~
Vector** vFittingPoint = new Vector [ nvFittingPoint ]; nU
for(int j=0; j < nvFittingPoint; j++){

vFittingPoint[j] = new Vector[ nV ];

for(inti=0;1<nV;i++){

vFittingPoint[j][i] = u_curve[i].m_ControlPoint[j];
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