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10 Fourier Series

10.1 Periodic Functions

- Definition : A function f(z) is called periodic, if it is defined for all real = and if there is
some positive number p such that

f(x+p)=f() for all

- The number p is called a period of f(x)

Example: sin(x 4 27) = sinx, cos(z + 27) = cosx

(note) f = c=constant for every x

- Examples of non-periodic functions : z, 2, 23, %, coshz, - - -

- f(x+2p) = fl(x+p) +pl = flx +p) = f(z)

- For any integer n
f(z+np) = f(x) for all

- If f(x) and g(x) have period p, then the function h(z) = af(x) + bg(z), a, b: constant

Wz +p) = af(z +p) +bg(x +p) = af(x) + bg(x) = h(z)
. h(x+p)=h(x) : period p

- Fundamental period: a smallest period p(> 0) of f(z)

cosr and sinz — 27
cos2r and sin2x — W

f = constant — no fundamental period

10.2 Trigonometric Series
- Trigonometric functions with a period of 2w
1, cosxz, sinz, cos2x, sin2x, --- cosnz, sinnz,
- Trigonometric Series
ag + ajcosx + bysinx + as cos 2z + by sin 2x + - - -

where ag, a1, b1, as, ag, ba, b3 --- are real constants.

- Trigonometric system

ap + Z(an cosnx + by, sinnx) (1)

n=1

If the series (1) converges, its sum will be a function of period 2.



10.3 Fourier Series

Euler Formulas for the Fourier Coefficients

f(x) is a periodic function of period 27 and is integrable over a period. Assume that eqn (1)

converges and (1)=f(z).

f(z) =ap+ Z(an cosnx + by, sinnz).

n=1

Given f(z), how to compute the coeflicients?

e Determination of the constant term ag

i f(z)dzr = /7r [ap + Z(an cosnx + by, sinnz)|dx

—T —T n=1
f(x)dx = / apdx + Z / ap, cosnxdr + / by, sin nxdx)
an, / cosnxdxr = by, sinnzdr =0
1
ap = g f( )

e Determination of the coefficients a,,
- Multiplying (2) by cosmaz where m is any fixed positive integer,

T [e.9]

f(z) cosmadx = / [ag + Z(an cosnx + by, sinnz)| cos madx

- n=1

- R.H.S of the above equation

™

T ™
ap / cos mxdx + E [an / cosnz - cosmzdx + by, / sin nz - cos madzr]
—T7 n 1 —T

—T

- 1st integral:
™
ao/ cosmzxdr =0

—Tr

- 2nd and 3rd integrals:

T 1 (7 1
/ cosnx - cosmrdr = 3 / cos(n + m)xdx + 3 / cos(n — m)zdx

e 1 " 1
/ sinnx - cosmxdr = - / sin(n + m)xdr + = / sin(n — m)xdx

o 2 ) 2

(2)



- When n # m and the integration is performed over the common period of 2,

/ cos(n + m)xdx = / cos(n —m)zdr =0

—T —T

/ sin(n + m)xzdr = / sin(n —m)xzdr =0

—T —T

- When n = m, all the integrals are zero except

/ cos(n — m)xdr = / dx = 2w

—T —T
Qg = — f(x) cosmzdx m=1,2,3,---

e Determination of the coeflicients b,
- Multiplying (2) by sinmax where m is any fixed positive integer,

f(z)sinmadx = / [aop + Z(an cosnx + by, sinnz)] sin medz

- - n=1

- R.H.S of the above equation
s

T (o)
ao / sin madx + E [an / cos nx - sin madx + by, / sinnx - sin madx]
n=1

—T —T —T

™

- 1st integral:
s
ao/ sinmaxdxr =0
—Tr

- 2nd and 3rd integrals:

/ cosnz - sinmxdr = 2/ sin(m + n)xdr — 5 / sin(n — m)xzdx

—T —T —T

s 1 Tf 1 s
/ sinnx - sinmadx = = / cos(m — n)xdr — - / cos(n + m)zdx
- 2 ) 2 ) .
- When n # m and the integration is performed over the common period of 27, the

above integrals are zero.
- When n = m, the above integrals are zero for the same reason except

1 (7 1 (7
2/_ﬂcos(m—n)mdx—2/_7rd:c—7r

1 s
-'bm:/ f(x) sinmadz m=1,2,3,---
™

—Tr



Summary of These Calculations:
Fourier Coefficients, Fourier Series, Euler formula -

1 ™
(&) ao = By . f(z)dx
1 ™
(b) a, = = f(z) - cosnxdx n=12--- (3)
™ —T
1 [ .
() b, = — f(x) - sinnxdx n=12---
™ —T
Example 1. Rectangular wave
flz) = —k it —m<x<0
flz) = k if0<ax<m

flz+2m) = fla)

Sol)
ag = 0
1 ™ 1 0 s
a, = - f(x) - cosnzdx = [/ (—k) cosnzdx +/ k cos nxdx]
L — ™ J -z 0
1 sin nx sinnx
e L
1 ™ 1 0 s
b, = — f(x) - sinnzdx = [/ (—k) sinnwdm—l—/ k sin nxdzx]
T J—n T J -z 0
1 k
= —[k:cos o [ 2T |0] = —[cos 0 — cos(—nm) — cosnm + cos 0]
™ n nm
2k
= —(1—cosnm)
nm
- Now, cosm = —1, cos2m =1, cos3m = —1, etc :

< —1 for odd n )
COS T =

1 for even n

2 for odd n
1 —cosnm =
0 for even n
- Hence the Fourier coeflicients b,, of our function are
4k 4k 4k
by=—, b2=0, b3g=-—, bsy=_——,---
T 3T 5T



4k 1 1
flx) = ?(sinx—i— gSinSiE—i-gsinE)x-i--..)

- The partial sums are

4k 4k 1
S1 = —sinz, Sy =—(sinz+ -sin3z), ete
T U 3

-Atx=m7/2, f(n/2) =k

s
FG)=k="(1— 4z =+
1 1 1 m
l—-—+-—=+—--== H.
3 + 5 7 4 i
Orthogonality of the Trigonometric System
- The trigonometric system, 1, cosz, sinx, cos 2z, sin 2z, ... cosnz, sinnx, ---
on the interval —7m < z < 7.
™
/ cosmx - cosnzdr = 0 (m #mn)
—T
/ sinma - sinnzdr = 0 (m #n)
—Tr

and for any integers m and n (including m = n)

™
/ cosmz - sinnxdx = 0

—T

is orthogonal

/ cosmx - sinnxdr = B / sin(n + m)zdr + 3 / sin(n —m)zdr =0

10.4 Convergence and Sum of Fourier Series

Theorem 1 (Representation by a Fourier series)

If a periodic function f(z) with period 27 is piecewise continuous in the interval —m <z <7
and has a left-hand derivative and right-hand derivative at each point of that interval, then
the Fourier series (2) of f(z) [with coefficients (3)] is convergent. Its sum is f(z), except
at a point zy at which f(z) is discontinuous and the sum of the series is the average of the
left-hand and right-hand limit of f(x) having continuous first and second derivatives.

1 /" - si 1 ("
an, = - f(z) cosnzdr = MEW - — f'(z) - sinnxdx
T J) _x nmw nrw J_x
/ . 1 ™
= M]iﬂ — == f"(x) - cos nxdx
n2m nm J_,
- In the above equation,

f'(x)-cosnx ., ., . cosnmw , cos(—nm),

n2r -7 [f (’/T) n2m - f (_ﬂ) n2r ] =0

5



cos(—nm) = cosn, f(m) = f(—m)

*.» continuity and periodicity of the function f(z).
- Since f” is continuous in the interval of integration, we have | f”(z)| < M for an appropriate
constant M. Furthermore, | cosnx| < 1. It follows that

T 2M

1 " 1
‘an’:ﬁ‘ 77rf (:p)cosnxdaf|<% 7ﬂde:ﬁ

- Similarly, |b,| < 2M/n? for all n,

1 1

1 1
c S @) < Jao] +2M(1+ 1+ 55 + 53 + 53+ 55

22 —+ .-

- It converges !

Example 2. Convergence at a jump as indicated in Theorem 1
The square wave in Example 1 has a jump at x = 0. Its left-hand limit there is —k and its
right-hand limit is k. Hence the average of these limit is 0. The Fourier series (5) of the
square wave does indeed converge to the value when = = 0 because then all its terms are 0.
Similarly for other jumps. This is in agreement with Theorem 1.

10.5 Functions of Any Period p = 2L

- If a function f(z) of period p = 2L has a Fourier series, the series is

[e.e]
nm . nmT
flx)=ag+ Z(an cos —— + by, sin T)

n=1

L
() a0 = 5 / Sy

1 [ nwT
(b) a, = 2L/Lf(x)COSLda: n=12--- (4)
1 L
(¢) b, = 2L/Lf(al:)sinn;r_/xda: n=12---
Proof.
v = E — x—@
= 7 =

r = +L — v =47
= f(z) = g(v)

o0
g(v) = ag + Z(an - cosnv + by, - sinnv)

n=1



Coefficients:

1 ™

agy = / g(v)dv
2 J_,
1 ™

an, = / g(v) cos nvdv (5)
™ ™
1 /7 .

b, = / g(v) sin nvdv
™ —T

v = %x’ dv = —dx

(5) gives (4) !
Interval of integration : In (4), we may replace the interval of integration by any interval of
length p = 2L, for example, by the interval 0 < x < 2L 4.

Example 3. Periodic square wave

f(z) = 0 if —2<z<-1
flz) = k if —1l<zx<1
flx) = 0 ifl<ax<?2

p=2L=4, - L=2

k
ag = / f(z /_ kdx = 3
p = / f(x)cos —dm = / k cos ?dx

Solution.

= s' nre ]1 —%sinﬂ
B 2n7r 2 a2
a, = 0 if n is even
2k
an = — ifn=1,59,-
nmw
—2k
anp = — ifn=3,7,11,---
nmw
1t —k
/ f(x sm—d 2/1k sm%dw—ﬁcosgﬂ =0

2k ™ 1 3m 1 om
flx) = —+ (Co §$—§COb?x+gcos?z—+~--) i

Example 4. Half - wave rectifier

u(t) = 0 it —-L<t<0
u(t) = FE-sinwt if0<t<L



p=2L=—
w
Solution.
w/w E
ag = ul E - sinwtdt = —— coswt|g/w
2m Jo 27
E E B
= —%(cosw —cos0) = —%(—1 —-1)= P
w T/w
anp = — / F - sinwt cos nwtdt
T Jo
E T /w
- [sin(1 + n)wt + sin(1 — n)wt|dt
2 0
-a1=0ifn=1.
=23,
wE[ cos(1 4+ n)wt  cos(1l — n)wtr/w
an, = —[— -
" 27 (I1+n)w (1-n)w °
_FE [ cos(1+n)mr+1 cos(l —n)r+ 1],r/w
27 1+n 1-n 0
- If n is odd cos(n + 1)m = cos(1 —n)m =1,
Soap =0
E 2 2 2F
= — S —92.4.6.---
i 277(1+n+1—n) (n—1)(n+ )7 (n=2,4,6,
W T/w
b, = — / FE - sinwt - sin nwtdt
T Jo
E T/ w
- [—cos(1 + n)wt 4 cos(1 — n)wt]dt
2 0
-Ifn=1,
E [ E
by = el (—cos2wt + 1)dt = —
2 0 2
Ifn=23, -,
b @[ sin(l +n)wt  sin(1 — n)wt]w/w _0
"om (1+n)w 1-nw °

(t) E+E‘ t2E(1 2t+1 t+--+)
LU = — — SINWl — —(——= COS LW — COS W
T 2 m 1-3 35



10.6 Fourier cosine/sine series
Even and Odd Functions
e A function y = g(x) is even if
g(—z) =g(z) forall x

e A function h(z) is odd if
h(—z) = —h(z) for all z

e cosnx: even, sinnx: odd

Three Key Facts for the Present Discussion

e If g(z) is an even function, then

(Kig@ﬁm::?ALﬂme

e If h(x) is an odd function, then

/%hqu:0

-L
e The product of an even and an odd function is odd.
Proof)

q=gh g: even, h: odd
q(=x) = g(=x) - h(=z) = g(x)(=h(z)) = —g(x)h(z) = —q(x)

Theorem (Fourier cosine series, Fourier sine series)

e The Fourier series of an even function of period 2L is a ”Fourier cosine series”.

fl@)=a+ > an- cos% (f: even)
n=1
1 L
ay = L/o f(x)dx
) L
ap = L/o f(zx) Cosn—zwdx, n=1,2,



e The Fourier series of an odd function of period 2L is a ”Fourier sine series”.

an sin@ (f: odd)

Proof.

e Derivation of the coefficients of the even series

— o [ = [ s [ ]

In the even function, f(—z) = f(x).

—r =2 —dr = da’

[, / s = [ st

ao—z ; f(a:)d:n
L
ap, = i/_Lf(:U)cosnzmdx
1 0 n L nmw
= L[/Lf(a:) cos ——dx + ; f(z) - cos —dz

/ f(x) - cos —a:d:L‘

e Derivation of the coefficients of an odd function

1 [F . nmx
b, = L/_Lf(:n)sde:E

L
= i[/_(;f(:c)ﬁinnzxdx—k/o f(a:)-sin?d:c]

10



Since f is an odd function, f(—z) = —f(x) and sin(—xz) = —sinx.

/

r=—2 = dx=—dr

0 0 !
/_L f(x) - sin nLﬂdm = /L f(=a")- sin(—%)(—dw')
L /
= /0 f(2')sin %dm’

nnr

L
by = 2/0 f(z) - sin de i

- For an even function of a period of 2,

f(:v):ao+2an-cosnx (f: even)

n=1

ag = i/oﬂf(:c)dx

2 ™
an = / f(z) - cosnxdz, n=12---
T Jo

- Similarly, for an odd 27-periodic function

f(w):ibn‘sinm? (f: odd)
n=1

2 ™
bn:/ f(x)sinnxdz, n=12--- i
m™Jo

Theorem (Sum of functions)

The Fourier coefficients of a sum f; + f» are the sums of the corresponding Fourier coefficients
of f1 and fo. The Fourier coefficients of c¢f are ¢ times the corresponding Fourier coefficients
of f.

Example . Rectangular wave with p = 27

—k —nm<x<O0

f(w)_{ k O<az<m

2 (7 2 (7
b, = / fi(z)sinnzdr = / k sin nzdx

T Jo T Jo
2k

= —(1—cosnn)
nmw

_ % odd n

N 0 even n

11



4k 1 1
f(x):?(sinx—l—gsin3x+gsin5x+...) 4

Example . Rectangular pulse with p =4 (L = 2)

0 —2<r< -1
flx)=1< k -l<z<1
0 l<ax<?2

We can use the formula. Also, we can use the result of the above example to obtain

k 2k m 1 3T 1 7r
54——(003—3:—fcos—x%—fcos—zﬂ—'--) i

fla) = g OBt T RS T p 08T

Example . Sawtooth wave

fle)=z+m if —r<x<nm
flz+2m) = f(x)
f=fi+fo where fi=2 and fo=m
Sofo=m
Since f1 is odd, a, =0forn=1,2,---.

2 (7 2 [T
b, = / fi(x) sinnzdr = / x - sinnxdx
T™Jo T Jo

2 x-cosnx

- 5

o1y 2
|0 +— | cosnzdr] = ——cosnm
™ n n Jo n

Hence by =2, by = —2/2, b3 =2/3, by = —2/4, - -

1 1 1
f(:z:):7T—|—2(sinx—§sin2x+§sin3x—lsin4x+-“ i

12



