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13 Fourier Transform

13.1 Fourier Cosine and Sine Transforms

- integral transform: a transformation that produces from given functions new functions that
depend on a different variable and appear in the form of an integral.
ex) Laplace transform, Fourier transform

Fourier Cosine Transforms
For an even function f(x),

oo 2 (o9}
(a) f(x)= /0 A(w) coswzdw where (b) A(w) = 7T/0 f(v) cos wudv (1)
Set A \/2/777' fc

Fourler cosine transform of f(z):

_ \/z /0 " F(@) coswada (2)

Inverse Fourier cosine transform of fC
\/> / fe(w) cos wrdw (3)

Fourier Sine Transforms
For an odd function f(z),

h i _2 b v) sinwvdv
(a) f(x) _/0 B(w)sinwzdw where (b) B(w)= 7['/0 flv) d (4)
Set B(w) = /2/7 - fs(w

Fourler sine transform of f (x):

_ \/Z /0 " fla) sinwada (5)

Inverse Fourier sine transform of fs(w):

f(z) = \/f /0 " J(w) sinwadw (6)

Notations: F.(f) = fo, Feo(f)=fs, Fol, Fi!




Example 1. Fourier cosine and Fourier sine transforms

k fo<z<a

f(x):{o if 2 > a.

Solution.

] =
felw) = \/>k/ coswzdr = \/ —k <smaw>
0 s w
F 2 k 2 /1-—
fuw) = \ﬁ;/ s = |2 (2 conaay = |2 (172020
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Example 2. f.(e™%).
Solution.
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e “coswrdr = | — - ———(— coswz + wsinwz)|y°
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Fele™) = 14 w?
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13.2 Properties of Fourier Cosine/Sine Transforms

- Linear operations A A A
(a) f:C(af +bg) = aJiC(f) + bf;c(g)
(b) fs(af+bg):afs(f)+bfs(g)

\/5 [ les@) + byt coswads
_ \f / flz coswmdﬁb\f / g(z) coswada

afe(f)+bfe(g)

o felaf +bg)

Theorem (Cosine and sine transforms of derivatives)

Let f(z) be continuous and absolutely integrable on the z-axis,
let f'(x) be piecewise continuous on each finite interval, and
let f(x) — 0 as x — oco. Then

(@) flf'()] =wf \f /(0 -
(b) filf ()]=—wfc[f



Proof.

L) = \f / f(@) coswadz

- \/;[f()coswﬂdo o [t Slnwxdx]
- Ero
Lif@) - \f / (e sinwado

= \/; [f(:c)Smwmlo —w / fa Coswxdx]

= _wfc[f< )] i

Similarly,

() Flf"@) = whlf @) = /2(0) =~ il \f /(0 .

~

() L) =—Wfs[f( )] =~ filf( +\f wf

Example 3. (An application of (??)) Find the Fourier cosine transform of f(z) = e™%*,
where a > 0.
Solution.

(e aa:)/l _ a2 (CL‘) f”($)

P S
= (a +w )fc(f)—a\/;

ey =2 <“> (a > 0)

a2+w2



13.3 Fourier Transform: Fourier Integral in the Complex Form

Recall: real Fourier integral
flz) = / [A(w) coswz + B(w) sinwz|dw
0
1 (o, ¢]
where Alw) = / f(v) coswv dv,
™ —00
1o
B(w) = / f(v) sinwv dv.
™ —0o0

1 o0 oo
= f(z) = = /0 / f(w)[coswv coswzx + sin ww sin wz|dvdw

_ i/ooo [/_Z f(v)cos(wx—wv)dv] dw

Let
F(w) = / f(v) cos(wz —wv)dv : even function,
then
1 [ 1 [
f@) = / Flw)do = - [ F(w)dw
™ Jo 2 J_ &
= ZL [/ f(v) cos(wz — wv)dv] dw (9)
T J—0o LJ—0
Let ~
Gw) = / f(w) sin(wz — wv)dv: odd function,
S0

QL {/ f(v) sin(wz — wv)dv] dw=0 (10)
T ) oo I oo
(??) +i(?7?) with € = cosz + isinz (Euler formula)

f(v) cos(wz — wv) +if (v) sin(wz — wv) = f(v)e' @)

Complex Fourier Integral

fa) =g [ [ s (1)

13.4 Fourier Transform and Its Inverse

0= [ g [



Fourier transform of f:

¢ 1 * —iwx
f(w)—m/_oof(x)e dx

Inverse Fourier transform of f(w):

1 * W
f@)= = | dweras

Existence condition for the Fourier Transform:
1. f(x) is piecewise continuous on every finite interval.
2. f(z) is absolutely integrable on the x-axis.

Example 1. Find the Fourier transform of

k fo<z<a
flz) = { 0 otherwise

~

k(1 — e~ia)

I ko (e —1
W) = —— ke ™Pdx = - =
@) V2T /0 V2T < —1w ) WV 2T

Example 2. Find the Fourier transform of e“wz, where a > 0.

re) =  expl-aa® — iswlda
- Lol (e 32 (5]
= e () Lo - ()
! A T

. 2
0 w 1 > 2
] = _ il _ —v
. /_Ooexp[ <\/5x+2\/a>]dx 7 _ooe dv

i) Error function

(12)



1 > 1 0
I = % /Oo eivzdv = % /OO 67UQd’U,

1 o0 w2 o0 2 1 o0 o0 —(u24v?)
— e Y du eV dv=— e dudv
aJ o —00 L )

r? = u? + 02, dudv = rdrdf

1 27 o] 1 27 00
r = / e " rdrdf = / d@/ e rdr

a Jo 0 a Jo 0

2 1 2 0o T
= T ) =1
a 2 a

N 2 1 w? T 1 2
. —az®\ _ it - —w?/4a
. fle ) or exp ( 4a> \/; —me

13.5 Physical Interpretation: Spectrum

- Spectral representation: the spectral density f(w) measures the intensity of f(x) int the
frequency interval between w and w + Aw.

[o.¢]
/ |f (w)|?dw : total energy
—00
- Harmonic oscillator
1
my" + ky 0
my/y//+ky/y — O
1 1
By integration, im(y’)2 + ikyQ = Fy = constant
- General solution is
. . k
Y = a1 CoswoT + by sinwox = 1" + ¢c_1e7 0T, wg = —
m
where ¢; = (a1 — ibl)/Q, c_1=¢C = (a1 -+ ibl)/Q.
- Set A = ¢1€™9% B = ¢_ e o7,
y=A+B, — wv=y =A+DB =iw(A- B)
L o5 15 1. o 2 1 2
Ey, = 5 + ik‘y = g(lwo) (A-B)" + §k:(A-|— B)

_ %k[—(A — B)>+ (A+ B)?] = 2kAB

= 2kc1e"%%c_1e "% = 2kcic_q = 2kcicp = 2k]cl|2

.. The energy is proportional to the square of the amplitude |cq].



13.6 Linearity. Fourier Transformation of Derivatives

Theorem 1 (Linearity of the Fourier transform)
The Fourier transform is a linear operation, that is, for any functions f(x) and g(z) whose
Fourier transforms exist and any constants a and b,

~

flaf +bg) =af(f)+bf(g)

Proof.
Flaf(z) + bg(z)] = \/ﬂ / 2) + bg(z)]e " dz
_ m /_ fage _Wdﬁﬁ / = gy

= af[f(z)] + bflg(x)]

Theorem 2 (Fourier transform of the derivative of f(x))
Let f(x) be continuous on the z-axis and f(z) — 0 as |z| — oco. Furthermore, let f/(x) be
absolutely integrable on the z-axis. Then

flf(@)] = dw f[f(2)] (14)
Proof.

/ _ L * ll,e—z'wxl‘
Ar@l = <= [ raed

= \/12? [f(:v)e_wxiooo + iw /_C: f(x)e_iwxdx}

Since f(x) — 0 as |z| — oo,
A = iwflf(x )}
Similarly, f(f") = lwf (f)
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Example 3. Find the Fourier transform of ze~® from Table III, Sec. 10.11

flae™) = §(=5)) = —5fle]
1

_ —}iwf(eixz) _ 767"’)2/4 _ w 67w2/4

13.7 Convolution
- The convolution f * g of functions f and g is defined by

W) = (f * g)(x / f()gl — p)dp = / " - pa(p)dp (15)

7



- The convolution of functions correspond to the multiplication of their Fourier transforms.

Theorem 3 (Convolution theorem)
Suppose that f(z) and g(x) are piecewise continuous, bounded, and absolutely integrable on
the x-axis. Then,

F(f*g)=v2rf(f)f(9) (16)
Proof.

Fireo) = —=/ gt - e dpaa
- =f Z / Z F(0)g(a — p)e = dedp

- We now take x — p =¢q. * = p+ q and dx = dq.

/ / fp — ) dgdp

- = / F)e“Pdp / glq)e1dg
= V2rf(£)f(9)

- By taking the inverse Fourier transform of the both sides,

f(fxg) =

g5

(Feo)e) = [ Fit)erds (a7)
Example 4. Find the inverse of the Fourier transform of
1
F(w) = .
@) = 265w —w?)
- Since —w? = (iw)?,
1 1 1 1

F(w)=

27{6 + biw + (iw)2} 27 2+iw 3 +iw’
- From Table III. Sec. 10.11,

6_2$ x>0 6—333 >0
g(x)_{o <o h(:”)_{o z<0
v z —2z -3z
— 2p ,—3(x—p) 7, — ,—3x pi._ ) € —e x>0
f(z) /0 e “Pe dp=e /0 ePdp { 0 o0 f



