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16 Heat Equation

16.1 Derivation

- Energy conservation in the control volume

Ėst = Ėin − Ėout + Ėgen

where Ėst : Energy stored in the control volume
Ėin : Energy entering in the control volume through the surfaces
Ėout : Energy exiting out of the control volume through the surfaces
Ėgen : Energy generated inside the control volume

Ėst =
∂

∂t
(dm · cpT ) = ρcpdV

∂T

∂t
= ρcp

∂T

∂t
dxdydz

ρ: density (kg/m3), cp: heat capacity (J/kg·K)

Ėin = q̇xdydz + q̇ydzdx + q̇zdxdy

Ėout = q̇x+dxdydz + q̇y+dydzdx + q̇z+dzdxdy

Fourier’s law of heat conduction

q̇x = −k
∂T

∂x
, q̇y = −k

∂T

∂y
, q̇z = −k

∂T

∂z

k: thermal conductivity (W/m·K)
By Taylor series expansion, ignoring higher order terms

q̇x+dx = q̇x +
∂q̇x

∂x
dx q̇y+dy = q̇y +

∂q̇y

∂y
dy q̇z+dz = q̇z +

∂q̇z

∂z
dz

Ėin − Ėout = (q̇xdydz + q̇ydzdx + q̇zdxdy)

−
(

q̇xdydz +
∂q̇x

∂x
dxdydz + q̇ydzdx +

∂q̇y

∂y
dydzdx + q̇zdxdy +

∂q̇z

∂z
dzdxdy

)

= −
(

∂q̇x

∂x
+

∂q̇y

∂y
+

∂q̇z

∂z

)
dxdydz

=
[

∂

∂x

(
k
∂T

∂x

)
+

∂

∂y

(
k
∂T

∂y

)
+

∂

∂z

(
k
∂T

∂z

)]
dxdydz

Ėgen = ġdxdydz ġ : volumetric heat generation (W/m3)
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ρcp
∂T

∂t
dxdydz =

[
∂

∂x

(
k
∂T

∂x

)
+

∂

∂y

(
k
∂T

∂y

)
+

∂

∂z

(
k
∂T

∂z

)]
dxdydz + ġdxdydz

For k = k(x, y, z),

ρcp
∂T

∂t
=

∂

∂x

(
k
∂T

∂x

)
+

∂

∂y

(
k
∂T

∂y

)
+

∂

∂z

(
k
∂T

∂z

)
+ ġ

For k =constant,
∂2T

∂x2
+

∂2T

∂y2
+

∂2T

∂z2
+ ġ = ρcp

∂T

∂t

For steady-state,
∂2T

∂x2
+

∂2T

∂y2
+

∂2T

∂z2
+ ġ = 0

No heat generation,
∂2T

∂x2
+

∂2T

∂y2
+

∂2T

∂z2
= 0

∴ ∇2T = 0

- Transient heat conduction equation with no heat generation:

∂T

∂t
= α∇2T, α =

k

cρ
: thermal diffusivity (m2/s)

16.2 One-dimensional heat equation

∂T

∂t
= α

∂2T

∂x2
(1)

- Boundary conditions

T (0, t) = 0, T (L, t) = 0 for all t (2)

- Initial condition
T (x, 0) = f(x) (3)

• Step I: Two ODEs

T (x, t) = F (x) ·G(t)
⇒ FĠ = αF ′′G

⇒ Ġ

αG
=

F ′′

F
= −p2 = constant

F ′′ + p2F = 0 (4)
Ġ + αp2G = 0 (5)

• Step II: Satisfying BCs
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– A general solution of (??): F (x) = A cos px + B sin px
From the BC (??), T (0, t) = F (0)G(t) = 0, and T (L, t) = F (L)G(t) =
0.
Since G ≡ 0 would give a trivial solution u ≡ 0, we get F (0) = F (L) = 0.

F (0) = A = 0

F (L) = B sin pL = 0 ⇒ sin pL = 0 ⇒ p =
nπ

L
, n = 1, 2, 3, · · ·

Setting B = 1,
Fn(x) = sin

nπx

L
, n = 1, 2, 3, · · ·

– From (??)
Ġn + λ2

nGn = 0 where λn = αpn =
√

α
nπ

L
.

General solution
Gn(t) = Bne−αp2

nt n = 1, 2, · · ·
Therefore,

Tn(x, t) = Fn(x)Gn(t) = Bn sin
nπx

L
e−αp2

nt (n = 1, 2, · · · ) (6)

Eigenfunctions: Bn sin nπx
L e−αp2

nt

Eigenvalue: λn =
√

α · pn =
√

αnπ
L

• Step III:Solution of the Entire Problem

T (x, t) =
∞∑

n=1

Tn(x, t) =
∞∑

n=1

Bn sin
nπx

L
e−αp2

nt,
(
pn =

nπ

L

)
(7)

- From (??)

T (x, 0) =
∞∑

n=1

Bn sin
nπx

L
dx = f(x)

Bn =
2
L

∫ L

0
f(x) sin

nπx

L
dx (n = 1, 2, · · · ) ] (8)

Example 1. Sinusoidal initial temperature
ρ=8.92 g/cm3, c=0.092 cal/(g ◦C), k=0.95 cal/(cm sec ◦C), L=80 cm.

T (x, 0) = f(x) = 100 · sin πx

80
=

∞∑

n=1

Bn sin
nπx

L

By orthogonality of the trigonometric functions,

B1 = 100, B2 = B3 = · · · = 0
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p1 =
π

L
, α =

k

ρc
=

0.95
8.92× 0.092

= 1.158 cm2/sec

T (x, t) = 100 · sin πx

80
· e−1.158 π2

L2 t

At x = L/2=40 cm,

100 · e−1.158 π2

802
t = 50

t =
ln 0.5

−1.158 π2

802 t
= 388 seconds

Example 2. Speed of decay

T (x, 0) = f(x) = 100 · sin 3πx

80

∴ T (x, t) = 100 · sin 3πx

80
e−1.158· 32π2

802
t

At x = 40/3 cm,

50 = 100 · sin 3πx

80
e−10.422 π2

802

t =
ln 0.5

−10.422 π2

802

≈ 43 seconds

Example 3. Triangular initial temperature in a bar

T (x, 0) = f(x) =
{

x if 0 < x < L/2
L− x if L/2 < x < L

Bn =
2
L

[∫ L/2

0
x sin

nπx

L
dx +

∫ L

L/2
(L− x) sin

nπx

L
dx

]

=
2
L

[
− L

nπ
x cosnπxL

∣∣∣∣
L/2

0

+
L

nπ

∫ L/2

0
cos

nπx

L

]

+
2
L

[
− L

nπ
(L− x) cos

nπx

L

∣∣∣∣
L

L/2

− L

nπ

∫ L

L/2
cos

nπx

L
dx

]

=
2
L

[
− L2

2nπ
cos

nπ

2
+

L2

n2π2
sin

nπx

L

∣∣∣∣
L/2

0

+
L2

2nπ
cos

nπ

2
− L2

n2π2
sin

nπx

L

∣∣∣∣
L

L/2

]

=
2L

n2π2

(
sin

nπ

2
− sinnπ + sin

nπ

2

)
=

4L

n2π2
sin

nπ

2

If n is even, Bn = 0.
Otherwise n is odd,

Bn =
4L

n2π2
(n = 1, 5, 9, · · · ) and Bn = − 4L

n2π2
(n = 3, 7, 11, · · · )
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T (x, t) =
4L

π2

[
sin

πx

L
exp

{
−α

(π

L

)2
t

}
− 1

9
sin

3πx

L
exp

{
−α

(
3π

L

)2

t

}
+− · · ·

]

Example 4. Bar with insulated ends. Eigenvalue 0
- Governing equation

∂T

∂t
= α

∂2T

∂x2
= 0

- Boundary conditions
Tx(0, t) = 0, Tx(L, t) = 0

- Initial condition
T (x, 0) = f(x)

- Separation of variables

T (x, t) = F (x) ·G(t)
ĠF = αGF ′′

Ġ
αG = F ′′

F = −p2

F ′′ + p2F = 0
Ġ + αp2G

F (x) = A cos px + B sin px

Tx(0, t) = F ′(0)G(t) = 0, Tx(L, t) = F ′(L)G(t) = 0

∴ F ′(0) = F ′(L) = 0

F ′(x) = −Ap sin px + Bp cos px

F ′(0) = Bp = 0, ⇒ B = 0
F ′(L) = −Ap sin pL = 0, ⇒ sin pL = 0

∴ p = pn =
nπ

L
(n = 0, 1, 2, · · · )

Fn(x) = cos
nπx

L
(n = 0, 1, 2, · · · )

Gn(t) = Ane−α(nπ
L )2

t

- Eigenfunctions

Tn(x, t) = Fn(x)Gn(t) = An cos
nπx

L
e−α(nπ

L )2
t (n = 0, 1, 2, · · · )

- Eigenvalues
λn =

√
α

nπ

L
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T (x, t) =
∞∑

n=0

Tn(x, t) =
∞∑

n=0

An cos
nπx

L
e−α(nπ

L )2
t

- With the initial condition

T (x, 0) =
∞∑

n=0

An cos
nπx

L
= f(x)

A0 =
1
L

∫ L

0
f(x)dx, An =

2
L

∫ L

0
f(x) cos

nπx

L
dx, (n = 0, 1, 2, · · · )

Example 5. Triangular initial temperature in a bar with insulated ends

T (x, 0) = f(x) =
{

x if 0 < x < L/2
L− x if L/2 < x < L

A0 =
1
L

∫ L

0
f(x)dx =

1
L
· 1
2
L · L

2
=

L

4

An =
2
L

[∫ L/2

0
x cos

nπx

L
dx +

∫ L

L/2
(L− x) cos

nπx

L
dx

]

=
2
L

[
L

nπ
x sin

nπx

L

∣∣∣∣
L/2

0

− L

nπ

∫ L/2

0
sin

nπx

L
dx

]

+
2
L

[
L

nπ
(L− x) sin

nπx

L

∣∣∣∣
L

L/2

+
L

nπ

∫ L

L/2
sin

nπx

L
dx

]

=
2
L


 L2

2nπ
sin

nπ

2
+

(
L

nπ

)2

cos
nπx

L

∣∣∣∣∣
L/2

0

− L2

2nπ
sin

nπ

2
−

(
L

nπ

)2

cos
nπx

L

∣∣∣∣∣
L

L/2




=
2L

n2π2

(
cos

nπ

2
− 1 + cos

nπ

2
− cosnπ

)

∴ An =
2L

n2π2

(
2 cos

nπ

2
− cosnπ − 1

)

- If n is odd, An = 0.
- If n = 2, 6, 10, · · · ,

An = − 8L

n2π2

- If n = 4, 8, 12, · · · , An = 0.

T (x, t) =
L

4
− 8L

π2

{
1
22

cos
2πx

L
exp

[
−α

(
2π

L

)2

t

]
+

1
62

cos
6πx

L
exp

[
−α

(
6π

L

)2

t

]
+ · · ·

}
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16.3 Steady-State Two-Dimensional Heat Flow

∂T

∂t
= α∇2T = α

(
∂2T

∂x2
+

∂2T

∂y2

)

- If the heat flow is steady, then ∂T/∂t = 0.

∇2T =
∂2T

∂x2
+

∂2T

∂y2
= 0 (9)

- Boundary value problem:
Dirichlet problem if T is prescribed on C,
Neumann problem if the normal derivative Tn = ∂T/∂n is prescribed on C,
Mixed problem if T is prescribed on a portion of C and Tn on the rest of C.

16.3.1 Dirichlet Problem in a Rectangle R

- Governing equation

∇2T =
∂2T

∂x2
+

∂2T

∂x2
= 0

- Boundary conditions

T (0, y) = 0, T (a, y) = 0
T (x, 0) = 0, T (x, b) = f(x)

- Separation of variables
T (x, y) = F (x) ·G(y)

1
F
· d2F

dx2
= − 1

G
· d2G

dy2
= −k = −p2

d2F

dx2
+ p2F = 0

- Boundary conditions

T (0, y) = F (0)G(y) = 0, ⇒ F (0) = 0
T (a, y) = F (a)G(y) = 0, ⇒ F (a) = 0

F (x) = A cos px + B sin px

F (0) = A = 0 and F (a) = B sin pa = 0

∴ pn =
nπ

a
, Fn(x) = sin

nπx

a
(n = 1, 2, · · · )

d2Gn

dy2
−

(nπ

a

)2
Gn = 0
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∴ Gn(y) = An sinh
nπy

a
+ Bn cosh

nπy

a

Tn(x, 0) = 0 = Fn(x)Gn(0) = 0 ⇒ Gn(0) = 0

Gn(0) = Bn = 0

∴ Gn(y) = An sinh
nπy

a

- Eigenfunctions
Tn(x, y) = Fn(x) ·Gn(y) = An sin

nπx

a
sinh

nπy

a

- Last boundary condition to obtain An

T (x, y) =
∞∑

n=1

Tn(x, y)

T (x, b) = f(x) =
∞∑

n=1

An sin
nπx

a
sinh

nπb

a

- By using the orthogonality of the trigonometric functions,

An sinh
nπb

a
=

2
a

∫ a

0
f(x) sin

nπx

a
dx

T (x, y) =
∞∑

n=1

An sin
nπx

a
sinh

nπy

a

where
An =

2
a sinh(nπb/a)

∫ a

0
f(x) sin

nπx

a
dx

16.4 Solution by Fourier Integrals and Transforms

• Heat equation in a bar that extends to infinity on both sides (and is laterally insulated,
as before):

∂T

∂t
= α

∂2T

∂x2
(10)

- No Boundary Conditions, only the initial condition:

T (x, 0) = f(x) (−∞ < x < ∞) (11)

- Substituting T (x, t) = F (x)G(t) into (1),

F ′′ + p2F = 0
Ġ + αp2G = 0

F (x) = A cos px + B sin px and G(t) = e−αp2t

- A solution of (??) is

T (x, t; p) = FG = (A cos px + B sin px)e−αp2t. (12)
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• Since f(x) in (??) is not assumed to be periodic, it is natural to use Fourier integrals
instead of Fourier series.

T (x, t) =
∫ ∞

0
T (x, t; p)dp =

∫ ∞

0
[A(p) cos px + B(p) sin px]e−αp2tdp (13)

Determination of A(p) and B(p) from the Initial Condition:

T (x, 0) =
∫ ∞

0
[A(p) cos px + B(p) sin px]dp = f(x) (14)

A(p) =
1
π

∫ ∞

−∞
f(v) cos pvdv, B(p) =

1
π

∫ ∞

−∞
f(v) sin pvdv.

Fourier integral (??) with A(p) and B(p)

T (x, 0) =
1
π

∫ ∞

0

[∫ ∞

−∞
(f(v) cos pv cos px + f(v) sin pv sin px)dv

]
dp

=
1
π

∫ ∞

0

[∫ ∞

−∞
f(v) cos(px− pv)dv

]
dp

- Similarly, (??) becomes

T (x, t) =
1
π

∫ ∞

0

[∫ ∞

−∞
f(v) cos(px− pv)e−αp2tdv

]
dp

=
1
π

∫ ∞

−∞
f(v)

[∫ ∞

0
e−αp2t cos(px− pv)dp

]
dv (15)

Evaluating the inner integral by the formula
∫ ∞

0
e−s2

cos 2bs ds =
√

π

2
e−b2

Choose p = s/
√

αt as a new variable of integration and set

b =
(x− v)
2
√

αt
⇒ 2bs = (x− v)p and ds =

√
αtdp

∫ ∞

0
e−αp2t cos(px− pv)dp =

1√
αt

∫ ∞

0
e−s2

cos 2bs ds =
√

π

2
√

αt
e−b2

=
1
2

( π

αt

)1/2
exp

{
−(x− v)2

4αt

}

By inserting this result into (??),

T (x, t) =
1

2
√

παt

∫ ∞

−∞
f(v) exp

{
−(x− v)2

4αt

}
dv
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Taking z = (v − x)/2
√

αt,

v = x + 2z
√

αt =⇒ dv = 2
√

αtdz

T (x, t) =
1√
π

∫ ∞

−∞
f(x + 2z

√
αt)e−z2

dz. (16)

Example 1. Temperature an infinite bar

f(x) =
{

T0 = const if |x| < 1,
0 if |x| > 1.

- From (??)

T (x, t) =
T0

2
√

παt

∫ 1

−1
exp

{
−(x− v)2

4αt

}
dv

- Introducing z = (v − x)/2
√

αt,

T (x, t) =
T0√
π

∫ (1−x)/2
√

αt

(−1−x)/2
√

αt
e−z2

dz (17)

16.5 Use of Fourier Transforms

Example 2. Temperature in the infinite bar in Example 1.

f(x) =
{

T0 = const if |x| < 1,
0 if |x| > 1.

- Let T̂ = F(T ) denote the Fourier transform of T , regarded as a function of x.

F(Tt) = αF(Txx) = α(−ω2)F(T ) = −αω2T̂

F(Tt) =
1√
2π

∫ ∞

−∞
Tte

−iωxdx =
1√
2π

∂

∂t

∫ ∞

−∞
Te−iωxdx =

∂T̂

∂t

⇒ ∂T̂

∂t
= −αω2T̂

∴ T̂ (ω, t) = C(ω)e−αω2t

- Initial condition : T̂ (ω, 0) = C(ω) = f̂(ω) = F(f)

T̂ (ω, t) = f̂(ω)e−αω2t

T (x, t) =
1√
2π

∫ ∞

−∞
f̂(ω)e−αω2teiωxdω (18)

f̂(ω) =
1√
2π

∫ ∞

−∞
f(v)e−ivωdv
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T (x, t) =
1
2π

∫ ∞

−∞
f(v)

[∫ ∞

−∞
e−αω2teiω(x−v)dω

]
dv

e−αω2teiω(x−v) = e−αω2t cos(ωx− ωv) + ie−αω2t sin(ωx− ωv)

- Sine is an odd function:
i

∫ ∞

−∞
e−αω2t sinω(x− v)dω = 0

∴ T (x, t) =
1
π

∫ ∞

−∞
f(v)

[∫ ∞

0
e−αω2t cosω(x− v)dω

]
dv

Example 3. Solution in Example 1 by the method of convolution
The beginning is as in Example 2 and leads to (??):

T (x, t) =
1√
2π

∫ ∞

−∞
f̂(ω)e−αω2teiωxdω

=
∫ ∞

−∞
f̂(ω)ĝ(ω)eiωxdω = F−1(f̂(ω)ĝ(ω))

where ĝ(ω) =
1√
2π

e−αω2t

Revoking the convolution integral in Fourier transform

T (x, t) = (f ∗ g)(x) =
∫ ∞

−∞
f(p)g(x− p)dp (19)

Use
F(e−ax2

) =
1√
2a

e−ω2/4a

with αt = 1/4a or a = 1/4αt, then

F (e−x2/4αt) =
√

2αte−αω2t =
√

2αt
√

2πĝ(ω)

Hence ĝ has the inverse

g(x) =
1√

2αt
√

2π
e−x2/4αt

Replacing x with x− p and substituting this into (??),

T (x, t) = (f ∗ g)(x) =
1

2
√

παt

∫ ∞

−∞
f(p) exp

{
−(x− p)2

4αt

}
dp.

Example 4. (Fourier sine transform applied to the heat equation) A laterally insulated bar
extends from x = 0 to infinity.
- Initial condition: T (x, 0) = f(x).
- Boundary condition: T (0, t) = 0 ⇒ f(0) = 0.

Fs(Tt) =
∂T̂s

∂t
= αFs(Txx) = −αω2Fs(T ) = −αω2T̂s(ω, t)

∴ T̂s(ω, t) = C(ω)e−αω2t
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T (x, 0) = f(x) ⇒ T̂s(ω, 0) = f̂s(ω) = C(ω)

∴ T̂s(ω, t) = f̂s(ω)e−αω2t

- Taking the inverse Fourier sine transform and substituting

f̂s(ω) =

√
2
π

∫ ∞

0
f(p) sinωp dp ,

T (x, t) =
2
π

∫ ∞

0

∫ ∞

0
f(p)e−αω2t sinωp sinωx dp dω
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