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21 Analyticity

21.1 Limit, Continuity, Analyticity

Limit : lim,_.,, f(2) =1
if f is defined in a nbhd of 2y and if for every € > 0 we can fund § > 0 s.t. for all z # zg,
|z — 20| < 9, we have |f(z) — | <e.

Continuity : lim, .., f(z) = f(20)
a function f(z) is said to be continuous at z = 2.

Derivative.
f,(ZO) _ llril f(ZO + AAZi — f(Zo)
Az=2z— 29,2 =20+ Az
(zo) = Jimg L2210 1)

along whatever path z approaches 2y the value approaches the same value.

Ex Differentiability, Derivative.
f(z) = 2"

) = qgg BB L2 (A2 -2 _
f(z) = Aligo As = Alirgo Ao = AliH_)IO(QZ + Az) =22

Differentiation rules:
(cf=cf, (f+9'=f+d, (9 =Ffg+fd

i)/: f/g_fgl
g g*

(

n—1

(") =nz"""' (n: integer)

Ex. Z not differentiable.
f(z)=z=x—1y.
fz+Az)—f(z) (24+Az)—2z Az Azx—iAy Az —0: —1.

Az Az _E:A:c—kiAy Ay — 0: +1.

Definition (Analyticity).
A function f(z) is said to be analytic in a domain D if f(z) is defined and differentiable



at all points of D. The function f(z) is said to be analytic at a point z = zg in D if f(z) is
analytic in a neighborhood of zy. Also, by an analytic function we mean a function that is
analytic in some domain.

Ex Polynomials, rational functions.
polynomials 1,2,22,---

quotient of two polynomials g(z) , h(z)

f(z) = 9(z) : rational function.

h(z)

21.2 Cauchy-Riemann Equations

w= f(z) = u(x,y) + iv(z,y)

Cauchy-Riemann equations:
Uy = Vy, Uy = —Vy (2)

f is analytic in a domain D if and only if the first partial derivatives of u,v satisfy the two
so-called Cauchy-Riemann equations everywhere in D.

Theorem 1 (Cauchy-Riemann equations).

Let f(z) = u(x,y) + iu(x,y) be defined and continuous in some neighborhood of a point
z = x + 1y and differentiable at z itself. Then at that point, the first-order partial derivatives
of u and v exist and satisfy the Cauchy-Riemann equations (2). Hence if f(z) is analytic in
a domain D, those partial derivatives exist and satisfy (2) at all points of D.

Proof.

flz+4z2) - f(2)

/ _ . _ .

fi(z) = Al;go A, Az = Ax + iAy. (3)

= Ao Az +iDy +é Jm, Az + Ay )
y‘(Im) z+ Az

x (Re)




i) path I. After Ay = 0 then Az = Ax.

/ _ . -
fz) = Aligo Ar +1 Aligo Ay
= Ug + 10, (5)
ii) Path II. After Az = 0 then Az = iAy.
: +AY) —u@y) o vE@ Yty + Ay) — oY)
/ — 1 /U/(x, y ’ 1
F'(z) Aé@o 1Ay T A;/go 1Ay
= —iuy + vy (6)
(5)=(6) JoUp = Uy and vy = —uy.

Theorem 2 (Cauchy-Riemann equations: not only necessary, but also sufficient)

If two real-valued continuous functions u(z,y) and v(z,y) of two real variables x and y have
continuous derivatives that satisfy the Cauchy-Riemann equations in some domain D, then
the complex function f(z) = u(z,y) + iv(x,y) is analytic in D.

Example . An analytic function of constant absolute value is constant. Show that if f(z) is

analytic in a domain D and |f(z)| = k =constant in D, then f(z) =const in D.
Solution. u? +v? = k2.

= Uz + vvy = 0, uuy +vvy =0

Cauchy-Riemann equations: v, = —uy, & vy = Uy
U- Uy — V- Uy =0 (A) (7)
U Uy — V- Uy =0 (B) (8)
(A)ut+(B)v: (u?+v?) - u, = 0.
(A)-(= v)+( Ju s (U +v?) - uy =0.
i)if k?=u?+1v2=0thenu=v=0— f=0.
ii) uy =uy =0by C-Req. v, =v,=0 = u=v=const — f=const.

Polar form. z = r(cos + isin#)

f(z) =u(r,0) +iv(r, 0)
x=rcosf,y=rsinf. - r=+/22+y2 0= arctan 2
x

X X y y
T@ri2 o VT @eA2
- L ¥y v ¥
v + (y/x)2" 22 2 + 12 r2



0. — 1 I x T
YU+ (y/e)? o 2?4y 0?2
x
uw:ur‘rx‘i‘ue'@z:*‘ur—%ua
r r
_ _ Yy x
uy—vr'ry‘i'UG'Hy—;"Ur—Fﬁ’Ug.
Since u,; = vy TT U — YUup = ryv. + xvg -+ (A)

Yy x
uy:ur-ry—i—ug-ﬁy:;ur—&—ﬁug.

Y v
r2

x
_’Ux:_vr"’“m_ve'ex:_;'vr"i'
Since uy = —vg TyUy + Tup = —rzv, +yvg -+ (B)
(A)xz+ B)xy : up - (2 +9?) = vp(a® +9?) = u, = %U@
(A)xy—B)xz : —(y?* +2H)upg =r(y> + 2*)v, =0, = —%ue.

1 1
LU = —vg,vp = ——ug (r>0)
r r

21.3 Laplace’s Equation. Harmonic Functions. = (Solution of Laplace’s
Equation)

Theorem 3 (Laplace’s equation)
If f(2) = u(x,y)+iv(z,y) is analytic in a domain D, then u and v satisfy Laplace’s equation.

ViU = gy + uyy, = 0.
and V2 = vy + Vyy = 0.

respectively, in D and have continuous second partial derivatives in D.

Proof.

N Up =V = Upr = Vyz

i) Y Y = Uy + Uyy =0
Uy = —Vp = Uyy = —Vyz

N Up =V = Upy = U

ii) Y vy = Upg + Vyy = 0§
Uy = —Vp = Uyp = —VUgg

Remark.

e Solns of Laplace eqn with conti 2nd order partial derivatives are called harmonic ftns,
and their theory is called potential theory.

e Real and imaginary parts of an analytic ftn are harmonic ftns.



e If two harmonic functions u and v satisfy the Cauchy-Riemann equations in a domain
D, they are the real and imaginary parts of an analytic function f in D. Then v is said
to be a conjugate harmonic function of w in D.

Example . How to find a conjugate harmonic function by the Cauchy-Riemann equations.
u=a>—y?—y
sol) Uy = 22, Upy = 2,uy = =2y — 1, uyy = —2.
Ugg + Uyy =2 —2=0 .. harmonic function.
By C-R. vy = uy = 22,0, = —uy = 2y + 1.
v =2xy+ h(x) = v, =2y + dh/dz.

c.dhjde=1= h(z) =z +c
v=2zxy+1T+cC



