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Interpolation

Llintroduction to Interpolation

* Approximation of Function
* Interpolation and Polynomial Approximation

L1Polynomial Interpolation
* Lagrange Interpolation
* Newton Interpolation
* Hermite Interpolation

LI1Piecewise Polynomial Interpolation
* Piecewise Linear Interpolation
* Cubic Spline Interpolation
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Approximation of Function

O What is approximation of a function?
* Approximate a true function f(x) by an easily manipulated, lower order func. P(x)

A

f £(x)

'P(x)

[
>

X
O Two Forms of Approximate Function P(x)

° Linear Combination P(X):aogO(X)+a1gl(X)++angn(x)
p(x) = 2090() +B,G, (x) +---+b,9, (%)
aogO(X)+algl(x)+”'+amgm(x)

O Types of Approximation Problems
* |Interpolation of tabulated data, passing through all data points given
* Curve Fitting of experimental or uncertain data with least squared error
* Minimize the maximum error of approximation (minimax)
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Polynomial Interpolation

[0 What is polynomial interpolation?
* Given n+1 base points

X.

| X X, X

n

i f, f, f

* Find a function passing through all given points by a polynomial
f(x)= P, (x)=) ax
i=0

[0 Needs

* Replace f(x), which would be difficult to evaluate and manipulate, by a
simpler, more amenable function P(x)

* Estimate the functional values, derivatives or integrals of f(x) which is
known quantitatively for a finite number of arguments called base

points
[0 Forms of Polynomial
e Power Form P(x)=a, +aXx+a,Xx° +---+a X"
* Shifted Power FormP(x) =a, +a,(Xx—C)+a,(x—¢)* +---+a_(Xx—c)"
* Newton Form P(x):ao+ai(x—cl)+a2(x—cl)(x—c2)+---+an(x—cl)---(x—cn)
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Lagrange Interpolation

LILagrange Polynomial Theorem

If f(X) is a real-valued function whose values are given at the n+1 distinct points,
Xgy X1, «-+ » Xppy then
there exists a unique polynomial P(x) of degree at most n such that

f(x,)=P(X,) ¥Vk=0,1--,n

where
P =Y F (L)

and Lagrange Kernel

L(X)—H xk)) (X=X (X = X (X = X ) (X = X)) (X = X))

Xy (Xi - XO)(Xi o X1)"' (Xi o Xi—l)(xi o Xi+1)"' (Xi — Xn)
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Derivation of Lagrange Interpolation Formula

~
Letf(x);Pn(x):a0+a1x+a2x2+---+anx”~ pTa pT=|:lXX2---Xn:| o= 50
At n+1 points given, require

fo = T(x)=PF,(x), vk

f0=a0+a1x0+a2x§+---+anx§ “ f=Ga fo
. f= : G=
J

f,=a X +---+a X n 1%, X X7 X
n O+a1Xn+ 2Xn+ + nn a:G—lf
T
B RO, L)
P(X)=pa=p G f=1 f:ZLi(X) f. P'Gr=[L(x) - L] 1=|
i=0 n ’ L
n Ln(X)
Constraint: f, =P,(x,)=> L(x)f Vk — L(x)=5,
=0 l .
Let L,(x) = C [ [ (x-%,) >Ci:ﬁ(x TS I
ki k=0 ! ‘ k:tI
k=i
IO
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Rolle’s Theorem

Ex. for n =6, 7 zeros for g(t)
n+1 zeros

. // \\// \\//\\//
Mo |

/ \
an b 00 ‘ | /

" —" n zeros
There exists £ € (a,b)
for which £'(£) =0.
If there are n+1zerosof f (x), £ (0D () \ _—

Xo,°*, X, then there is

T~ _—  2zeros
a point within [x,, X, ]

such that f ™ (&) =0 /
£ (x)
/g 1zero

o

4
s
\l

e

\Lg-(«?'
MES,

4
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Error of Lagrange Interpolation

Let f(X)=P,(X)+E(X) —EX)=f(X)-P,(x)

E(x)=0, k=01..n )] f(x)

—>E(x)=S(x)-1_£[(x—xi) E(X/ ?{

Define g(t) = f(t) - P, (t)—S(x) ﬁ(t _ Xi) te[a,b] P(x)
" Dexlelab <

1 =0 k=0,1,...,

2))2(()5:)): 0 " — N+ 2 zerosin [a,b]

Rolle's Theorem: g™ (&) =0= f " (&)= 0—(n+1)+ S(x) for some & = &(x)

_ M) . ") P

— S(X) = (D) Ee(a,b) L E(X) = D) li:O[(x x.) at least order of n+1 on x
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Newton Interpolation

[1 Drawbacks of Lagrange Interpolation

e EXxcessive amount of calculation is required when many
interpolations are to be done using the same data set.

* No estimated error can be made, unless the high order
derivatives can be evaluated.

* The addition of a new term requires complete recomputation.
* These are avoided by Divided Difference scheme.

O Divided Difference (At24h
e Definition

\Lg-

L 1D6I=10x)
SR £ I TCYBRAC)
2. ‘ X, — X; X=X X;—X
3. fIx. X, %]= 1= FLX % The order of x;'s in [ ... ] does not matter.
X — X,
4. .. _ f(x) N f(x;) s f(x)
(Xi_xj)(xi_xk) (Xj_xi)(xj_xk) (Xk_xi)(xk_xj)
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Newton Interpolation

n-1
Let f(x):Pn(x)+E(x):ao+al(x—x0)+az(x—xo)(x—x1)+---+anH(x—xk)+ E(x)
k=0
f(x,) =P, (%) =2a,+E(X,) — Require E(x;)=0—a, = f[x,]

f[X]: f[x0]+a1(x—xo)+a2(x—xo)(x—x1)+---+an(x—xo)(x—xl)---(x—xn_1)+E(x)
Divide by x — X, after moving f [x,] to LHS
f[X)E::[XO]E f[X’Xo] :a1+a2(x_x1)+"'+an(x_xl)"'(x_Xn—1)+ E(X)

X Insert x=x, — a, = f[X, %X, ]= f[X;, %]

0

— fI%,%]= f[X, x]+a,(X=x)+--+a,(Xx—%)- (X=X, )+ (f_();))
f[X!Xo]_f[X01X1]_ _ _ _ E(X) o = =
xx =[x, X, X ]=a, +---+a,(X=%,) - (X=X,_,) + ) —x) = X=X, > a, = f[X,,X,X]= f[X5, %, %]

> K] = f[xo,xi,x21+a3<x—x3)+---+an(x—xz)---(x—xn1>+—(X_X'j)‘(xx)_xl)

In general, a, = f[X;, X,-*- X, 4, X,]

n-1! *n

E n n
= FIX. X, % 4] = f[X07X1,"',Xn]+ﬁ(:)i)Xk) — E(x) = f[X'Xo'm'X“)‘(ln]__xfo[xo’Xl""’xn]lk:!(x—xk) = f[x,xo,...,xn]g(x—xk)
P.(X) = fD ]+ f X0, X J(X= %) ++-- + f[Xo,Xlr"’Xn_llli[(X—Xk)
GRS
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More About Divided Difference

f[x]1=f(x) ="

fIx]-f[x]
X =%
n-th order D.D (n7] 2}F&4H

%, %]=

F X X, X, ] = X X0 Xl = 109, X Xl pyefinition
X, — %,
n n 1
= fi
; gxi—xj
j=i
Proof
oxleti o fo & T
X=X X=X X=Xy X=X
Let
k k 1
f[XO""’Xk]ZZfiH
=0 =0 % =X
j#i
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More About Divided Difference

By Definition

f[XO’”"Xk’Xkﬂ]

f[xi""’xk+1]_ f[XO""’Xk]

er+1 - Xo

1 k+1 k+1 1

T R - - T
k+1 i i 0
X1 ~ X i XX m il %X E i X = X = X;
1#l J#i
k 1 Kk k 1 1 k 1 1 1 k+1 1
=l [ 28 o e e | 1]
i-0 X =X)L i=1 X — Xj Xi = X i=1 X — Xj Xi =% | X1 ™% =0 Xo — Xj
J#1 J#1

k+1 k k 1 1 1 k+1 1
_fk+1H +ZfIH i ( k+1_Xi_XoJ.Xk+1_Xo+fOH

j=0 Xk+1 j i=1 i1 X — j=1 XO_XJ‘
J#k+1 j#i
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More About Divided Difference

111 +Zk:fﬁ L Ma% 1yl
k+1j¢2+1 Xip = X; i=1 | ij=¢1i X _Xj (Xi _XO)(Xi _Xk+1) Xis1 — %o ’ i-1 %o _Xj
k+1 k k+1 k+1
=fei [ ] +Zf,H +fH
j=0 k+l — Nj i=1 i=0 XI _X j
j=k+1
kK+1 k+1
= Z f H Q.E.D. is unchanged if x; values are given regardless of the order of x;'s.
RS
XO \l0 e [\IO]
[Yo. Y1l
X Y=Lyl [Yo: Y1: Yol
VA [Yo: Yu: Y2s ¥al
X0 Yo =Y.l NAA
[Y2: Ysl
X1 Y3 =[Ys]
%@' 13 SNURPL



Properties of Divided Difference

Polynomial

F()=P0)+ f(nﬂ)(i)(ux))H( -X,)

(””’(é)l—[( x) 4= )= (%)

i) ] L

:a0+ai(x_xo)+"'+anH(X_Xi)

Divide once by (x—X,) f[x’xo]:al+a2(x_xl)+"'+anH(X—xi) (n+1)i)§|)1_[( )

Divide (n-1)times = X xJ+a,(x=%) +--

)

f[X’Xo""’Xn—z]: f[X01X11°"’Xn—1]+an(X_Xn—1) ( l)' ( _X—l)(x_xn)
_ (n+1)
f[X’X"u1 ’Xn—z] f[XO’X1’ ’Xn—l]:an f (f)( _ ) _)an:f[xo’xl’... XnJ
X=X, (n+1)!
(n+1)
L T R mew B
(n+1)
() _ = f[X, %y, -, X, 1, X,] > EXact Errorat x
(n+1)!
IO
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Hermite Polynomial

¢ Objective: Find a polynomial satisfying the derivative as well as function value

X; Xo X, Xn on+2
f fo s fn (constraints]
' f'q f'y o

Define a (2n+1)-th order polynomial as: P(x) = Zn: f.H; (x) +Zn: f'H, (x)

i=0 i=1

Conditions, V¥ j(=0,1,---,n)

® Hi(Xj):é‘ij
@ H;(x,)=0
@ HAi,(Xj):é}j
@ HI(x,)=0 - null after differentiation Vj except i
®,® 0 2 2 2 2 2 L
> F(0) = 60X X2 (X% (X= X )2 (X X)X = X+ (X=X, )P = a(x— 1) [ (x =%, )
A(x) = o] [(x=%)? +c(x—x,) f[(x—xj)2 -
%ﬁﬁ;‘? 15
%@E§ SNURPL



Hermite Polynomial

" n 1
H'(x) =c[ Jx=x)* +e(x T [(x=x) | =1 2¢=7
2 [1os-x7
. 1
SH) =5 (x- x)H(x X — XTX) 2
H(Xi_x) o ~te X)EI 1)2 )

j#i

Let H. (x) = (ax+b)LZ (x)
Hi(Xj)z(an_l_b)é‘ij V] j=irax +b=1

H/(x) = al? (x) + (ax +b) - 2L (X)L/(x) H{(x;) = as; + (ax; +h)- 25, L{(x,)
i=i a+2(ax+b)L/(x)=0
- 1

a=-2L/(x) b=1-ax

S H) = (1= 2L (%) (X = %) ) LE (%) Error E(x) = (Mg,) [10x=x)°

Note: L (X;) = J;

23D
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Piecewise Polynomial Interpolation

LIWhy piecewise polynomial pnterpolation?

* The oscillatory nature of high-degree polynomials and the
property that a fluctuation over a small portion of interval can
Induce large fluctuations over the entire range restricts their
use.

* This form is more useful for seeking the numerical
approximation for the solution of the system equations.
LIWhat is piecewise interpolation polynomial?

° | et N
P(X) xelX.x] f

f=ppey= 0 Xl R el ] [ P(x))
. o(X)

Pn (X) Xe [Xn—l’ Xn]

N

- polynomial order depends on continuity Pi.1(X)
requirements FO)=pp(x)  1=012,n
f'(x)=pp'(x) p :
f"(x)=pp"(x;) Xo X1 " X; X141 Xie2 X

00
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Cubic Spline

Let Vi
B(X)=a +b(X=x_)+¢(x— Xi—1)2 +d,; (x— Xi—l)3

1) Pi(Xi—l) =8 =Y,
P(x)=y. +bh +Cihi2 +dihi3 =Yy, (i=1---,n)
(function value on the right end)

hb +h'c +h’d =y, -y, (O

|

| 1
i+th interval

I

I

I

I

1

Xo *i—1 X Ki+1 A
i) P(xX)= b +2c,(x— xi_l) +3d. (Xx—x_,)?
e Continuity of slope
Pi,(xi) = Pi’+1(xi) : bi + 2Cihi +3dihi2 = bi+1 bi + 2Cihi +3dihi2 _bi+1 =0- (2)

iii) P (x) =2c, +6d.(x—x_,)
e Continuity of second derivative
Pi(x) =Ri(x)
2c. +6d.h = 2c. , — ¢ —3hd; -¢,;, =0---(3)

%ﬁ% 18 SNURPL



Cubic Spline

unknowns 4n
Function values n+1 " — 2 constraints missing
continuity 3(n-1)

0 k) A 00
(X_X1)(X_X2)_ (X—XO)(X—X2)+ (X_XO)(X_Xl)

PR bk MR T o)
" : i X=X, + X=X X—X, +X—X X—X +X—X
: : f’ = 2 -V, 2 0 , 0
- h ! ohe | et h(h, +h,) g hh, Y h,(h, +h,)
i i iy y —H)=h h+h, “h,
. ;1 .2 F(%) =Y, n(h+h) +Y, o, +Y, )
:—y 1 +l _|_y l+i +y 1 _i
“\h+h, h ) hoh) *lh+h
h
=hlih [—yo(2+7)+y1(2+7+%)—yzﬂ « FEZ
PGS
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Cubic Spline

f'(xo)=#(—yo<2+7)+y1(2+7+1)—y21j
h +h, 4 4

3/2
if h=h,=h—>y=1
! ! 1 3 1
¥o= 100 =5 o 3+ 23
1(3 1 .
= H(E(y1 -Y,) —E(y2 - yl)] extrapolation of slopes
=by
e At the right end
h h +h h,+h +h
f!(X )zy 2 +y 2+y 2 2
“ Ph(hy+h) 7 ohh, 7 h(h+h)
1 1 1
- Ay—@er Dy ) ey
hl+h2 Y Ve hz
! ! 1 1 3
Yo = f (Xn)zﬁ(ayn—z_yn—l'z-'_yn Ej
1(3 1
= H(E(yn - yn—l) _E(yn—l - yn—Z)j = bn + 2Cnhn +3dnhr?
%‘P 20 SNURPL



Linear System for Cubic Spline

h b K b, Yy — Yo
1 ol | v
d, Yo=Y
hi bi + hiZCi + hisdi =Yi —Yia- (1) hi hi2 hi3 bi Yia =Y
b, +2¢,h, +3d,h? ~b, =0---(2) 1 2h 3w -1 0 G [=|0
¢, —3hd, —¢,, =0---(3) 1 3y 0 -1 d, 0
. b, | |0
h, he bl | | Ya— Yoa
1 2h, 3n2|d,| |V ]

n f given function values at the right end
2(n-1) f', " continuity at the intermediate points

(3n-1) constraints
+2 slopes at both ends — for 3n unknowns (except a.)
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