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1.1 Basic Formulation (1/4)

[I1Basics of Matrix Eigenvalue Problems
* Form: Ax=IAx or Mx=AFx — F'Mx=Ax or ix:M_lFx
* Eigenvalue A
(4—AI)x =0; Non trivial solution — Det(4—AI)=0
- Characteristic polynomial (n-th order) having n roots (can be repeated)
* Eigenvector
Solve (4 - A,1)x = 0 for nontririvial solution x= Lo 2,

- Gauss elimination would lead the last to be a null equation 0-y, =0

- The last entry is free to choose - magnitude of eigenvector not unique
- Eigenvectors are linearly independent each other

OPower Method

* In most cases, finding only the largest eigenvalue and
corresponding eigenvector is sufficient. E.g. Spectral radius
* Find those by repeating only matrix vector multiplication

< x® x0 5

X = Ax* P and 40 = (k) (k1)
<xVxT >
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1.1 Basic Formulation (2/4)

[1Convergence
x = AxFY 5 xW = 445D = 455O
* Expansion of the initial (Quess) vector in terms of eigenvectors
which are mutually linearly independent

x9 =cu, +cu, ++-+c,u, ; eigenvectors numbered such that|4,|>|4,[>-->|4,
Y = Ak(clu1 +cu, + e u, ) =c A" u +c,Au, +---+c, Au,
A, ] 2,1
=c Afu +c,ju, ++e Au = A cu+e,| =2 | u,+te, | S| u,
ﬂ‘l ;Ll
k
~cu, as k— oo — <1 Vi
* Convergence Rate
How much the fundamental (largest)
determined by dominanceratio o = -2 eigenvalue dominates over other
eigenvalues
2y N
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1.1 Basic Formulation (3/4)

LIDetermination of Eigenvalue
For a large k, ) = Ax" ™ = 2x%H - x® 5

Inner Product with x* —><x® x® >= 1 <x® x* P >

(k) (k)
~ <X y X > :ﬂ(k)

C<x® xS

LIEigenvector Scaling

* The iteration scheme above will result in continuously
Increasing (eig. val. > 1.0) infinitely or decreasing (eig. val <1.0)
- Truncation error wouid ruin the iteration scheme

* Scale the eigenvector at each step by dividing the current
estimate of the eigenvalue

(-1) 1 (€) (k) S

(k) .(k)
_,x(k) :A)’g_(k—l) _ Ax(k—l); /,L(k) _ < X, X y X° 0 >

N X ) < X
20D _ 6D

/l(k—l) < x(k)’ )Ac(k—l) > < x(k), x(k—l) >

= i)
=~ x%
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1.1 Basic Formulation (4/4)

[ Convergence After Scaling

w_ 1 (k1) _ 1 2 (k2 _ L k0o
X = Ax = A X = A X — —
l(k—l) l(k—l) /1(1(—2) k-1 k-1

H /1(1') H 20

[0 Scaling by Normalization

* Divide the eigenvector by the maximum entry (I g norm)
* The resulting eigenvector will always have 1.0 as the max. val

* The max. entry after the matrix-vector multiplication is the new
eigenvalue . (x(k> =AF-1--] =2[-1--] :[...ﬂ...]T)

[ Power Iteration Sequence

0) Make an initial guess of eigenvector, e.g. all entries of 1.0, and
eigenvalue, e.g. 1.0.

1) Scale the eigenvector with the eigenvalue

2) Perform matrix-vector multiplication to determine new vector
3) Obtain the inner products and take the ratio as eigenvalue

4) Repeat Steps 1-3 until the change in eigenvalue is less than N,

k
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1.2 Inverse Power Method

L1Objective: Find the minimum eigenvalue

LIMethod: Apply the power method to the inverse
* Eigenvalue of the Inverse

det(4™ — A1) =0 — det(4™(1 - 14)) = 0 — det(4 ™) det((/ - 14) ) =0 — det(i(% _ A)j =0
L det((%[ — A)j =0—>det(4d-A1)=0 « % = A; inverse of original eigevalue

- Minimum eigenvalue of original matrix = maximum eigenvalue of inverse
* Application

<x® x>

x® = 450D 0

~

< x(k),x(k_l) >
- Since finding the inverse is difficult, solve the following instead

Axe®) = 36D

- If A'is LU factored, the repeated solution of the linear system with
changed RHS will be easy.

Y
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1.3 Method of Deflation and Decontamination

L1ODbjective: Find the second eigenvalue
[LIMethod: Apply the power method to a deflated matrix

* Deflation : Remove the components contributing to the first
eigenvector

* After finding the first eigenvector,
Bl
a
e Construct a new matrix

B=A—- Al ——  Bil, = Ail, — Adiiilit, = Aty — Aty (243, ) = 0
* Power method applied tn R n

Y = g = ch.Bkul. = 0+Zciﬁikui = /12]‘201. (%) u =c,Mu,

i=1 i=2 i=2 2

[1Successive Deflation-> Lower eigenvalues

L1Drawback: B becomes full = Flops increases for Bx
even though A is sparse

I\TI\

Letu, = be normalized eigenvector —— <uy,u; >=u,u; =1

'%.
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1.3 Method of Deflation and Decontamination

L1Decontamination: Remove the first eigenvector
component from the k-th vector

LIFor Symmetric matrices

* Eigenvectors are orthogonal
(k1)

<X u, >
_ - _ k-1 '
x(k 1) Cék 1)u2 "‘"'C,Ek 1)”n cl( ) 1
_ <uy,u; >
e Decontaminated vector
T (k-1
A VI (o N o VI 5 VN (o VN (| X
U u,

e Power method with decontaminated vector

scaling 1

(k1) _
\ _——
X 26D

2

[1Successive Decontamination=> Lower eigenvalues
L1Can work for non-symmetric matrices

CAE Y ) — ) = o gy
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2.1 Chebyshev Acceleration Method (1/2)

O Example of Large Dominance Ratio Cases (Causing Slow Convergence of
Power Method)
* Consider an eigenvalue problem in one-d particle diffusion
d2
_Dd—¢+ GA¢ = 2'65¢ y, X € [O, Cl], ¢(O) = O, ¢(Cl) = O A¢(n) _ ﬂ(n—l)S¢(n—l)

2
X

. " 1 1 B _
e Discretization would lead to A¢ = 1S¢ min Eig7¢ =A'S¢ Z¢(”) = A'Sgp"

2
e Rearrange after dividing by D, d f + /16;) o $=0
2
oletp?o20s=0, d f+32¢ _0 0 Flux Boundary Condition — B =
dx a
nrt 1 B 2
2 O-A + — — GA + -
e Eigenvalue 2,=4 + D5, _ @°_, Dominance Ratio o=22 = “22
Oy Oy 1 A
A GA +D72
Need minimum Eigenvalue for least adjusment A

e 6,0, 0—>0.25  Conversely,asa > or DV oro,T, 0 —>1.0

* Diffusion problems for large domain or weak diffusivity have large dominance
ratio = Slow convergence of power method

=

S WL
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Chebyshev Acceleration Method

e Single Parameter Method

— Extrapolation of eigenvector using the current estimate
by power method and the previous iterate

1 _ _
L Y (1)

(k) — (k) .(k) _ )\, (D) (k)
X =w xpow+(1 @ )x =® I

— The extrapolation parameter is the single parameter and it is iteration dependent

MOBSSNONE +(1_ a® + f9) 4D _ g2

Pow

23D
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Single Parameter Chebyshev Acceleration (1/6)

e Eigenvector Extrapolation

B = ) (k) (1_a)(k))x(k D — H®)

Xpo, = Ax%Y 4 (1- e ))x(k =

ﬂ(k_l)
K 1
_ (w(k) /1(1'_1) A+ (1_ a)(k))[jx(kl) BN x(k) _ H(a)(p) /1(p—1) A+ (1_ a)(p))]}‘(o)

p=1

— Forx = cu, +cu, +--+cu,
® _N T 0L (1 ) g _N 2 (PRGN
X —; C; ]I;]I; 0 W +( —Q ) U, —; (6 ]};!: ) W‘F( —Q ) U,

k
— Note that H( (») /1/11' +(1-o® )j is a k-th order polynomial of 4

(p-1)
r=1

and A = A", the largest eigenvalue we seek to find so that <1.0

i
(p-1)

pid
o)
K

\L@(«?
B
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Single Parameter Chebyshev Acceleration (2/6)

1 +1

e Change of Variable =2 (= 4)+ 4, .
A-2 Aid = A LR a) 4 B, <A
y=22""ln 1 |7 =4, 02, 2. A, 4, ﬂ:%l(zz—,zn)mn

A, -4, 7, -1->1 | | @

IE ; 1 7
-241-2 ' " 2, s
ﬁl>ﬂ“2 %71—21—2—1—;—1>1 szi:in—l =212_}1_1 "
zzﬁ_]_:g_l

e Passage to Chebyshev Polynomial

Assume the minimum eigenvalue 4 <<1, y, = 2%—1

Then, ﬁ(a)(p) %Hl_w(m)J _ ﬁ(w(p) ﬁéz_l) 7/52‘|‘1+(1_w(p) )j =7(7.)

p=l p=1

— a k-th order polynomial of y,,-1<y, <1, Vi>1

. k
Since 4 =1, 77(%)El‘!(w(p)%7l‘;‘1+<l_a)(p))j :H(w(p)o. 71'2+1-|-(1—a)(p))j
s

p=1

TR
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Single Parameter Chebyshev Acceleration (3/6)

e New Form Extrapolation Expression Error Term
n k 1 n
x® :Z C H(CO(MWA‘F(]-_Q)@))IJ U; =Z[C,—77(7/,-)“i]20177(71)u1
i=1 p=1 i=1

—n(yl)[cluﬁzz‘,c 7727 ; j n(y,) = H( Y (1“‘)(p))j

e Minimax Problem
— For the maximum convergence in K iterations, try to minimize the error

— Minimize the maximum value of % for all possible values of |y, <1
UAVA

— Make 77(y) be the Chebyshev polynomial of Order K by properly choosing o'”’

e How to Choose the extrapolation parameter?

+
At each step p, make o”o 22— 2 +(1- ") =0 with &, be the p —th root of

the Chebyshev Polynomial!

\Lﬂf-«.«ﬁ?
s %
KE’/.;-

¥
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Single Parameter Chebyshev Acceleration (4/6)

e Roots of Chebyshev Polynomial of Order K

T, (x) = cos(K cos™ x) = cos(K&); x = cos

KH:pﬂ'—%ﬂ'—)é’p —cosf=cos 2271,
e Optimum Extrapolation Parameter Sgor L, (1- o) =0
1 1 2
(r) — —
CUTTTEYL T o _2p-1
1—-c 2% 1——1 cos( P 7r)
2 2 2K

— By choosing the extrapolation parameter this way,
the K-th order chebyshev polynomial will be obtained after the K-th iteration

— But this requires the dominance ratio to be known.

— Dominance ratio can be estimated during the iteration by using the pseudo error vectors

é(p) (p) _ x(p—l)

=X

00
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Single Parameter Chebyshev Acceleration (5/6)

e Examples for a system c=098—->y = 2 —1=1.0408
o)

-K=1->¢=0, 6 = 1 1.9608; Predetermined Fixed Parameter Extrapolation

1-9
2
- K=8—0" =1.009,---,33.996; Extrapolation with Cheby

— K =8, but with =0.95 — 6” =1.009,---,16.912; Extrapolation with Not Quite Cheby

IO
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Single Parameter Chebyshev Acceleration (6/6)

e Examples for a system m(y) = 0)(1)0?%1 + (1— a)(l)) =c(y-a)
After 8 extrapolation, (771(7/))8
( ;/—a)8 <« Predetermined with fixed o F
08 - ®
v Chebyshev of Order 8
4 1] soes

| °'

A Polynomial of Order 8 «— Determined with inaccurate @'s

S

(L&

.4

&y

K..
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2.2 Wielandt Shift Method

LIEigenvalue Shift

* Consider an Eigenvalue Problem with Shifted Matrix

A =Ad—al - If x is an eigenvector of 4, it is also an eigenvector of 4'.
, ’ Ax=(A-al)x=Ax—ax=(A—a)x
A'x=A% - Eigenvaue is shifted by a.

[1Convergence of Power Method with Shifted Matrix

A= Ao gy e 099 099-09 009

= === 55 = === -0.9<0.99
A—a A 4 1.00 1.00-0.9 0.10

* Dominance ratio can be made significantly smaller if S9is
chosen to be closeto @,

X »
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2.2 Wielandt Shift Method

Llinverse Power Method with Eigenvalue Shift

(A—ad x® = x*D & xW = (4—ad ] 'x*P - xW = (4- al)_k s

x(© =Gy +Cu, -+ c,u,  with eigenvectors numbered such that w >‘/12‘ >[4
(A o al)_lu' = L —> X(k) = & I 6505 Cpallya + c,u,
- A-a (ﬂ'l_a)k (ﬂ’n—l_a)k (/1,1 —a)k

o If o ischosen close to 4 , the last term dominates largely.

L1Application Sequence

o Solve (4—ad )x* = 3¢

NORECEIN

e Obtain 2/® == N Oy L JpY

< x® x5

e Scale x*) = 2'®x™ | then repeat iteration until convergence.

e Then repeat iteration until convergence (|A4| < &)

), 19 SNURPL
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3. Q-R Method

LIQR Factor of a Matrix

dn 6.112 61.1,1 hp hp, o h, e O is orthogonal (unitary):
A:QR: q.21 .. . f r22 . Q:[ql’qz’...’qn]
. . . . QTQ — 1 N QT — Q—l
r
LE Tl 24,9, >=3,

LISimilarity Transform

A'=S74S which is similar to A in that the eigenvalues are unchanged
e For two eigenvalue problems, Ax = Ax and 4'x" = A'x’

Det(A'— AT) = Det(S™AS — A'T) = Det(S (A4S — A'S) )= Det(S™(4- AT)S)
= Det(S™)Det(A— A'T)Det(S )= Det(A4— A'T) = 0 — Same Chracteristic Eqn. —» A’ = 1
AxX =A% — ST ASK = A’ — ASx' = A'Sx’ > Ax=Ax — x=5x"or x'=S"x
e Eigenvalue unchanged, but eigvector changes to x' = S x
eDiagonalization: S =[u,---u,] > S A4S =D

=

ST

Ity

(7
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3. Q-R Method

LSimilarity Transform Using Q (Orthogonal Transform)

A=0"40=0"0RO=RO < OR factors reversed!
with smaller entries in lower diagonal

L1Q-R Algorithm with Repeated Orthogonal Transform
O.Let4, =4

1.For 4, , determine Q, and R, such that 4, = O, R,

2.5et 4, , = RO, (Orthogonal transform)

3. Repeat Steps1and 2 until lower - diagonal entries of 4, vanish
— Eigenvalues are diagonal entries of A4,

Hessenberg Matrix
[1Can be applicable to any matrix to find all the

eigenvalues and eigenvectors \

LIFor efficient application, need to transform the matrix
first into Hessenberg form (Upper triangular+one band
below the diagonal) by Householder Transform

G50
Jﬁ 21 SNURPL



3.1 QR Factorization

[1Objective and Results
For A4 :(vl,vz,---,vn),

Generate a set of orthonormal vectors {q,,q,,---,¢q, }from{v,,v,,---,v }

Let », be a vector consisting of the components of v, with repectto ¢,,---,¢q
and R = (1,7, ), 0=(q.,q,)

Then 4= QR and R is an upper triangular matrix.

n

LIGram-Schmidt Orthogonalization Process

e Suppose that ¢,, -+, g, , are known at the k - th step.

e Determine the components of v, w.r.t g;,---,q,_, by \/ ........ K

Fik :qiTVk =<q;,V; > i=1- k-1

e Determine the new orthonormal vector ¢, by

k-1 =~

~ _ 4

G =Vi =D Tad; i = . —r,=q,v, —>r, hasonlyk elements
i=1 k

SN
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3.1 QR Factorization

e After all orthogonalization "

V.=1n.4q,+r.4q,+-+r.q. _ .
J J J JLJ _)vj_[ql’qz’...’qn_ rjj

L 0
C1 0
Note: Bc =|ug,u,,-,u,] * | < Matrix - vector Product -
_Cn_
— Linear combination of column vector uj's
with coefficients ¢ :
_7”11 Ny N3 ’"11_
0 1y ry
40 0 r
A:[Vl,Vz,”',Vn]:[ql,q2,”’,qn_ . . 83 . :QR
O 0 0 O
' 0 0 0 0 0 r,
MRS
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3.2 Householder Transformation

[1ODbjective: Transform a Matrix into Hessenberg Form

* Make the lower diagonal entries zero except the one right below
the diagonal entry

COHouseholder Matrix

. A Vv AT A . AL
e For a normalize vector, v=— and v'v=1, define H=1-2w"

M

* Properties
H' = (I—ZGGT)r =1 -2w" = H — Symmetric

H'H =(1=200" )(1-200" )= [ - 450" + 459705 = 1 — 4907 + 4997 =
— H™'=H — Orthonormal

ORotation of Vector X ¥
. ; o =|X
e \Which matrix rotates a vector x onto
a vector on x axis with the same length? >ae
e:[l,O,---,O]T

.4

2D
W%
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3.2 Householder Transformation

ORotation of Vector

eletv=x+ae

=
<l

o =]

e Then H =1 —2w' rotates x to -ae.

o
S
R
.
o
R
.
o
.
K
-
o
S
o
.
o
o
o
S

-

e Proof T
oe = a’o’...’o
o’ =x"x e'x=x"e, e'e=1 [ ]
HvH2 =(x+ae) (x+ae)=x"x+ae’ x+aex" +a’e’e =2a° +2ae" x =2a(a+e" x)
1
—V
a(a+e x)

T
~~n vV

T T
Hx:(l—Zvv )x=x—2—2x =Xx— V' X
i

wix=(x+ae)(x+ae) x=(x" +aex” +axe’ +a’ee’ )x

=xx'x+aex'x+axe'x+a’ee’ x=a’x+a’e+ale’ x)x+a’(e x)e

—a(a+e' X)x+a’(a+e x)e =ala+e x)(x+ae) S -
L T X2 0
o Hx=x— —a(a+e x)(x+ae)=—ae —— x=|"7|>Hr—>|
a(a+e x) : :

O —

.4

s;@" 25 SNURPL
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3.2 Householder Transformation

LISimilarity Transform with Householder Matrix

e For Householder Matrix of Order n -1

— Construct A out of the first column n-1 entries below diagonal of 4, = 4

1 | o] ay | v
U, = 0 J2 4, = X B U1:U1_1
_Cl *  * * |
_101( N N U A a11+0Tx yT+0TB _| yT
e . " |awo+Hx oy +HB| |Hx HB
A=
S (g, * * . = lay, **
- N 11 . . 1 0 O 11 .
0 | —-a 0 -a
A, =UAU,=| 0 = , g7l o
U, multiplied additionally . ; .
for similarity transform 0o * = * | -0 * %
MRS
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3.2 Householder Transformation

L1Subsequent Householder Transformation with Reduced
Order

— Construct H out of the second column n-2 entries below diagonal of 4,

100 0 0] a, * * *

010 0 0 x o *
U,={0 0 UM utau ), =| 00

00 H 00 *

OO _O O***_

— Continue n-2 steps of Householder Transformation
uvt=U.U"%---U" —>U=UU,-U,_

A'=U"AU isasimilarity transform of 4 which appears as Hessenberg form.

i) 27 SNURPL
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3.2 Householder Transformation

LIHouseholder Transformation for Symmetric Matrix

—_1_ _[ o7 ;— a, [ 7 }
= A =
Y4 0 H ! X B
B T T T ]' B T ] 7
aytox | x" +0' B | ay X |
UA = p—
Y11 a0+ Hx ox' + HB Hx HB
__a11_ _[ x’ ]_“_1_ _[ o’ __ __all_ _[ x'H ]__
il Hx HB 0 H Hx HBH
gf@ 28 SNURPL



3.2 Householder Transformation

LIHouseholder Transformation for Symmetric Matrix

1 [ %, _ [_a 0 - O]_

_ , 0
Hx 9 , HBH

0 o | L ]

* Elements on the right of the diagonal were also eliminated
except the one right next to the diagonal.

* Continued Householder transformation with lower dimensions
yields tridiagonal matrix

L&

i)
X

K..

S
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Practical Householder Algorithm

i1 g 1
@ | W2k | @y |0 (k) o 2 (k) (k)
x = |, e =], ,asz Hz D oag, v=x"+ae
: : i=k+1
| an,k i _O_

n n
7= HVH ) \/(akﬂ’k i a)z * Z as‘ - \/alil,k T 2aak+1,k +a’+ Z ai - \/Z(aak+1,k + az)

i=k+2 i=k+2
Qrp T I, O

U =

~ 1| a k

y=— il rr —g7_9o2450T Ok Hk y _TT O ATT

B : Iy =1 —=&VV ) — > e T Y4l
dim(/,)=k
ank

B * dim(H,)=n—-k
eWhatif $=0? <«a=-a,,—>a,,<0anda, =0 Vizk+2

Algorithm breaks down. — Remedy: Choose o = —Hx"‘)H ifa,.,, <O.

.4

2%
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3.2 Householder Transform

MATLAB Script

%function H=householder(A)
%
% dimension of input matrix
n=length(A);
%
% matrix to contain householder transform matrix at each step
U=zeros(n);
H=A,
In=eye(n); %identity matrix of dimension n
for k=1:n-2
nmk=n-Kk;
kpl=k+1;
x=H(k+1:n,k);
alpha=norm(x);
if(x(1)<0) alpha=-alpha; end %make sure the same direction
V=X;
v(1)=v(1)+alpha;
beta=norm(v);
vhat=v/beta;
Hk=eye(nmk)-2*vhat*vhat'; %householder matrix of order n-k
% U=In;
% U(kpl:n,kpl:n)=Hk;
% H2=U*H*U;
H(kp1,k)=-alpha;
H(kp1+1:n,k)=0; %zero out the lower diagonal entries
H(kpl1:n,kpl:n)=Hk*H(kp1:n,kpl:n)*Hk; %update the remainder
H(k,kpl:n)=H(k,kp1l:n)*Hk; %update the row vector
% H2-H
pause
end

31 SNURPL




Q-R Factorization of a Hessenberg Matrix

L I 911 412 " Y9, | 2 o Ny
. ) ) g A ) }
21 21 22
Y= =QOR =|
0 :
| O O ann—l ann _ _qnl Tt qnn L rnn |
-1 L L
E— A=R '
0 a, a,
Ay, 0

e \Which operation on 4 can make A4 to upper triagonal matrix?

— . Az | | A3
— Eliminate the subdiagonal entry one-by-one. 0 o
¢ Plane Rotation 0 0
- Rotate the plane normal to the xy-plane by @ so that it is aligned with the x-axis
to remove y —component in the rotated vector "cosd  —sing N
. _ _ sin@d cosd
First Rotation Matrix, £, = 1 N S
%
L 1_
?E“%' 32 SNURPL



3.3 Q-R Method

L1Determination of Rotation Angle

-~ _ : a;
: , _ __
cosg —sind Ay Ay a;; SIn@+a,, cos@d =0 Sl 22+ a2
, 11 Ty
singd cosé@ o 0
— a
1 0 0 a’(l-u?)=asu’ — u= - 1 — = 0S¢
11 o 0 @ Tdy
" dyy a1 _
Y = G =T, > _]k
ay, +ay \ G T ay _
cosd -—singd < k -th row

[IRepeated Plane Rotation P, = .
singd cosé

~y

n—k—2

LIProperties of Rotation Matrix P,

e Pisan orthonormal matrix — P = P’

OFinal Form
b b _,-BA=R 4 :P1_1P2_1"'Pn_—11R :PlTPZT "'PnT—lR 0= PlTPzT PnT—l

SN
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3.3 Q-R Method

LIEigenvalue Shift
e Consider QR factorization of H, - 1“1 =Q,R,
 Similarity Transform : Q;*(H, — /‘t(")l)Qk =R.0,
O.'H,Q, =R,Q, + A" =H_, — Similarto H,
e Shifted Factorization with the last diagonal entry of H as a guess of eigenvalue

can accelerate convergence

LISummary of QR Factorization
1. Obtain a Hessenberg from by a Series of Householder Transformation : H, =U AU

2.Shift Eigenvalue: H, = H, - AY1; A% = H (n,n)
3. Perform Q- R Factorization by Successvie Plane Rotation : / , =0O.R,

4. Determine New Matrix by 4, , = RO, + A1
5. Repeat Steps 2 - 4 until subdiagonal entries are small enough.
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3.3 Q-R Method

LI1Determination of Eigenvector after Getting Eigenvalues
e Inverse Power Method for A4 — Zkl with Zk ~ A,

AT Th® 20 0 (4T 0 NGl Gl
(4-2.1)x (4-21) Yy

— Single step of inverse power method is sufficient to obtain eigenvector!
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3.3 Q-R Method

. %function lam=gralgo(H);
MATLAB SCI’Ipt % assume hessenberg form for H
n=length(H);
% identity matrix of dimension n
In=eye(n);
while (1>0)
%factorize by plane rotation
lam=H(n,n); %guess of eigenvector
Hk=H-lam*In; %shift eigenvalue
Q=In; %reset Q to identity matrix before factorization
fori=1l:n-1
ipl=i+1;
d=Hk(i,i); %diagonnal entry
s=Hk(i+1,i); %subdiagonal entry to eliminate
afac=1/sqrt(d*d+s*s);
cosv=d*afac; %cosine value
sinv=-s/d*cosv; %sine value, this way ensures s*sinv+d*cosv=0
HKk(i,i)=d*cosv-s*sinv; %new diagonal value after rotation
Hk(i+1,i)=0; %subdiagonal entry now being 0
P=In; %rotation matrix initially identity
P(i,)=caosv;P(i,ip1)=-sinv; %fill rotation matrix
P(ipl,))=sinv;P(ipl,i+1)=cosv;
HkI(i:ip1,i+1:n):P(i:ipl,i:ipl)*Hk(i:ipl,i+1:n); %update entries on
plane
Pt=P'; %transpose of rotation matrix
Q=Q*Pt; %Q matrix being constructed stepwise
end
R=Hk; %upper trianglular matrix
H=R*Q+lam*In; %new matrix
diag(H) %current guess of eigenvalues
pause
end
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