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1.1 Basic Formulation (1/4)

�Basics of Matrix Eigenvalue Problems
y Form: or   xAx λ= FxMx λ= 1 11or F Mx x x M Fxλ

λ
− −= =

y Eigenvalue

- Characteristic polynomial (n-th order) having n roots (can be repeated)

λ

( ) ( )   0solution lNon trivia  ;0 =−→=− IADetxIA λλ
Characteristic polynomial (n th order) having n roots (can be repeated)

y Eigenvector

G li i ti ld l d th l t t b ll ti
( ) solution alnontririvifor 0 Solve =− xIA iλ T

nx ),,( 21 χχχ L=
- Gauss elimination would lead the last to be a null equation
- The last entry is free to choose Æ magnitude of eigenvector not unique
- Eigenvectors are linearly independent each other   

00 =⋅ nχ

�Power Method
y In most cases, finding only the largest eigenvalue and 

corresponding eigenvector is sufficient. E.g. Spectral radiuscorresponding eigenvector is sufficient. E.g. Spectral radius
y Find those by repeating only matrix vector multiplication

( ) ( 1) andk kx Ax −=
( ) ( )

( )
( ) ( 1)

,k k
k

k k
x xλ < >

=
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1.1 Basic Formulation (2/4)

�Convergence
( ) ( 1)k kx Ax −= → ( ) ( 2) (0)k k kx AAx A x−= =

y Expansion of the initial (guess) vector in terms of eigenvectors 
which are mutually linearly independent

ucucucx +++= L2211
)0( λλλsuch thatnumberedrseigenvecto; 21 >>> Lnnucucucx +++ 2211

( ) n
k

n
kk

nn
kk uAcuAcuAcucucucAx +++=+++= LL 22112211

)(

nλλλ  such  that numbered  rseigenvecto  ; 21 >>>

k k
λ λ⎛ ⎞⎡ ⎤ ⎡ ⎤

⎜ ⎟1 1 1 2 2 2
k k k

n n nc u c u c uλ λ λ= + + + =L

k
k λ

2
1 1 1 2 2

1 1

k n
n nc u c u c uλ λλ

λ λ
⎡ ⎤ ⎡ ⎤

⎜ ⎟+ + +⎢ ⎥ ⎢ ⎥⎜ ⎟⎣ ⎦ ⎣ ⎦⎝ ⎠
L

y Convergence Rate

iuc ik ∀<∞→≈ 1k as       
1

111 λ
λλ Q

y Convergence Rate

1

2  ratio dominanceby  determined
λ
λσ =

How much the fundamental (largest) 
eigenvalue dominates over other 
eigenvalues
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1.1 Basic Formulation (3/4)

�Determination of Eigenvalue
( ) ( 1) ( 1) ( )

1 1For a large k, k k k kx Ax x x uλ− −= ≅ →Q

><>≅→< − )1()(
1

)()()( ,, th Product wiInner kkkkk xxxxx λ

)(
)1()(

)()(

1
, k
kk

kk xx λλ =
><

≅

�Eigenvector Scaling

)1()(1 , kk xx
λλ

><
≅ −

�Eigenvector Scaling
y The iteration scheme above will result in continuously 

increasing (eig. val. > 1.0) infinitely or decreasing (eig. val <1.0)
T ti ld i th it ti h- Truncation error would ruin the iteration scheme

y Scale the eigenvector at each step by dividing the current 
estimate of the eigenvalue

)1(

)1(
)1(ˆ

−

−
− = k

k
k xx

λ
;1ˆ )1(

)1(
)1()( −

−
− == k

k
kk AxxAx

λ

( ) ( )
( )

( ) ( 1)

 ,
ˆ,

k k
k

k k

x x
x x

λ −

< >
= =
< >

( ) ( )
( 1)

( ) ( 1)

 ,
,

k k
k

k k

x x
x x

λ −
−

< >
< >( 1)ˆ kxλ −≅
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1.1 Basic Formulation (4/4)

� Convergence After Scaling
( ) ( 1) 2 ( 2) (0)

( 1) ( 1) ( 2) 1
1 1 1k k k k
k k k kx Ax A x A x− −= = = ≅ 1

1 11

k

k c uλ
−

� Scaling by Normalization

( 1) ( 1) ( 2) 1
( )

0

k k k k
i

i

λ λ λ
λ

− − − −

=
∏

1 11
( )

0

k
i

i

λ
=
∏

� Scaling by Normalization
y Divide the eigenvector by the maximum entry (l� norm)
y The resulting eigenvector will always have 1.0 as the max. val

Th t ft th t i t lti li ti i thy The max. entry after the matrix-vector multiplication is the new 
eigenvalue 

� Power Iteration Sequence
( )TTTk Ax ][]1[]1[)( LLLLLLQ λλ ===

� Power Iteration Sequence
0)  Make an initial guess of eigenvector, e.g. all entries of 1.0, and   

eigenvalue, e.g. 1.0.
1) Scale the eigenvector with the eigenvalue1) Scale the eigenvector with the eigenvalue
2) Perform matrix-vector multiplication to determine new vector
3) Obtain the inner products and take the ratio as eigenvalue
4) R t St 1 3 til th h i i l i l th L

SNURPL6
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1.2 Inverse Power Method

�Objective: Find the minimum eigenvalue
�Method: Apply the power method to the inversepp y p
y Eigenvalue of the Inverse

( ) ( )1 1 1det( ) 0 det ( ) 0 det( )det ( ) 0A I A I A A I Aλ λ λ− − −− = → − = → − = →% % % det ( ) 0I Aλ
λ

⎛ ⎞− =⎜ ⎟
⎝ ⎠
%
%

- Minimum eigenvalue of original matrix = maximum eigenvalue of inverse

0)det(0)~
1(det~

=−→=⎟
⎠
⎞

⎜
⎝
⎛ −→ IAAIn λ
λ

λ  eigevalue original of inverse ;~
1 λ
λ
=←

⎝ ⎠

Minimum eigenvalue of original matrix  maximum eigenvalue of inverse
y Application

><
== −−

)1()(

)()(
)()1(1)( , ;ˆ kk

kk
kkk xxxAx λ

- Since finding the inverse is difficult, solve the following instead 
>< − )1()( ˆ,

; kk xx

)1()( ˆ −kkA

- If A is LU factored, the repeated solution of the linear system with 
changed RHS will be easy

)1()( = kk xAx

SNURPL7
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1.3 Method of Deflation and Decontamination 

�Objective: Find the second eigenvalue
�Method: Apply the power method to a deflated matrix
y Deflation : Remove the components contributing to the first 

eigenvector
y After finding the first eigenvector,After finding the first eigenvector, 

r eigenvecto normalized be ˆLet 
1

1
1 u

uu = 1ˆˆˆ,ˆ 1111 =>=< uuuu T

y Construct a new matrix

y Power method applied to B

TuuAB 111 ˆˆλ−= ( ) ouuuuuuuuAuB TT =−=−= 111111111111 ˆˆˆˆˆˆˆˆˆ λλλ

y Power method applied to B
( ) (0)

1

n
k k k

i i
i

x B x c B u
=

= = =∑ 2 2 2 2
2 2 2

kn n
k k ki

i i i i i
i i

o c u c u c uλλ λ λ
λ= =

⎛ ⎞
+ = ≅⎜ ⎟

⎝ ⎠
∑ ∑

�Successive DeflationÆ Lower eigenvalues
�Drawback: B becomes fullÆ Flops increases for Bx 

even though A is sparse
SNURPL8
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1.3 Method of Deflation and Decontamination 

�Decontamination: Remove the first eigenvector 
component from the k-th vector
�For Symmetric matrices
y Eigenvectors are orthogonal

>< − )1( ux k

y Decontaminated vector
n

k
n

kkk ucucucx )1(
2

)1(
21

)1(
1

)1( −−−− ++= L
><
><

=−

11

1
)(

)1(
1 ,

,
uu
uxc k

( 1)T k−

y Power method with decontaminated vector

( 1) ( 1) ( 1) ( 1) ( 1)
2 2 1 1

k k k k k
n nx c u c u x c u− − − − −= + = − =% L

( 1)
( 1) 1

1
1 1

T k
k

T

u xx u
u u

− −

�Successive DecontaminationÆ Lower eigenvalues

( 1) ( 1)
( 1)
2

1ˆ ;k k
kx x

λ
− −

−= % 222
)1()( ˆ ucxAx kkk λ≅= −

scaling

�Successive DecontaminationÆ Lower eigenvalues
�Can work for non-symmetric matrices
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2.1 Chebyshev Acceleration Method (1/2)
� Example of Large Dominance Ratio Cases (Causing Slow Convergence of 

Power Method)
y Consider an eigenvalue problem in one-d particle diffusion

22

2 ,    [0, ],   (0) 0,   ( ) 0A S
dD x a a
dx
φ σ φ λσ φ φ φ− + = ∈ = =

Discretization would lead to A Sφ λ φ• = 11min Eig A Sφ φ−= ( ) 1 ( 1)1 n nA Sφ φ− −=

( ) ( 1) ( 1)n n nA Sφ λ φ− −=

2

2Rearrange after dividing by D,   0Sd
dx D
φ λσ σ φ−

• + =

Discretization would lead to A Sφ λ φ• = .min Eig A Sφ φ
λ

= A Sφ φ
λ

=

2
2 2

2Let 0S A dB B
D dx

λσ σ φ φ−
• = → + =  0 Flux Boundary Condition  n

nB
a
π

→ =
2 2n π 21 π

2 2
  Eigenvalue =

A
A n

n
S S

Need minimumEigenvalue for l

D

east adj s n

B

u me t

a
σσλ

σ σ

++
• =

2
2

2

2
1

 Dominance Ratio =  1 4
A

A

D
a

D
a

πσλσ
πσλ

+
• =

+

y Diffusion problems for large domain or weak diffusivity have large dominance 

 0,  0.25.Aσ σ• → →
Need minimumEigenvalue for least adj s nu me t 1 aλ

Conversely, as or or ,  1.0Aa D σ σ→∞ ↓ ↑ →

SNURPL10
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Chebyshev Acceleration Method
 Single Parameter Method•

 Extrapolation of eigenvector using the current estimate −

( ) ( )( ) ( ) ( ) ( ) ( 1) ( ) ( 1) ( ) ( 1)
( 1)

11 1k k k k k k k k k
P kx x x Ax xω ω ω ω− − −= + − = + −

   by power method and the previous iterate

( ) ( )( 1)1 1Pow kx x x Ax xω ω ω ω
λ −+ +

 The extrapolation parameter is the single parameter and it is iteration depe t nden−

 Two Parameter Method•
Extrapolation using two previous iterates−

( )( ) ( ) ( ) ( ) ( ) ( 1) ( ) ( 2)1k k k k k k k k
Powx x x xα α β β− −= + − + −

Extrapolation using two previous iterates−

( )
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Single Parameter Chebyshev Acceleration (1/6)

( ) ( ) ( ) ( ) ( 1)(1 )k k k k k
Px x xω ω −= + −

 Eigenvector Extrapolation•

( ) ( 1) ( ) ( 1)
( 1)

1 (1 )k k k k
k Ax xω ω− −= + −(1 )Powx x xω ω+

( ) ( ) ( ) (0)
( 1)

1

1 (1 )
k

k p p
p

p

x A I xω ω
λ −

=

⎛ ⎞→ = + −⎜ ⎟
⎝ ⎠

∏( ) ( ) ( 1)
( 1)

1 (1 )k k k
k A I xω ω

λ
−

−
⎛ ⎞= + −⎜ ⎟
⎝ ⎠

( 1) (1 )k Ax xω ω
λ − +

(0)
1 1 2 2 For n nx c u c u c u− = + + +L

1p= ⎝ ⎠λ⎝ ⎠

k⎡ ⎤⎧ ⎫⎪ ⎪⎛ ⎞ k⎡ ⎤⎧ ⎫⎪ ⎪⎛ ⎞( )( ) ( ) ( )
( 1)

1 1

1 1
kn

k p p
i ip

i p

x c A I uω ω
λ −

= =

⎡ ⎤⎧ ⎫⎪ ⎪⎛ ⎞= + −⎢ ⎥⎨ ⎬⎜ ⎟
⎝ ⎠⎪ ⎪⎢ ⎥⎩ ⎭⎣ ⎦

∑ ∏ ( )( ) ( )
( 1)

1 1

1
kn

p pi
i ip

i p

c uλω ω
λ −

= =

⎡ ⎤⎧ ⎫⎪ ⎪⎛ ⎞= + −⎢ ⎥⎨ ⎬⎜ ⎟
⎝ ⎠⎪ ⎪⎢ ⎥⎩ ⎭⎣ ⎦

∑ ∏

( )( ) ( )
( 1)

1

 Note that 1  is a k-th order polynomial of 
k

p pi
ip

p

λω ω λ
λ −

=

⎛ ⎞− + −⎜ ⎟
⎝ ⎠

∏

( 1) *
( 1)and  , the largest eigenvalue we seek to find so that  1.0p i
p

λλ λ
λ

−
−≅ ≤
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Single Parameter Chebyshev Acceleration (2/6)

2 1nλ λγ −
← 2:i nλ λ λ→⎛ ⎞

⎜ ⎟ 0 λ λ λλ

( )2
1

2 n
i

nλγ λ λ+
= − +

( )1λ λγ λ λ+
+

( )1
2

1
2

1
2

1
2

n n
γ λ λ λ

γ λ

+
= − +

+
≈

 Change of Variable•
2nλ λ<<

2

 2 1  n

n

γ
λ λ

= − ←
−

2

: 1 1
i n

iγ
⎜ ⎟− →⎝ ⎠

1 22 1 1 1λλ λ γ> → = − = − >

0 nλ 2λ 1λ

-1 1

iλ

1γiγ
λλ

( )22 n nλ λγ λ λ= − +

2

2 1n

n

λ
λ

γ
λ

λ −
= −

−12 1nλ λ−
1 2 1

2

2 1 1 1λ λ γ
λ σ

> → = − = − >  

2  

 

 

2 1n

n

i λ
λ
λ

λ
−

= −
−

2 n1

 2

 1

 2

2 1

22 1 1

n

nλ λ
λ
λ σ

= −
−

≈ − = −

 Passage to Chebyshev Polynomial•

2
2

1Assume the minimum eigenvalue <<1,  2 1  
2

i i
n i i

λ γλ γ λ λ
λ

+
≅ − → =

( ) ( )( ) ( ) ( ) ( )2
( 1) ( 1)

1 1

1Then, 1 1  ( )
2

k k
p p p pi i

ip p
p p

λ γλω ω ω ω η γ
λ λ− −

= =

+⎛ ⎞ ⎛ ⎞+ − = + − ≡⎜ ⎟ ⎜ ⎟
⎝ ⎠ ⎝ ⎠

∏ ∏

k th d l i l f 1 1 1i≤ ∀ a k-th order polynomial of , 1 1,   1i i iγ γ→ − < ≤ ∀ >

( ) ( )( 1) ( ) ( ) ( ) ( )2
1

1 1Since , ( ) 1  1
2 2

k k
p p p p pi i

i
γ γλλ λ η γ ω ω ω σ ω

λ
− ⎛ ⎞+ +⎛ ⎞≅ ≅ + − = + −⎜ ⎟ ⎜ ⎟

⎝ ⎠⎝ ⎠
∏ ∏
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Single Parameter Chebyshev Acceleration (3/6)

( ) [ ]( ) ( ) ( )1 1 ( ) ( ) ( )
kn n n

k p px c A I u c u c u c uω ω η γ η γ η γ
⎡ ⎤⎧ ⎫⎪ ⎪⎛ ⎞= + − = = +⎢ ⎥⎨ ⎬⎜ ⎟∑ ∑ ∑∏

Error Term New Form Extrapolation Expression•

( ) [ ] 1 1 1( 1)
1 1 21

1 ( ) ( ) ( )i i i i i i i ip
i i ip

x c A I u c u c u c uω ω η γ η γ η γ
λ −

= = ==

= + = = +⎢ ⎥⎨ ⎬⎜ ⎟
⎝ ⎠⎪ ⎪⎢ ⎥⎩ ⎭⎣ ⎦

∑ ∑ ∑∏

1 1 1
( )( )
( )

n
i

i ic u c uη γη γ
⎛ ⎞

= +⎜ ⎟
⎝ ⎠

∑ ( )( ) ( )1( ) 1
k

p pi
i

γη γ ω σ ω+⎛ ⎞= + −⎜ ⎟
⎝ ⎠

∏

 Minimax Problem•

1 1 1
2 1

( )
( )i i

i
η γ

η γ=
⎜ ⎟
⎝ ⎠

∑ ( )
1

( )
2i

p

η γ
=
⎜ ⎟
⎝ ⎠

∏

1

( )Minimize the maximum value of  for all possible values of | | 1 
( )
i

i
η γ γ
η γ

→ ≤

 For the maximum convergence in K iterations, try to minimize the error−

1( )η γ
( ) Make ( ) be the Chebyshev polynomial of Order K by properly choosing  pη γ ω−

 How to Choose the extrapolation parameter?•

( ) ( )1
At each step , make (1 ) 0 with  be the th  ofroot

2
the Chebyshev Polynomial!

pp p
pp p

ξ
ω σ ω ξ

+
+ − = −

SNURPL14
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Single Parameter Chebyshev Acceleration (4/6)

1( ) cos( cos ) cos( ); cosθ θ−= = =KT x K x K x

 Roots of Chebyshev Polynomial of Order K•

11 2 1cos cos
2 2

θ π π ξ θ π− −
= − → = =p

pK p
K

( ) ( ) ( );K

( ) 1 1=1ω ξ=
⎛ ⎞

p

 Optimum Extrapolation Parameter• ( ) ( )1
(1 ) 0

2
pp pξ

ω σ ω
+

+ − =

1 2 11 cos( )1
2 22

ω ξ σ πσ
+ −⎛ ⎞−− ⎜ ⎟

⎝ ⎠
p p

K
By choosing the extrapolation parameter this way, − y c oos g t e e t apo at o pa a ete t s way,

    the K-th order chebyshev polynomial will be obtained after the K-th iteration

 But this requires the dominance ratio to be known.−

( ) ( ) ( 1)−= −% p p pe x x

 Dominance ratio can be estimated during the iteration by using the pseudo error vectors  −

SNURPL15



Single Parameter Chebyshev Acceleration (5/6)

1
20.98 1 1.0408σ γ
σ

= → = − =

1

 Examples for a system•

1 1 Predetermined1 1 0,  1.9608;   Fixed Parameter Extrapolation
1

2

K ξ θ σ− = → = = =
−

( )8 1 009 33 996 E t l ti ith Ch bpK θ ( )8 1.009, ,33.996;  Extrapolation with ChebypK θ− = → = L

( ) 8,  but with =0.95 1.009, ,16.912;  Extrapolation with Not Quite ChebypK σ θ− = → = L
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Single Parameter Chebyshev Acceleration (6/6)

 Examples for a system• ( ) ( )

( )

(1) (1)
1

8

1( ) 1
2

After 8 extrapolation ( )

c aγη γ ω σ ω γ

η γ

+
= + − = −

0.8

1

( )8 Predetermined with fixed aγ ω− ←

( )1After 8 extrapolation, ( )η γ

0 4

0.6

Chebyshev of Order 8

0.2

0.4

Smallest 
Error

-1 -0.5 0.5 1

-0.2

2λ 1λ

A Polynomial of Order 8 Determined with inaccurate 'sω←
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2.2 Wielandt Shift Method

�Eigenvalue Shift
y Consider an Eigenvalue Problem with Shifted Matrix

IAA α−=′

xxA λ′=′

- If  is an eigenvector of ,  it is also an eigenvector of .
        ( ) ( )
- Eigenvaue is shifted by .

x A A
A x A I x Ax x xα α λ α

α

′
′ = − = − = −

�Convergence of Power Method with Shifted Matrix
σλαλσ ′<

−′ 22 9909009.09.099.099.0Ex) 2 <
−′→σλσ

y Dominance ratio can be made significantly smaller if  H is 

σ
λαλ

σ =<
−

=
1

2

1

2 99.09.0
10.09.000.100.1

Ex)
1

2 <==
−

=→== σ
λ

σ

g y
chosen to be close to z1
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2.2 Wielandt Shift Method

�Inverse Power Method with Eigenvalue Shift
( ) ( ) )1(1)()1()( −−− −=⇔=− kkkk xIAxxxIA αα ( )( ) (0)kkx A I xα −→ = −( ) ( )=⇔= xIAxxxIA αα ( )x A I xα→ =

nλλλ    such  that  numbered  rseigenvectowith 21 >>> Lnnucucucx +++= L2211
)0(

( ) ( ) ( )kn

nn
k

n

nn
k

k ucucucx
αλαλαλ −

+
−

++
−

=→
−

−−

1

11

1

11)( L( )
αλ

α
−

=− −

1

1 i
i

uuIA

largelydominateslast termthetoclosechosenisIf λα•

�Application Sequence
largely. dominateslast termthe,toclosechosen  isIf nλα•

( ) )1()( ˆSolve −=−• kk xxIA α( ) Solve xxIA α
( ) ( 1)

( ) ( ) ( )
( ) ( )

ˆ, Obtain 
,

k k
k k k

k k

x x
x x

λ λ λ α
−< >′ ′• = → = +

< >

( ) ( ) ( )ˆ Scale ,  then repeat iteration until convergence.k k kx xλ• = ′

)(econvergencuntiliteration repeat Then ελ <Δ•

SNURPL19
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3. Q-R Method

�QR Factor of a Matrix
⎤⎡⎤⎡ nn rrrqqq LL 1121111211 is orthogonal (unitary):Q•

⎥
⎥
⎥
⎥
⎤

⎢
⎢
⎢
⎢
⎡

⎥
⎥
⎥
⎥
⎤

⎢
⎢
⎢
⎢
⎡

==

nn

rq
qqq

QRA
OMOM

MO 22

11211

21

11211

1 2
1

 is orthogonal (unitary):
[ , , , ]  n

T T

Q
Q q q q

Q Q I Q Q−

•
=

= → =

L

�Similarity Transform

⎥
⎦

⎢
⎣
⎥
⎦

⎢
⎣ nnnnn rqq L1 ,

 
i j ij

Q Q Q Q
q q δ< >=Q

y
1   which is  to  in that the eigenvalues are unchangedA S AS similar A−′ =

xxAxAx ′′=′′=• λλ  and   problems, eigenvalue For two 

1

( ) ( )SIASDetSASSDetIASSDetIADet )()()()( 111 λλλλ ′−=′−=′−=′−′ −−−

( ) λλλλ =′→→=′−=′−= −  Eqn. ticChracteris Same0)()()( 1 IADetSDetIADetSDet
A λ 1S S′ ′xSxASxxASS ′′=′→′′=′→ − λλ1xxA ′′=′′ λ xAx λ=→ 1or  x Sx x S x−′ ′→ = =

xSx 1  tochangeseigvector but  unchanged, Eigenvalue −=′•
1Diagonalization: [ ]S u u S AS D−• = → =L

SNURPL20
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3. Q-R Method

�Similarity Transform Using Q (Orthogonal Transform)
1 1A Q AQ Q QRQ RQ− −′ = = =  factors reversed!

with smaller entries in lower diagonal
QR←

�Q-R Algorithm with Repeated Orthogonal Transform
AALet  .0 1 =

with smaller entries in lower diagonal 

kkk

kkkkkk

A
QRA

RQARQA

vanishofentriesdiagonal-loweruntil2and1StepsRepeat3
) transforml(Orthogona Set  .2

such that   and  determine ,For  .1

1 =
=

+ Matrix Hessenberg

�Can be applicable to any matrix to find all the
k

k

A
A

 of entries diagonal are sEigenvalue 
vanishofentriesdiagonal-lower until2and1 StepsRepeat .3

→

�Can be applicable to any matrix to find all the 
eigenvalues and eigenvectors
�For efficient application, need to transform the matrix pp ,

first into Hessenberg form (Upper triangular+one band 
below the diagonal) by Householder Transform
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3.1 QR Factorization

�Objective and Results
( ),,,,For 21 nvvvA L=

  },,,{ from },,,{   vectorslorthonorma ofset  a Generate 2121 nn vvvqqq LL

nii qqvr  ,, repect towith  of components  theof consisting vector a be Let 1 L

( ) ( )nn qqQrrR ,,,,, and 11 LL ==

matrix.ngular upper triaan  is  and  Then RQRA =

�Gram-Schmidt Orthogonalization Process
step.th -kat theknown are, , that Suppose 11• kqq L p,,pp 11 −kqq

by , , w.r.t   of components  theDetermine 11 −• kk qqv L

1,,1   ,,  −=>=<= kivqvqr kik
T
iik L

by  vector lorthonorma new  theDetermine kq•

∑
−

−=
1~ k

iikkk qrvq k
k q

qq ~
~

=→     has only k elementsT
kk k k kr q v r→ = →
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3.1 QR Factorization

[ ] ⎥
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3.2 Householder Transformation 

�Objective: Transform a Matrix into Hessenberg Form
y Make the lower diagonal entries zero except the one right below 

the diagonal entry
�Householder Matrix

y Properties

ˆ ˆ ˆ For a normalize vector,  and ,  define   1 2ˆ ˆ TTvv H vv I v
v

v =• = = −

Properties

( ) Symmetric ˆˆ2ˆˆ2 →=−=−= HvvIvvIH TTTT

( )( )

�Rotation of Vector

( )( )ˆ ˆ ˆ ˆ2 2T T TH H I vv I vv= − − =

xr
1

ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆ4 4 4 4
 Orthonormal

T T T T TI vv vv vv I vv vv I
H H−

− + = − + =
→ = →

�Rotation of Vector
yWhich matrix rotates a vector x onto 

a vector on x axis with the same length? erα

x=α

T]001[
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3.2 Householder Transformation 

�Rotation of Vector
xrx=α

exv α+=•Let  
vr

erα
Te ]0,,0,[ Lαα =

ˆ ˆThen 2  rotates  to - .TH I vv x eα• = −

Proof•
TTT e ]0,,0,[αα

xxT=2α
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3.2 Householder Transformation 

�Similarity Transform with Householder Matrix
1-nOrder  ofMatrix r HouseholdeFor  •

C t t t f th fi t l 1 t i b l di l fH A A

1U U −

1Construct  out of the first column n-1 entries below diagonal of H A A− =
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3.2 Householder Transformation 

�Subsequent Householder Transformation with Reduced 
Order

⎥
⎤

⎢
⎡ 00001

2 Construct  out of the second column n-2 entries below diagonal of H A−
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Continue  steps of Householder Transforman-2 tion−
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3.2 Householder Transformation 

�Householder Transformation for Symmetric Matrix
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3.2 Householder Transformation 

�Householder Transformation for Symmetric Matrix

⎤⎡ 1 [ ]⎤⎡ a 00α

⎥
⎥
⎥
⎥
⎤

⎢
⎢
⎢
⎢
⎡
−

= 0

1

M

α
Hx

[ ]

⎥
⎥
⎥
⎥
⎤

⎢
⎢
⎢
⎢
⎡

⎥
⎥
⎤

⎢
⎢
⎡

⎥
⎥
⎥
⎤

⎢
⎢
⎢
⎡−

−

HBH

a

0

0011

M

L

α
α

y Elements on the right of the diagonal were also eliminated 
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except the one right next to the diagonal.
y Continued Householder transformation with lower dimensions 

yields tridiagonal matrixyields tridiagonal matrix
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Practical Householder Algorithm
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3.2 Householder Transform 

%function H=householder(A)
%
% dimension of input matrix

MATLAB Script

% dimension of input matrix
n=length(A);
%
% matrix to contain householder transform matrix at each step
U=zeros(n);
H=A;
In=eye(n); %identity matrix of dimension n
for k=1:n-2

nmk=n-k;
kp1=k+1;
x=H(k+1:n,k);
alpha=norm(x);alpha norm(x);
if(x(1)<0) alpha=-alpha; end %make sure the same direction
v=x;
v(1)=v(1)+alpha;
beta=norm(v);
vhat=v/beta;
Hk ( k) 2* h t* h t' %h h ld t i f d kHk=eye(nmk)-2*vhat*vhat'; %householder matrix of order n-k

%    U=In;
%    U(kp1:n,kp1:n)=Hk;
%    H2=U*H*U;

H(kp1,k)=-alpha;
H(kp1+1:n,k)=0; %zero out the lower diagonal entries   ( p , ) ; g
H(kp1:n,kp1:n)=Hk*H(kp1:n,kp1:n)*Hk; %update the remainder  
H(k,kp1:n)=H(k,kp1:n)*Hk; %update the row vector

%    H2-H
pause

end
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Q-R Factorization of a Hessenberg Matrix 
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3.3 Q-R Method 

�Determination of Rotation Angle

⎥
⎤

⎢
⎡ ′

⎥
⎤

⎢
⎡
⎥
⎤

⎢
⎡ − sincos 1111 aaθθ 0cossin 2111 =+ θθ aa

12
2 2

sin a
a a

θ
+

−=

⎥
⎥
⎥
⎥

⎦
⎢
⎢
⎢
⎢

⎣

=

⎥
⎥
⎥
⎥

⎦
⎢
⎢
⎢
⎢

⎣
⎥
⎥
⎥
⎥

⎦
⎢
⎢
⎢
⎢

⎣ 0
0
0

0
0

1
1

cossin 21aθθ
0cossin 2111 + θθ aa

θμμμ cos)1(
2
21

2
11

1122
21

22
11 =

+
=→=−

aa
aaa

11 21a a+

⎦⎣⎦⎣⎦⎣ 001

11 21
11 11 22 2 2 2

11 21 11 21

a aa a a
a a a a

′ = +
+ +

2111

⎥
⎤

⎢
⎡ kI

�Repeated Plane Rotation
11 21 11 21a a a a+ +
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�Properties of Rotation Matrix Pk
TPPP =→• −1matrixlorthonormaanis

⎦⎣ −− 2knI

�Final Form

PPP →• matrix lorthonormaan is

RAPPP = RPPPRPPPA TTT111 −−− == TTT PPPQ
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3.3 Q-R Method 

�Eigenvalue Shift
kk

k
k RQIH =−• )( ofion factorizat QRConsider   λ

( ) kkk
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 eigenvalue of guess a as  ofentry  diagonallast  heion with tFactorizat Shifted H•

�Summary of QR Factorization
AUUH 1
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kk
kk =−= λλ
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enough. small are entries lsubdiagona until 4-2 StepsRepeat  .5

SNURPL34



3.3 Q-R Method 

�Determination of Eigenvector after Getting Eigenvalues
IA λλλ ~with~forMethodPowerInverse ≈−•
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3.3 Q-R Method 

%function lam=qralgo(H);
% assume hessenberg form for H
n=length(H);
% identity matrix of dimension n

MATLAB Script
y

In=eye(n);
while (1>0) 

%factorize by plane rotation
lam=H(n,n); %guess of eigenvector
Hk=H-lam*In; %shift eigenvalue
Q=In; %reset Q to identity matrix before factorizationQ=In; %reset Q to identity matrix before factorization
for i=1:n-1
ip1=i+1;    
d=Hk(i,i); %diagonnal entry
s=Hk(i+1,i); %subdiagonal entry to eliminate
afac=1/sqrt(d*d+s*s);
cosv=d*afac; %cosine value
sinv=-s/d*cosv; %sine value, this way ensures s*sinv+d*cosv=0
Hk(i,i)=d*cosv-s*sinv; %new diagonal value after rotation
Hk(i+1,i)=0; %subdiagonal entry now being 0 
P=In; %rotation matrix initially identity
P(i i)=cosv;P(i ip1)=-sinv; %fill rotation matrixP(i,i) cosv;P(i,ip1) sinv; %fill rotation matrix
P(ip1,i)=sinv;P(ip1,i+1)=cosv; 
Hk(i:ip1,i+1:n)=P(i:ip1,i:ip1)*Hk(i:ip1,i+1:n); %update entries on 

plane
Pt=P'; %transpose of rotation matrix
Q=Q*Pt; %Q matrix being constructed stepwise

endend
R=Hk; %upper trianglular matrix
H=R*Q+lam*In; %new matrix
diag(H) %current guess of eigenvalues
pause

end
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