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Derivation of Legendre Polynomial

Laplace Eqn. in Spherical cord. with azimuthal symmetry ( 0)
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Properties of Legendre Polynomials

Power Series Solution•
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Derivation of Spherical Harmonics

Solution of Laplace Eqn. in Spherical cord. in case of no symmetry•
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Associated Legendre Polynomial
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Spherical Harmonics

Definition of Spherical Harmonics•
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Spherical Harmonics
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Spherical Harmonics Expansion of Angular Flux
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1-D Boltzmann Transport Equation in Plane Geometry

1-D Boltzmann Transport Eqn•
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Addition Theorem
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Application of Addition Theorem
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B.T.E. by Legendre Expansion
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Legendre Expansion of B.T.E.
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Multi-group Formation
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Multi-group Formation
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Multi-group PL Method

 Reduction of odd moments•
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∂ ∂ ∂ ∂
= Σ − = Σ −

Σ + ∂ − ∂ + − ∂
−

∂−

SNURPL16
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Multi-group PL Method

1

1 1(2) (3)
2 1t n g

n
n z+

+ ∂
− ×

Σ + ∂
11 2nnY ∂ + ∂+ 2n+ ∂ ∂

1
1

2 1 2 1
1

2 1 2 1

t n g

t n g

n n
n z n z

n n
n z n z

X Y
−

− ∂ ∂
Σ

− ∂ − ∂
∂ + ∂

Σ
+ ∂ + ∂

1 11n n∂ ∂++%% %

1

11 2
2 1 2 3t n g

n
n
n

z n z
Y

+

∂ + ∂
= −

+ +∂
+

∂Σ 1
2

2 1 n g
n D
n z z+
+ ∂ ∂

= −
+ ∂ ∂ 1

2 1 2 1
1 2

2 3 2 3t n g

n z n z
n n
n z n z+

+ ∂ + ∂
+ ∂ + ∂

Σ
+ ∂ + ∂

1 1nD + ∂
≡

1
1

1
2 1

1
2

1
3t n g

t n g t n g
n
n z

n
n z−

+

∂ ∂
Σ = Σ −

+
+

Σ + ∂
+

∂
% %

1
1

t n g n
n D +
+ ∂ ∂

= Σ −%
2

1 1
1

t n g n g n g
n nD D +

∂ ∂ + ∂ ∂
= Σ − −

1 2 3n g
t ng

D
n z+ ≡

Σ + ∂

12 1t n g nn z z++ ∂ ∂ 1 1(2 1)( 1) 2 1t n g n g n gn n z z n z z− ++ − ∂ ∂ + ∂ ∂

2

 Matrix form•

00 0

22 2 2

g

g

d u
l d u

S
l d u

φ
φ
φ

− ⎡ ⎤⎡ ⎤
⎢ ⎥⎢ ⎥− − ⎢ ⎥⎢ ⎥ =
⎢ ⎥⎢ ⎥

2

1 1
1

(2 1)( 1) 2 1n g t n g n n
n nd D D

n n z z n z z− +
∂ ∂ + ∂ ∂

= Σ − −
+ − ∂ ∂ + ∂ ∂

nl D∂
=

11 1

for an odd 

n gn n n

L gL L

l d u
l d

L

φ
φ −− −

⎢ ⎥⎢ ⎥− −
⎢ ⎥⎢ ⎥− ⎢ ⎥⎣ ⎦ ⎣ ⎦

12 1n g n gl D
n z −=
+ ∂

1
2

2 1n g n g
nu D
n z +
+ ∂

=
+ ∂
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P1 Approximation and Diffusion Theory

1 3( , , )
4 4

z E Jϕ μ φ μ
π π

= +

1 P  Expansion of Angular Flux in 1-D•

0 1( , )Jφ φφ = =
4 4π π

1 P  Equation•

( )J z E ∞∂
∫ 00

( , )( , ) ( , ) ( ) ( , ) ( , )t
J z Ez E z E E z E E z E dE

z
φ χ ψ φ

∞∂ ′ ′ ′Σ + = + Σ →
∂ ∫①

10

1 0 ( , ) ( )
3 t J z E E J E dEφ ∞∂ ′ ′ ′+ Σ = + Σ →
∂ ∫②

03 z∂ ∫
 Multi-group form•

( ) G
gJ z∂

∑①
1

( )
( ) ( ) ( )g

tg g g g g g
g

J
z z z

z
φ χ ψ φ′ ′

′=

∂
→Σ + = + Σ

∂ ∑①

(1) (1)1
3

G
g

tg g g g gJ J
φ

′ ′

∂
→ +Σ = Σ

∂ ∑② coupled on gJ
13 g g g g g

gz ′=∂ ∑

1(1) 1( ) ( , )) ( ,g

g

E

tg tE
g

J zz z EE dE
J

−Σ = Σ∫
1

1

(1)
1

1( ) ( ) ( , ),g g

g g

E E

g g E E
g

J zz z E E dEdE E
J

′−

′ −
′ ′ ′Σ = Σ ′→∫ ∫

g

SNURPL18
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P1 Approximation and Diffusion Theory

(1) (1)

1 1

G G

g g g gg gJ J′ ′ ′
′ ′

Σ ≅ Σ∑ ∑
 Approximation for inscattering•

(1)
sgΣ

1 1g g′ ′= =

In-scattering Out-scattering

I tt i O t tt i
Consider downscattering only to 
the adjacent group for broad energy group

 Inscattering vs. Outscattering•

Out-scatteringu
u

In-scattering

gu
Contributions from the difference btwn two triangles 
would be smallu u′=

u u
u′1gu −

 Broad group
for  Small scattering power

Weak absorption (constant flux over )u

⎧
⎪
⎨
⎪
⎩

①

②

③

maxuΔ

1gu ′− gu ′ Weak absorption (constant flux over )u⎩③

uΔ
1 '

' 1
1( , ) ( , )g g

g g

E E

E E
z E E J z E dE dE−

−

′ ′ ′Σ →∫ ∫

SNURPL19

maxuΔ
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P1 Approximation and Diffusion Theory

1 dφ

1 Approximated Multi-group Second P•
(0)
sgμΣ

(1) (1)1
3

g
tg g sg g

d
J J

dz
φ

→ + Σ = Σ②

1 dφ 1 dφ

sgμ

(1) (1) 1( )
3

g
g tg sg

d
J

dz
φ

Σ −Σ = − (1) (1)
1

3( )
g

g
tg sg

d
J

dz
φ

= −
Σ −Σ : Fick's Law

DFurther Approximation gD
(1)
tg tgΣ →Σ

(1)Σ Σ Σ

: Neglect the difference between current and flux weighting

 Further Approximation−

(1)
trg tg sgΣ = Σ −Σ : Transport Xsec.

1
3g

trg

D =
Σ

SNURPL20



P1 Approximation and Diffusion Theory

1 Fick's Law in First P•
G

gdd D
φ

φ χ ψ φ′− +Σ = + Σ∑ 0 0 0tΣ = Σ −Σ
1

g rg g g g g g
g
g g

D
dz dz

φ χ ψ φ′
′=
′≠

+ Σ + Σ∑

 Boundary Condition for Diffusion Equation•

0 0 0r g t g ggΣ Σ Σ

( , ) 0in bJ z t = 1 1 0
4 2inJ Jφ= − =

2 2 dJ D φφ : Marshak B C2 2J D
dz
φφ = = −

1 1
2

d
d D
φ α

φ
= − = %

: Marshak B.C.

: Robin B.C.2dz Dφ : ob .C.

SNURPL21



Multi-group Formation

 Self Scattering Correction•

- Move self scattering term from RHS

rng tng nggΣ = Σ −Σ

1 1 1 (( ) ( )1 )1 ( )g g gE E E
E dE dEEE EE dEφ φ− − − ′Σ ′Σ = Σ → ′∫ ∫ ∫ ≅ Σ − Σ(( ) ( ))( )

g g g
rng tE E E

n
n n

g g
n

n

E dE dEEE EE dE
φ φ

φ φΣΣ = Σ − →∫ ∫ ∫
 requirednφ 0use  insteadφ

0t g ngg≅ Σ − Σ

SNURPL22



Simplified 1-D, P3 Equations

0t g
d
d

⎡ ⎤Σ⎢ ⎥

(0)
0

1

1
4

G

g g g g
g

χ ψ φ
π ′

′=

⎡ ⎤
+ Σ⎢ ⎥

⎢ ⎥
∑

3General 1-D P Equation•

0

1
1 2
3 3

t g

t g

dx
d d
dx dx

⎢ ⎥
⎢ ⎥
⎢ ⎥Σ⎢ ⎥
⎢ ⎥

0 (1)
1

11

G
g

g g g
gg

G

φ
φ

φ
φ

′
′=

⎢ ⎥
⎢ ⎥⎡ ⎤

Σ⎢ ⎥⎢ ⎥
⎢ ⎥⎢ ⎥ = ⎢ ⎥⎢ ⎥

∑

2
2 3
5 5

3

t g
d d
dx dx

d

⎢ ⎥
⎢ ⎥Σ
⎢ ⎥
⎢ ⎥

Σ⎢ ⎥

2 (2)
1

13

(3)

G
g

g g g
gg

G

φ
φ

φ

φ

′
′=

⎢ ⎥⎢ ⎥
⎢ ⎥Σ⎢ ⎥

⎢ ⎥ ⎢ ⎥⎣ ⎦
⎢ ⎥
⎢ ⎥Σ

∑

∑37 t gdx
Σ⎢ ⎥

⎣ ⎦
(3)

1
1

g g g
g

φ′
′=

⎢ ⎥Σ
⎢ ⎥⎣ ⎦

∑
0

1

Assume:
 

Scattering
tng t g tg

P

•
− Σ = Σ = Σ
− 1 2d dφ φ1

( )

1

(1)
1 1

0 2
Inconsistent 

n
g g

G G

g g g gg g sg g

n
P

φ φ φ

′

′ ′ ′

Σ = ∀ ≥
−

Σ Σ = Σ∑ ∑�

0 2 (1)
1 1

1 2
3 3

g g
tg g sg g

d d
dx dx
φ φ

φ φ+Σ + = Σ

0 21 2 0g gd dφ φ
φ+ Σ +1 1

1 1
g g g gg g sg g

g g
φ φ φ

′ ′= =

Σ Σ Σ∑ ∑�
1 0

3 3
g g

trg gdx dx
φ+ Σ + =

0
(1)

Transport corr
1

ection
,

3trg tg sg gD
−

Σ = Σ − =
Σ

Σ 0 2
0 1 02 0g g

g g g

d d
D D

d d
φ φ

φ+ + =

SNURPL23
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Simplified 1-D, P3 Equations

0 0
1

4

tg G

g g g g g

d
dx

d d φ χ ψ φ′

⎡ ⎤Σ⎢ ⎥
⎡ ⎤⎢ ⎥ + Σ⎡ ⎤ ⎢ ⎥⎢ ⎥ ⎢ ⎥

∑ 1 0g gJ

J

φ

φ

→
0 0

10 0
1

2

41

0

2
0

2 3
5 5

g g g g g
gg g

g

g
tg

d dD D
dx dx

d d
d d

φ χ ψ φ
π

φ
φ
φ

′=
⎢ ⎥⎢ ⎥ ⎢ ⎥ ⎢ ⎥⎢ ⎥ ⎢ ⎥ ⎢ ⎥=⎢ ⎥ ⎢ ⎥ ⎢ ⎥⎢ ⎥Σ ⎢ ⎥ ⎢ ⎥⎢ ⎥ ⎢ ⎥

∑
3 2

2
3

7

g g

g
tg

J

D

φ →

=
Σ

3 0
5 5

3
7

tg
g

tg

dx dx
d
dx

φ⎢ ⎥ ⎢ ⎥⎢ ⎥ ⎢ ⎥⎣ ⎦ ⎢ ⎥⎢ ⎥ ⎣ ⎦
Σ⎢ ⎥

⎣ ⎦

tg

0 0g

rg
d
dx

qd d φ

⎡ ⎤
⎢ ⎥
⎢ ⎥ ⎡ ⎤ ⎡ ⎤⎢ ⎥

Σ 0 0
1

1
4

G

g g g g
g

gg

q χ ψ φ
π ′

′=
′≠

= + Σ∑
0 0

0 0
0

2

1 2 0
2 3 0

g

g g
g

g
tg

qd dD D Jdx dx
d d

φ

φ

⎡ ⎤ ⎡ ⎤⎢ ⎥ ⎢ ⎥ ⎢ ⎥⎢ ⎥ ⎢ ⎥ ⎢ ⎥=⎢ ⎥ ⎢ ⎥ ⎢ ⎥⎢ ⎥Σ ⎢ ⎥ ⎢ ⎥⎢ ⎥

rg tg ggΣ = Σ −Σ

0 22g gd d
J D D

φ φ
= − −

2

2

5 5 0

1

tg
g

g

dx dx J
dD
dx

⎢ ⎥ ⎢ ⎥⎢ ⎥ ⎢ ⎥ ⎣ ⎦⎣ ⎦⎢
⎢
⎣ ⎦

⎥
⎥

0 0 0

2
2 2

2g g g

g
g g

J D D
dx dx

d
J D

dx
φ

= − −

= −
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Coupled P3 Equation

 Definitions of normalized variables•

0 1ξ← →x=
1
h

 x; Dx =
d

dx
;

d
d x

=
1
h

 Dx;
d2

d x2 =
1
h2  Dx

2 ; H* Normalized Coordinate Variable *H L h x

h dx d x h d x h

D0 =
1

3 Str
; D2 =

3
7 St

;H* Diffusion Coefficients *L
b0 =

D0
h

 ; b2 =
D2
h

 ;H*Relative Diffusivity*LH L
 P3 equation in terms of normalized variables•

h h

SD0 =
D0
h2  ; SD2 =

D2
h2  ;H* Diffusion Xsec *L

ˆ ( ) ( ) 2 ( )φ ξ φ ξ φ ξ= +i
k
jjjjjjjjjjjjjj

Sr
Dx
h

0 0

Dx b0 1 2 Dx b0 0

0
2 Dx S

3 Dx

y
{
zzzzzzzzzzzzzz
i
kjjjjjjjj

f 0@xD
J0@xD
f 2@xD@D
y
{zzzzzzzz=
i
kjjjjjjjj

q@xD
0
0

y
{zzzzzzzz ( )0 0 0 2( ) ( ) 2 ( )

( ) ( )
J D
J D

ξξ β φ ξ φ ξ

ξ β φ ξ

= − +

=

0 0 2( ) ( ) 2 ( )φ ξ φ ξ φ ξ= +

0 0̂ ( )Dξβ φ ξ= −

kjjjjjjjj 0 x
5 h

St
x

5 h
0 0 Dx b2 1 {zzzzzkjjjjjf 2@xD

J2@xD{zzkjjjjj 0
0 {zz

 Reduced form after eliminating odd moments•

2 2 2( ) ( )J Dξξ β φ ξ= −

m
Dm h

β
Σ =gi

kjjjjjjjjj-
Dx

2 b0
h

+ Sr -
2 Dx

2 b0
h

-
2 Dx

2 b0
5 h

-
4 Dx

2 b0
5 h

-
3 Dx

2 b2
5 h

+ St

y
{zzzzzzzzzikjjjj-Dx

2 SD0 + Sr -2 Dx
2 SD0

- 2
5

Dx
2 SD0 - 4

5
Dx

2 SD0 - 3
5

Dx
2 SD2 + St

y{zzzzJf 0@xD
f 2@xDN=Jq0@xD

0
Nh

SNURPL25
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Removal of Derivative from Off-diagonal

 Introduction of Summed Flux•

( )2
0 0 0 2 0( ) ( ) 2 ( ) ( )r D D qξφ ξ φ ξ φ ξ ξΣ −Σ + =

ikjjjj-Dx
2 SD0 + Sr -2 Dx

2 SD0

- 2
5

Dx
2 SD0 - 4

5
Dx

2 SD0 - 3
5

Dx
2 SD2 + St

y{zzzz
( )2 2

0 0 2 2 2
2 3( ) 2 ( ) ( ) 0
5 5D D tD Dξ ξφ ξ φ ξ φ ξ⎛ ⎞− Σ + + − Σ +Σ =⎜ ⎟

⎝ ⎠
ˆ ˆ

{
0 20 0 02

ˆ ( ) ( ) 2 ( ), ˆ( ) ( ) 2 ( )φ ξ φφ ξ φ ξ ξξ φ ξ φ= −= +

2 2 ˆD⎡ ⎤−Σ +Σ − Σ ⎡ ⎤ ⎡ ⎤

2 2-remove from off-diagonal by (2) (1)
5

Dξ −
0

00
2 2

0 2 2

2 ˆ ( )( )
2 3 0( )
5 5

D r r

D D t

D q
D D

ξ

ξ ξ

ξφ ξ
φ ξ

⎡ ⎤Σ +Σ Σ ⎡ ⎤ ⎡ ⎤⎢ ⎥ =⎢ ⎥ ⎢ ⎥⎢ ⎥− Σ − Σ +Σ ⎣ ⎦⎣ ⎦⎢ ⎥⎣ ⎦

2
00

0
2

2 2 0

5
( )2 ˆ ( )

2 3 4 ( )
5 5 5

2 ( )
5

D r r

r D r t

qD

D q

ξ

ξ

ξ
φ ξ
φ ξ ξ

⎡ ⎤−Σ +Σ − Σ ⎡ ⎤⎡ ⎤⎢ ⎥ ⎢ ⎥=⎢ ⎥⎢ ⎥ ⎢ ⎥− Σ − Σ + Σ +Σ ⎣ ⎦⎢ ⎥ ⎣ ⎦⎣
−

⎦

2
2

2

5 Final equation after making the coeff. of  unity by mutiplying  
3

( )2

D D

qD

ξ

ξ

• Σ

⎡ ⎤Σ + Σ Σ ⎡ ⎤⎡ ⎤ 00
0

2
02 2

( )2 ˆ ( )
22 4 5 ( )( )
33 3 3

D r r

r D r t

qD

qD

ξ

ξ

ξ
φ ξ

ξφ ξ

⎡ ⎤−Σ + Σ − Σ ⎡ ⎤⎡ ⎤⎢ ⎥ ⎢ ⎥=⎢ ⎥⎢ ⎥ ⎢ ⎥−− Σ −Σ + Σ + Σ ⎣ ⎦⎢ ⎥ ⎣ ⎦⎣ ⎦
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Partial Current Relations

0 0 1 2 2 2 3

 Angular flux in terms of expansion
3 5 7( , ) ( ) ( ) ( ) ( ) ( ) ( ) ( )

4 4 4
J P P J Pϕ μ ξ φ ξ ξ φ ξ μ ξ μ

π π
μ

π

•

= + + +
4 4 4π π π

1

1 1

 Patial current relations

( ) ( , ) ( ) : only -th moment is relevant  orthogonalityl lJ P d lξ ϕ ξ μ μμ− −

•

= ∫ Q

1

1 0
0

( ) ( , ) ( ) :  out-going current

( ) ( ) ( ) (to make inward normal positive)

pl lJ P d

J P d

ξ ϕ ξ μ μ μ

ξ ϕ ξ μ μ μ

−

−

=

=

∫
∫1 1

( ) ( , ) ( ) (to make inward normal positive)ml lJ P dξ ϕ ξ μ μ μ− −
= ∫

0 0
0 2

5
4 2 16p

JJ φ φ= + +

0 0
0 2

0 2

5
4 2 16

5

m
JJ

J

φ φ

φ

= − + ( )

( )

0 0 0 2 2
8
5
8 4 4

p m p mJ J J J

J J J J

φ

φ

= + − −

= + + +0 2
2 2

0 2
2 2

5
16 2 16

5
16 2 16

p

m

JJ

JJ

φ φ

φ φ

= − + +

= − − +

( )2 0 0 2 24 4
25 p m p mJ J J Jφ = + + +

0 0 2
ˆ 2φ φ φ= −

SNURPL27

16 2 16



Albedo Matrix

 Patial current relations in terms of summed flux• JJp0@xD
J 2@xDN=ikjjjjj 1

4
- 3

16
1 7

y{zzzzzJf` 0@xD
f @xDN+ikjjjjj1

2
0

0 1

y{zzzzzJJ0@xD
J2@xDN out J netφ= Φ +J M M J

Jp2@xDkjjjjj- 1
16

7
16 {zzf 2@xDkjjjjj0 1

2 {zzJ2@xDJJm0@xD
Jm2@xDN=ikjjjjj 1

4
- 3

16

- 1
16

7
16

y{zzzzzJf` 0@xD
f 2@xDN-ikjjjjj1

2
0

0 1
2

y{zzzzzJJ0@xD
J2@xDN in J net

net out in

φ= Φ −

= −

J M M J

J J J

 Summed flux in terms of partial currents•

f
`

0=
8

25
H7HJ0

m + J0
pL+ 3HJ2

m + J2
pLL

f 2=
8

25
HJ0

m + J0
p + 4HJ2

m + J2
pLL

 Albedo matrix for zero-incoming currents•

0

2

0m

m

J
J
⎡ ⎤

= →⎢ ⎥
⎣ ⎦

JJ0@xD
J2@xDN=ikjjjjj1

2
- 3

8

- 1
8

7
8

y{zzzzzJf` 0@xD
f 2@xDN

0 2

at periphery 
ˆwhere [ , ]T

α

φ φ

= Φ

Φ =

J M

αM

0while for both inte
0

0
rior and boundary

D
D

ξβ
β

⎡ ⎤
= − Φ⎢ ⎥

⎣ ⎦
J 3

with 2x2 block can 
solve the P problem!
FDM
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One-Node Nodal Expansion Method

 NEM Polynomials•
P0@x_D:= 1;
P1@x_D:= 2 x - 1;@DHL@DHLHL@DHLH L

0.5

1Only odd and even functions are 
mutually orthogonal.

P2@x_D:= 6 xH1 - xL- 1;
P3@x_D:= 6 xH1 - xLH2 x - 1L;
P4@x_D:= 6 xH1 - xLH5 x2 - 5 x + 1L;
Plot@8P0@xD, P1@xD, P2@xD, P3@xD, P4@xD<,8x, 0, 1<D 0.2 0.4 0.6 0.8 1

-0.5

-1 NEM Flux Expansion•

0 0
ˆFrom now on, the summed flux is represented plainly by .

The actual flux thus should be 2
φ φ
φ φ φ

0,
l

in

l

J

J
0,
r

in

r

J

J
0 2

4
0

,
12

The actual flux thus should be 2 .
( )

( ) , ( ) ( ) 0 or 2 (m for moment).
( ) m m m i i

i
a P m

φ φ φ
φ ξ

ξ φ ξ φ ξ
φ ξ =

= −

⎡ ⎤
Φ = = + =⎢ ⎥

⎣ ⎦
∑

2,inJ 2,inJ
0 1ξ

2⎣ ⎦

 Surface fluxes and currents ( =0 for left, =1 for right) ξ ξ•

f
ikjjf 0 - a0,1 - a0,2y{zzf

ikjjf 0 + a0,1 - a0,2y{zz 0 0
( ) ( )

β
ξ ξ

⎡ ⎤
′Φ⎢ ⎥Jf l=

ikjj0 0,1 0,2

f 2 - a2,1 - a2,2

y{zz, f r=
ikjj0 0,1 0,2

f 2 + a2,1 - a2,2

y{zz
Jl=J-b0H2 a0,1 + 6 a0,2 - 6 a0,3 + 6 a0,4L

-b2H2 a2 1 + 6 a2 2 - 6 a2 3 + 6 a2 4LN, Jr=J-b0H2 a0,1 - 6 a0,2 - 6 a0,3 - 6 a0,4L
-b2H2 a2 1 - 6 a2 2 - 6 a2 3 - 6 a2 4LN

0

2

( ) ( )
0
β

ξ ξ
β

′= − Φ⎢ ⎥
⎣ ⎦

J
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Lower Order Coeff. in terms of Surface Flux and Partial Currents

a0,1 ® - 1
2
Hf 0,l - f 0,rLH LH L

,1 ,2 , in terms of surface fluxesm ma a• Surface flux in terms of partial current•
f 0,l ®

8

25
H7 HJ0,li + J0,loL+ 3 HJ2,li + J2,loLL,H H LLa0,2 ® - 1

2
H-2 f

 
0 + f 0,l + f 0,rL

a2,1 ® - 1
2
Hf 2,l - f 2,rL

a2,2 ® - 1
2
H-2 f

 
2 + f 2,l + f 2,rL f 2,l ®

8

25
HJ0,li + J0,lo + 4HJ2,li + J2,loLL,

f 2,r ®
8

25
HJ0,ri + J0,ro + 4HJ2,ri + J2,roLL,HH LHH LLL25

f 0,r ®
8

25
H7 HJ0,ri + J0,roL+ 3 HHJ2,ri + J2,roLLL

( )
out J net

J out in

φ

φ

= Φ +

= Φ + −

J M M J

M M J J 1 0⎡ ⎤

1 2, in terms of partial currentsa a•

( )J out inφ

( )( )1
J out J inφ

−Φ = − + =M I M J M J
01 0 2

0 1 10
2

J J

⎡ ⎤
⎢ ⎥⎡ ⎤

← − = − =⎢ ⎥⎢ ⎥
⎣ ⎦ ⎢ ⎥

⎢ ⎥⎣ ⎦

I M M( )1
J out inφ

− +M M J J

,1 ,2 , in terms of partial currentsm ma a

a0,1 ® - 4
25
H7 J0,li + 7 J0,lo - 7 J0,ri - 7 J0,ro + 3 J2,li + 3 J2,lo - 3 J2,ri - 3 J2,roL

a0,2 ® 1
25
H25 f

 
0 - 4H7 J0,li + 7 J0,lo + 7 J0,ri + 7 J0,ro + 3 J2,li + 3 J2,lo + 3 J2,ri + 3 J2,roLLH LHH LL

2⎢ ⎥⎣ ⎦

a2,1 ® - 4
25
HJ0,li + J0,lo - J0,ri - J0,ro + 4 J2,li + 4 J2,lo - 4 J2,ri - 4 J2,roL

a2,2 ® 1
25
H25 f

 
2 - 4HJ0,li + J0,lo + J0,ri + J0,ro + 4 J2,li + 4 J2,lo + 4 J2,ri + 4 J2,roLL

But no need if surface fluxes are used
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Higher Order Coeff. in terms of Surface Flux and Partial Currents

 Need for spatial moments (1-st and 2-nd)
Five expansion coefficients
Th h i l k t fl l r l rJ Jφ φ φ φ

•
−

, ,Three physical unknowns per moment flux: , , or , ,
Three physical constraints: nodal balance, current continuit

l r l r
m m m m m o m oJ Jφ φ φ φ−

− y at both surfaces 
Lacking two constraints first and second moment balance− →g
fm =à

0

1
P1@xDF@xD âx;

sm =à
0

1
P2@xDF@xD âx;

f
Ž

1=
ikjjjjja0,1

3
+

a0,3
5

a2,1
3

+
a2,3

5

y{zzzzz, f
Ž

2=
ikjjjjjja0,2

5
-

3 a0,4
35

a2,2
5

-
3 a2,4

35

y{zzzzzz
,3 ,4 , in terms of momentsm ma a•
a0,3 ® -

5 a0,1
3

+ 5 f
Ž

0,1

ŽH L

0

a2,3 ® -
5 a2,1

3
+ 5 f

Ž
2,1

a0,4 ® 7
3
Ha0,2 - 5 f

Ž
0,2L

a2,4 ® 7
3
Ha2,2 - 5 f

Ž
2,2L3 ,

, ,1 ,2 , , All the coefficients are obtained in terms of , , , ,l r
i m m m o mm m oa J Jφ φ φ→ % %
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Outgoing Current Relation

 Outgoing current relations in terms of flux expansion coefficients•

out J netφ= Φ +J M M J

in J netφ= Φ −J M M J

Jlo=
ikjjjjj 1

4
Hf 0 - a0,1 - a0,2L+ 1

2
b0H2 a0,1 + 6 a0,2 - 6 a0,3 + 6 a0,4L- 3

16
Hf 2 - a2,1 - a2,2L

1 H-f
 

0 + a0 1 + a0 2L+ 7 Hf 2 - a2 1 - a2 2L+ 1 b2H2 a2 1 + 6 a2 2 - 6 a2 3 + 6 a2 4Ly{zzzzzkjjjj16
Hf 0 + a0,1 + a0,2L+ 16

Hf 2 a2,1 a2,2L+ 2
b2H2 a2,1 + 6 a2,2 6 a2,3 + 6 a2,4L{

Jro=
ikjjjjj 1

4
Hf 0 + a0,1 - a0,2L- 1

2
b0H2 a0,1 - 6 a0,2 - 6 a0,3 - 6 a0,4L- 3

16
Hf 2 + a2,1 - a2,2L

1
16
H-f

 
0 - a0,1 + a0,2L+ 7

16
Hf 2 + a2,1 - a2,2L- 1

2
b2H2 a2,1 - 6 a2,2 - 6 a2,3 - 6 a2,4Ly{zzzzzkjj16 , , 16 , , 2 , , , , {

, ,1 ,2 , , , , Insert ( 1 4) given in terms of , , , , and , which are known.

then rearrange for and

l r l r
m i m m m m o m o m i m i

l r

a i J J J J

J J

φ φ φ• = % %L

, ,then rearrange for and .m o m oJ J

, , ,1 ,2 , , and are obtained in terms of unkown , , ,and known ,l r l r
m o m o m m m m i m iJ J J Jφ φ φ→ % %
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Moment Balance Equations

2
001 10

1 12

 First moment balance equation

( )2 ˆ ( ) ( ) ( )22 4 5
D r r qD

P d P d
ξ ξ

φ ξ ξ ξ ξ ξ

•

⎡ ⎤−Σ + Σ − Σ ⎡ ⎤⎡ ⎤⎢ ⎥ ⎢ ⎥=⎢ ⎥⎢ ⎥ ⎢ ⎥∫ ∫1 120 0
02 2

( ) ( )22 4 5 ( )( )
33 3 3r D r t qDξ

ξ ξ ξ ξ
ξφ ξ

⎢ ⎥⎢ ⎥ ⎢ ⎥−− Σ −Σ + Σ + Σ ⎣ ⎦⎢ ⎥ ⎣ ⎦⎣ ⎦
∫ ∫

ikjjjjjI60 - 224 t13
5

- 96 t14
5
MSD0 + Sr I- 224 t15

5
- 96 t16

5
MSD0 - 2 SrI- 32 t13 - 128 t14MSD2 - 2 Sr I60 - 32 t15 - 128 t16MSD2 + 4 Sr + 5 St

y{zzzzzikjjjjfŽ0,1

f
Ž

2 1

y{zzzz=ijjjjj H L H LH L H Ly{zzJ Nikjjjj H Ly{zz
Nodal balance equation•

kjjjI 5 5
MSD2 3

I60
5 5

MSD2 +
3

+
3 {kjjjf 2,1{ikjjjjj16

5
H7 + 7 t1 - 7 t2 + 3 t5 - 3 t6LSD0

16
5
H3 + 7 t3 - 7 t4 + 3 t7 - 3 t8LSD0

16
5
H1 + t1 - t2 + 4 t5 - 4 t6LSD2

16
5
H4 + t3 - t4 + 4 t7 - 4 t8LSD2

y{zzzzzJ-J0,li + J0,ri
-J2,li + J2,ri

N+ikjjjj q1
3

+ q3
5

- 2
45
H5 q1 + 3 q3Ly{zzzz

 Nodal balance equation•

S d t b l ti

ikjjjjj 2 t9
h

+ Sr
2 t11

h
- 2 Sr

2 t10
h

- 2 Sr
3

2 t12
h

+ 4 Sr
3

+ 5 St
3

y{zzzzzikjjf 0

f
 

2

y{zz+ikjjjjj- 7 t9
h

- 7 t11
h

- 7 t10
h

- 7 t12
h

y{zzzzzikjjjjfŽ0,2

f
Ž

2,2

y{zzzz=ikjjjjj- -1+t1+t2
h

- t3+t4
h

- t5+t6
h

- -1+t7+t8
h

y{zzzzzJJ0,li + J0,ri
J2,li + J2,ri

N+ikjj q0

- 2 q0
3

y{zz
 Second moment balance equation•ikjjjjj-28 SD0 + 1568 t9 SD0

25
+ 672 t10 SD0

25
1568 t11 SD0

25
+ 672 t12 SD0

25
224 t9 SD2

25
+ 896 t10 SD2

25
-28 SD2 + 224 t11 SD2

25
+ 896 t12 SD2

25

y{zzzzzikjjf 0

f
 

2

y{zz+ikjjjjj140 S 5488 t9 SD0 2352 t10 SD0 + S 5488 t S 2352 t12 SD0 2 S y{zzzzzikjjjjfŽ y{zzzzi H L H H LL i H L
ikjjjjj140 SD0 - 9 D0

25
- 10 D0

25
+ Sr - 5488

25
t11 SD0 - 12 D0

25
- 2 Sr

- 784
25

t9 SD2 - 3136 t10 SD2
25

- 2 Sr
3

140 SD2 - 784 t11 SD2
25

- 3136 t12 SD2
25

+ 4 Sr
3

+ 5 St
3

y{zzzzzikjjjjfŽ0,2

f
Ž

2,2

y{zzzz=ikjjjjj- 112
25
H7 + 7 t1 + 7 t2 + 3 t5 + 3 t6LSD0 - 112

25
H7 t3 + 7 t4 + 3H1 + t7 + t8LLSD0

- 112
25
H1 + t1 + t2 + 4 t5 + 4 t6LSD2 - 112

25
Ht3 + t4 + 4H1 + t7 + t8LLSD2

y{zzzzzJJ0,li + J0,ri
J2,li + J2,ri

N+ikjjjjj1
35
H7 q2 - 3 q4L

- 2 q2
15

+ 2 q4
35

y{zzzzz
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Calculation Sequence

1. Assume incoming currents
2. Solve for odd moments
3. Solve for coupled equation for even moments (0th, 2nd)
4. Update outgoing current
5 Move to the next node5. Move to the next node
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