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Derivation of Legendre Polynomial

eLaplace Egn. in Spherical cord. with azimuthal symmetry (ai =0)
(04

(28¢ L sn6?(M 0

r? or or’ r?sin@ o0 00

eSeperation of variables

Vig=0—

10 (rzaR ot 106799
Hr.O=RMNOO) —>  *Ror™ ar’ rPsindY o0 00
Rar 8r smﬁ@@& 06
2
H =050 (1) ®—2y3—®+/12®=0
du=-sinfdé du Yz
Let A2 =1(1 +1).
1 1d in29 40 ___, .
sing © dg =7 sinddo Legendre Equation
2
(1-u) ®—2u3—® +1(1+)® =0
DO 5 O()=P (1)
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Properties of Legendre Polynomials

ePower Series Solution

R (x)=1
P(u)=u

eRecurrence Relation (HW)
21+ R (1) = 1+ DR, (1) +1R_ (1)

P (1) = %(3/12 -1, k() = %ﬂ(5ﬂ2 =3)-

eOrthogonaliity (HW)
) 0 | #m
[ RGP ()du=1 2
21 +1

NEE 3 SNURPL



Derivation of Spherical Harmonics

e Solution of Laplace Eqn. in Spherical cord. in case of no symmetry

1 0%
r’sin®0 oa?

added to azimuthally symmetric Laplacian

Ar,60,c)=R(r) Y(6,2)

2
o ,. e@Y) 1 0¥

_ (sin +— ~+1(1+1)=0
Ysiné 06 00" YsIn“0 o¢

Y (8,a) = O(0)D(a)

2
19 (6ingd9, L 100 4,020
© singdo dg” sin“d ® da

1. d,. do . 1 d*® 1 d°d(a) -
—sin@—(sin@—) +1(1 +1)sin*H = —— -m = ——m? _ pima
C) d¢9( d6’) 1+ ®da? " ® da’ i ) =E
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Associated Legendre Polynomial

e Associated Legendre Equation
1 d o m®
———(si nH— +[1(1+2) -
smede( )+ +) sin’

d m?®
dﬂ[(l p )—ﬂj (|(|+1)—1_ﬂ2j ®=0

eAssociated Legendre Polynomial for m <1

P () = ()it P(“)_ (—1)"sin™ @ d;l(”)

]G)O

eRodirgue's formula eOrthogonality
. _i B >m dm+l > 1 . _ - 7 (I+m)'
RM ) = gl=—s (-1, —lsms< jP (WIRF (p)ix = 5= = 0
gy -y =M Jarmt o, pm VU= )F,m
R0 = (D" G R \(I_m), ()= (- )ﬁ (1)
R (1) B (1)
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Spherical Harmonics

eDefinition of Spherical Harmonics

Y|m(£A2):Y|m(¢9,a): ﬁm(ﬂ)eima (Q) Y| m(@ CZ) P (/J)e ime
N =C Yy (6, a)
=Q(0,a), 0<m<|
eOrthogonality
[, Y (@Y, (D)
= [0 Bre™ Br (we edad s =785
—1do I o 41 I Cmm
f027zn|(m mad o — JfOZﬂ(COS(m —m)a +isin(m— m’)a)da
0, m=m’
) 272-’ m= m’ = —2 I’

m JO=-mt Jr-mt Aoh 2 gem)
L B = e ey - P 0 = T
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Spherical Harmonics

- 1 du :
YlO:PlO(ﬂ):ﬂ P () =(~ )smﬁdﬂ——sm@

Y = Isl(ﬂ)e_ia =

1 2| 1 P (u)e” °
1 E B
=—ﬁsm f(cosa +isina)
5-1 i 3-1 —ig|=1 ; 9
Yo =R (e =-R"(we™ ..
=i_sin0(cosa—isina) .
- 3

J?2

. p -‘ ¢ 1 o J ]
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Spherical Harmonics Expansion of Angular Flux

= ’YI; 'Ylm *
P0.)=3 Y aNn(0c) 2y <<Y:Y >>=<¢4ﬂ> 2 ove) =2,

21 +1 ﬂm
ZZ 2l +1 4Y (0.2)

e L=1, P, Expansion
P(0,0) =ty + 2 Vsl 121, )
1
4/¢
:E%O [sm 6 cosa(— \/7(¢11 @_,)) +singsino(— \f(¢“+¢l 1))+ ¢y, COS O]

1
- E¢OO +E(Qx¢lx +Qy¢1y +Qz¢12)

1 3 ~ = 1 3
=—q@,+—Q-J D> —
A ¢oo A For 1-D in ¢00 +

— Py + [¢11( \/_sm<9(005a+|sma))+¢1 1(\/—Sln9(COSO{—ISII’IO{))+¢1OCOS(9]
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1-D Boltzmann Transport Equation in Plane Geometry

¢1-D Boltzmann Transport Egn

6(0 X ' N/ - AN A N AT
y5+zt¢_aw+j€j9,2(z,5 —E, Q' — Q)p(z, E',Q)dQdE A Z

e|_egendre Expansion of Angular Flux

(0(2,E,,Lt)=22l+1

= 4r

#(z,E)R ()

e|_egendre Expansion of Differential Scattering Xsec

, L , 21 +1 , ,
%(2,E' > E, 1))=Y %,(z,E —)E)?R(ﬂs) He = us (s 1t a, )
1=0

eInsert the expansion into the 1-D BTE.

e Zﬂfmzf)a(ynzt(z 2'+1¢z<z,E)P.<ﬂ)j

=0 1=0 A
L

o ol p27zf <= , 21 +1 21'+1 , , T
=y [, (;mzf —E) 4+ P.ws)j-(z 4; %(LE)F’.'(u)jdadudE

T I'=0
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Addition Theorem

s = Q- Q' =B (1)
= (sindcosa X +sin@sinay +cosfz) - (sin@'cosa’x+sind'sina’y +cosd'7)
=singsin@'cosacosa’ +sin@sin@'sin asina’ +cos@cosé’

=singsinf'(cosacosa’ +sinasina’)+cosd cosb’

=sindsin @' cos(a —a') +cosHcos &’ P (u) = (-D)"sin 9
= (=R (1) —PR (&) cos(a —a') + R ()R («)

,(,u)
du”

1 du .
= P () Py () + ()P (1) cos(ex — ) R =(-1)'sin6 7 ==sin6

e Addition Theorem
I ~ ~
R (1) =R ()R (1) +2> R"(u)R" (1) cosm(a — ')
m=1

= > V" (e )
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Application of Addition Theorem

Illfoh(iZl(z’E'_’E)ZIHPI(%)} ZL:ZI +1P(,u')jda’du'

'=0

=L, Zz”lz (2.E'>E) P.(u)P.(u'>+22Fim(mém(u')cosm(a—a')j

-[Z 2I4;1¢.f(2,E’)P.f(ﬂ’)jda’dﬂ'

I'=0

johcos m(a ; o)da' = _[:_Zﬂ—cos mtdt = j:_zﬂcos mtdt = %(sin ma —sinm(a —27)) =0

2I+1

~21] Y2 (. o YRR 2 (2 EVR ()

ZL: 2 +1Z (z,E'>E)¢ (z,ER (14 -

=0

22' 5 (2, E' 5E)i (2 E)R (1)

=0
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B.T.E. by Legendre Expansion

BTE | L
ul Zﬂfmz,aa(u)m[zz' ”mz,E)P.(u)j

82 1=0 =0 Az

X o 21 +1 , -
— L > (z,E'>E)P z,E"YdE
eV Tl 2 B E SBRWARE)

Apply 27 fl P (u)du toB.T.E.

- Total Reaction Term

27rflzt(z,E)(Zﬂ”mz,E)H<u>]Pn(u)du ~3,(2,E), (2, E)

=0 47T

- Fission Source Term

1
27 LP(u)du =52 (B ()
14r
- Scattering Source Term

27zf j“’izrlz,(z, E' —>E)R (1) (2, ENdEP, (1)dp = | Z,(2,E' > E)g, (z,E')dE’
-1J0 =0 T 0
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Legendre Expansion of B.T.E.

e |_eakage Term

2a] [ 12 3 AGERG | Pddn (DR~ (DR R

=27 2(2&((! +D)R,(4) +IP._1(u))¢z<z,E)P.(u)]-e,(u)du
1=0 \

} >N (W), ,(2,E) i)

1+1=n | -1=n

1)
|=n-1 |=n+1

} S (+DP, (1) . (2 E)

=22 [ P2 12 Exd e+ [ (0 + DR (1)h (2. E |

n o n+1 o

= —¢,..(Z,E) + — Z,E
ha@B)| =5 LA @B D 0w E)

19
2 01

2N 2(n+1)
Z,E)+
[2n+1¢1A ) 2n+1

¢ Resulting Equation

n og¢g., n+log,., ® ' .
=1 + L5 S :5 + > Z,E _)E Z,E dE
onil oz Tanel oz T o2V Jo = )%,(2.E)
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Multi-group Formation

e Total Reaction Term

o (2. B), (2. E)E =5,(2)- [ 4,2 EXIE =, -4y,

Vv

e | eakage Term

n a¢n—1,g + n+1 a¢n+1,g
2n+1 oz 2n+1 oz

g
oD =]_"4,(2,E)}E —>
e Scattering Source Term

J. glJ. 2 (Z E,_>E)¢ (z,E")dE'dE _I I 'y (Z E'—)E)dE¢ (z,E")dE’

_Zj j *'s (z2,E' - E)dEg (z,E')dE’

_19

= Z:an’g¢ ng’
g'=1

1 Ega fEga ' ' '
where =, ZIIEQ' _[Eg z,(z,E"—> E)dEg, (z,E)dE

%o here S (2) = ¢i [2(z.E)p,(z.E)dE =%

tng
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Multi-group Formation

o Multigroup P,_Equation

n a¢n—1,g + n"'l a¢n+1,g
2n+1 oz 2n+1 oz

G n 01...1
+ Ztng¢ng = Ogng X ¥ + Zzng'g¢ ng’ g
o=

e Matrix form for L=3

ng % ¢09 SOg
16 2 0 o || S
=Y ¥ il S
30z M 3¢z 2 829
X 30| [Pl [Sul
S T, ——
50z 50z
30
e 234
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Multi-group P, Method

e Reduction of odd moments

n-10 > n o:¢ L 1)
2n—16z "0 i2n-1a6z
n o n+1 o0: o, ... 2
e Y Y (2) forevenn
X 2n+1 0z N9 on+loz Y
n+l 0 s n+2 0 ... (3)
2n+3 6z "9 2n+ 36z
1 n o
(2) - (@) x
X, 2N+102
X__l n on-10 1 n-10 n o0 _n 0
Sinag 2N+10z 2n-10z Sinag 2N—10z 2n+1 67 2n+1o6z "9
D = 1 n-1 _ 1 n
s _y 1 n o n 0 T 2n-1 " 2, 2n+l
e s 2n+1dz 2n-10z
1 n’ o n-10 n’ 0 0

z“tng o _ _ _Ztng o . Dn—lg_
Zinag (2n+1)(n-1) 0z 2n-10z (2n+1)(n-1) oz 0z
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Multi-group P, Method

(2) - (3)x 1 n+1 0
X, 2N+102
Y __ 1 n+l 0 n+2 0

X 2N+102 2n+3 0z

§ :itn o

n+l1 0 n+l 0

tn-1g

tn+lg

> n+1 o

0

" ont+la "oz

e Matrix form

do —Uy
_Iz dz —U,
—l.d
L _IL—l
for an odd L

DY 2n+106z 2n+3 oz

n-1 o0 n o
T z“tn—lg A
2n-1o0z 2n-10z
X n 2 5 n+1£
n+2 0 0 2n+1oz "0 n+lar
— — Dy = n+l o 5 n+2 o
2n +1 az az 2n+3 o0z tn+lg 2n+30z
1 n+1 0
Pras =5 03w
tng
n? 0 0 n+1 0 0

— “tng

=

Dn—lg o Dn+1g o
(2n+1)(n-1) oz oz 2n+10z 0z

2
ng zztng_ i 0 Dn—l 0 o N+l 0 Dn+1g
(2n+1)(n-1) oz oz 2n+loz 0z
_n 2
" 2n+loz MY
_n+2 0
"9 2n+loz M
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P, Approximation and Diffusion Theory

e P, Expansion of Angular Flux in 1-D

PLE ) =g+ ) (=0 4=9)
dr dr

e P, Equation
&](z E)

© Z,(z,E)¢(z,E) +

104
23

2(E)w + j >,(z,E' = E)¢(z,E")dE’
+3,Jd = 0+j >, (2,E' = E)J(E")dE’

e Multi-group form

aJ,(2) RC
@ —>ztg (Z)¢g (Z)+ a :Zgl//+ng’g¢g'(z)
g'=1
1 5¢ @ < @
@—)3 - L4+39), = ZZQQJQ coupled on J

1 Ega @) _ 1 By (B ' ' '
BO=F [T REENEEE  E@ =[] e E > B E)iEde
g
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P, Approximation and Diffusion Theory

e Approximation for inscattering

In-scattering Out-scattering

e Inscattering vs. Outscattering _ _
Consider downscattering only to

u - :
Out-scattering the adjacent group for broad energy group
u
g
,\/A /{\ Contributions from the difference btwn two triangles
|n_scattering 7\/\: /// \u _ ur WOUId be Sma"
P -
7 AU (D Broad group
U - J for < @ Small scattering power
Uy, U, (@ Weak absorption (constant flux over u)
Egs By ' ' '
|ﬁm | [ 5.z E > E)J (2, E)dEGE
Au_. By JEg
u’ Uq_l Uq
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P, Approximation and Diffusion Theory

e Approximated Multi-group Second P,

IL_JZ(O)
1dd; g , 0
@ —)gd—zg + ztg ‘]g % g

1dg, ( 1 Wd% i
© _y@Oy__+*"% J =— : :
J, (G —2y) 3 E(Eg)‘igﬂ dz : Fick's Law
. N D
— Further Approximation 9

2 >3, : Neglect the difference between current and flux weighting

Ly =24y —2g . Transport Xsec.
1
D, =
3
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P, Approximation and Diffusion Theory

e Fick's Law in First P,

_d 5 94,
dz ° dz

G
* ng% =AY le Z9’g¢9
g:
9'#g

e Boundary Condition for Diffusion Equation

1 1
‘Jin Zy,t =0 — ‘Jin:_ --J=0
(2,,1) 4¢ >

¢ =21 :—ZD%

dz
ldg 1 _~
¢ dz 2D

DINSD)

rog t0g

: Marshak B.C.

: Robin B.C.

2,

0gg
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Multi-group Formation

e Self Scattering Correction
- Move self scattering term from RHS
Lig =2 I

thg ~ “ngg

_ 1 Ega E E dE 1 Byt By ' dE EI dE]i i
Z:rng_¢—nq."Eg 2t( )¢n( ) _¢_ngJ‘E9 J.Eg 2n(E _)E) ¢n( ) — “t0g

@ required —> use ¢, instead

ngg

NBE 2
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Simplified 1-D, P3 Equations

e General 1-D P, Equation -

1
[ d il 4_Zgw+zz(0)¢09
z1‘t09 d_
X e
0g @)
li Ztlg Ei ¢ ZZ ¢lg
3 dx 3 dx g | _
2 d 3 d ¢2g & (2)
= S, =— =24
5dx 9 5dx | | Py | ; *
3d
—— X (3)
e Assume: L 7dx 9] ZZ e
o 2tng Z“tOg Ztg ) -
— P, Scattering 1 dg 2 do
(n) _
2y =0 Vn2=2 — 709 +2, 4, +_ 29 _ (1)¢1g
—Inconsistent B, 3 dx 3 dx
G G
_y® d d
S nh 5 =T, |10y 200
g=1 9= 3 dx 3 dx
— Transport correction dd iy
1 b )
Sy = Zyg =g+ Dyg = o Dogd—xg+¢lg + 2Dy, dxg =0

trg
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Simplified 1-D, P3 Equations

- - .
Sy i -
dx _ 1 G Ay = Jog
d d ¢O — X l/j+zzg’g¢0g
DOg — 1 2DOg — y ’ 4 ™" g'=1 ¢3g — ng
dx dx g | _ 0 3
<49 > © Y| P 2
5d ¢ 5dx || g 0 =
i 0
8d g : :
L 7 dx e
_ d — _i G
ng & ] o qo - A Zgl//_i_ g'leg'g¢09
d d ¢Og Qo o
Do 1 2Dy — i | |o %y =Ty —Zy
2 d 3d |([dy| |0 d d
Sa 9 50x||J, | |0 3oy =D, S0 20, S
: 29 | LY dx dx
D, — dé
| 29 dX ) ng __ng d)z(g
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Coupled P3 Equation

e Definitions of normalized variables

1 d d f1 d2 _ 1 i
X=—-x,Dx=——;—— 4 D4 = D2; INormaIized Coordinate Variable * 0c—l
h dX = dx d x h - -
1 3 o i h
Do = : Do = —~ ;| #Difffgsion Coefficicfts * lé S

% () = ,(£) + 24, (&)

Jo(8) ==B,D; (,(&) + 2¢,())=—S,D.4, (&)
172\ 2N A4 (£
Jol6) = =P U:0,6)
o b
e Reduced form after eliminating odd moments  |Zpm = Tm
Dzhbo +Sr _ ZD%] bo g SDO + Sr -2 D)% SDO
202 by 402 by _ 3D2 by X D% S0 —¢ D% Spo— 2 DX Spz + St
5h T sh  sn TOt
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Removal of Derivative from Off-diagonal

¢ Introduction of Summed Flux

X Spo + Sy -2 D)% Spo ‘
2r¢0(§)_ZDOD§ (¢0(§)+2¢2(§)): qo(g) KDE Spo _% D% SDO_% DZ Sp2 + St

_EZDODE (¢0(§) + 2¢2(§))+(_§2D2D§ +th¢2(§) =0

% () = 4 (E) +26,(), $,(E) = $,(E) — 26, (&)

-remove D2 from off-diagonal by (2) —%(1)

> DI+ 2> ~
;o 5 r . r {% (f)} _ {qo (5)} —ZpoDj +32, -2%, 7. (&) 4o ($)
_EZDODQg _EZDZDgg +Et ¢2(§) O _ézr 22D2D§+L512 +2, sz(f)}_ _éqo(éj)

e Final equation after making the coeff. of ZD2D§ unity by mutiplying g

—ZDOD§+Zr —2%, |:¢‘ (5):| 00 (&)
2 ST 2
_gzr —2p,D; + 32 +=2 || 4,(&) 3Clo(et)
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Partial Current Relations

e Angular flux in terms of expansion

P1,E) = 46+ Jo(ERL) + = (P (k) + - TP (1)
T 4r A
e Patial current relations

J, (&)= .[_llgo(f,y)P,(,u)dy: only I-th moment is relevant - orthogonality
1 -
Jp1(8) = [ (&, )R (1)d u: out-going current

Jn1(&) = [ p(&, )P (1)d 1 (to make inward normal positive)

$  Jo O
J =%, %0, =
g4 2 16¢2

$ o, 5 ¢—§(J +Jno =2 = d02)
mO:_O__0_|__¢2 o_5 p0 mo p2 m2

4 2 16 — .

G I, O ¢=—(J +J +4J ,+4] )
J . =— + + 2 p0 mo p2 m2
2= "6 2 T16% 25

J, 5 =

do=-R-Zi2g < [4-4-2,
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Albedo Matrix

e Patial current relations in terms of summed flux
s = M¢CD+MJJ

\Jp’ “15 0

P2 gﬁl 16 ﬁ@(% ggﬁ —> J, =M, ®-M,J
W) -3 0
mg@ l16 Ml N ‘]net :‘Jout_‘Jin
1 16 2

e Summed flux in terms of partial currents

net

net

fo=i } ll@lJl 'H—ll@ﬂ! {

25
fz=285 bp-al+4 bp+sj \l

J=M_® at periphery
where @ = [¢,,é,]"

FDM with 2x2 block can

® for both interior and boundary  solve the P, problem!
0 B,
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One-Node Nodal Expansion Method

e NEM Polynomials Only odd and even fynctions are

mutually orthogonal. -
0.5-

e NEM Flux Expansion

~ I r
From now on, the summed flux ¢, is represented plainly by ¢,. Joir N b Join
The actual flux thus should be ¢ = ¢, —24,. J2in J2in
% (&) - 0ot
D(¢) ={¢O(§)—I, 6.(E)=¢,+> a,;P(&) m=0 or 2 (m for moment).
| 72 h i=1

e Surface fluxes and currents (£=0 for left, £=1 for right)
a01 ao,2 +ap,1 aoz :Bo 0
a 2 az,1~az,2 I fr Aazl a22 ‘J(é:):_{ }(D’(é:)
0 45
_\—? ao,1f 6 ao,2 ~6ap,3+6 aop,4 _\ —? ao, 16 ao,2—64ap,3—6ao.4
J1= N 2 E az,1|t6 az2—-6az3t6az4 t“r =02 t a2,1[6 az2—6az3-6ax u

NE 29 SNURPL



Lower Order Coeff. in terms of Surface Flux and Partial Currents

ea,,.a,, in terms of surface fluxes e Surface flux in terms of partial current

1 lJz l

aop,1 ®— )

ag»®-1
0,2 5

az 1 ®— )

a, »®-1
2.2 5

‘Jout = M¢(D+ IVIJ‘Jnet

1
1 1 0] |2 °
+ J‘Jin ): M(/_ﬁMJ(‘Jout_*_‘]in) (_I_MJ:|:O 1:|_ :MJ
0

o _JO,ri _JO,ro'|'4 JZ,Ii +4 J2,|0_4 JZ,ri —4 JZ,ro

JO,Io +JO,ri +JO,ro +4 -J2,Ii +4 JZ,Io"'4 JZ,ri +4 JZ,ro

But no need if surface fluxes are used
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Higher Order Coeff. in terms of Surface Flux and Partial Currents

e Need for spatial moments (1-st and 2-nd)
—Five expansion coefficients

—Three physical unknowns per moment flux: ¢, ., ér O ., 10 Imo
—Three physical constraints: nodal balance, current continuity at both surfaces
—Lacking two constraints — first and second moment balance

ag _ 3a0,4
35
a _ 3a2,4

5 35

*a .,a , iQ terms of moments

ap,3®— 5T£o,1
az,3®- 5?2,1
ao 4®% o ¥ %0,2
a2,a® 7 2,2—%2

— Al the coefficients a,,; are obtained in terms of 4., 4., 8. ,,J5 ., J»

27 m,o?Ym,0
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Outgoing Current Relation

e QOutgoing current relations in terms of flux expansion coefficients
‘Jout = M¢CD+ I\/IJJnet
J, =M,®-M,J

In
r5l1 aoz |+6a0216303+[m1 '2—311—322“
fo+ 01+aoz >—af,1-az,2 6azx2—6az3t6ara
r"ﬂll aoz |‘6a0216a03 [ml |2+a]1—az,2‘u
fo 1+a02 ot+tal1—as» 6az2—6az3-6az

o Insert a,, (i =1---4) given in terms of 4, , ¢ J! 3" and J! ., 3" which are known.

m1'¢m2’ m,0? ¥ m,o m,i? Y m,i

then rearrange for J, ;and J;. ..

— J) and J! , are obtained in terms of unkown &, .4, ,,4, ,.and known J. ., J"

m,i? ¥ m,i
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Moment Balance Equations

¢ FIrst moment balance equation

—%50Df +Z, -2%, 7 () 1 %(S)
IO —%Zr —ZDZD§+%Zr+§Zt #,(¢) ee= —qu(é) He)ee

_ 96t1| l
7t +3ts -3t L I|+JO ri H l
= 2I|+JZ ri qp B g3

+t18t2 +4ts —4 ts
3+t4
I|+JO,ri I i
_1+t7+t8 b1i t 2, ri 0

- Q4L
2q2 + 20|4
15

e Nodal balance equation

+
h9 +S, 2t11 -2S, 7t11 1 t
2N\0 — 2Sr 2%t12 . 4Sr + 58t tlo 7t12 t5+t6
3 h

e Second moment balance equation

SDO + 1568 tg Spg + 672 t10 Spo 1568 t11 Spo + 672 t12 Spo
25 25 25 25
22419 Spp , 896 t310 Sp2 ~28 Sp, + 224117 Sp2 , 896 t312 Sp2
25 25 25 25

_ 5488 tgSpg _ 2352 t10 Spo S
25 r
3136 t10Sp2 _ 2 140 Sp

25

7t +3t5+3t alii +Jo,ri

tr +4ts+4 tg — L b 1i tJ2,ri

NEE 33 SNURPL



Calculation Sequence

1. Assume incoming currents

2. Solve for odd moments

3. Solve for coupled equation for even moments (Oth, 2nd)
4. Update outgoing current

5. Move to the next node
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