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Sy Method

e Drawbacks of P, Method
— Complicated
— Each P_ has its own set of equations
— hard to extend to higher order by a general subroutine

e Qutlines of the S, method
1)Discretize the solid angle into M segments (S for segment)
Q0,a0) >Q_, M = f(N)
2) Represent the angular flux within a segment with a representative value
P(Q,+X) =, Y
ssume proper weight to each segment such that Za)m =2

m=1

N

3)
and represent the angular integral as the following summation:
~ ~ M M M ~ - ~ -
& :J‘ (A =CY w0, =D 0270, = > @@, With @, =27, :new variable
4z oy m=1 m=1
¢

Should be valid for isotropic flux ¢ = e —>C=2x
T
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Discretized Boltzmann Transport Equation

eDiscretized Boltzmann Transport Equation (27 timed)
- Construct a balance equation for each ¢_ with proper source and B.C.

OV G+ 20 = A +S,
- Solve for ¢, vm, then determine ¢:Z @, ¢, 10 update the fission source and scattering source
M A A m
S, = ZIE’ZS(r, E'> E,Q, — Q)@ (r,E)dE’ from all angles
1=1
eSimplification of Scattering source
S = j: L >(F,E' > E, Q- Q_)@(F,E', Q)dQYdE’

(F.E'>E,4,) :i(zo(r, E' > E)+34,,%,(F.E' > E))

_j — z o(F,E' > E)+3u,,%,(F,E' - E)) 2779o(F, E', ') dQYdE’

:%[ j:zo(r, E'— E)g(F, E')dE'+30Q, [ "%,(T,E' > E)J(T, E')dE’} = R IEUIETE
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Discretized Boltzmann Transport Equation

M
eMultigroup Form |(Represent ¢_(= 27z¢_ ) simple with ¢_ from now on. — ¢:Zwmgpm)

m=1

~ —

& Vg +30 =%1W+%jzo(5' N E)¢(E’)dE’+§f)ijl(E’ s E)J(E)dE’

m

Eg—l Eg—l Eg—l
- Apply [ dE Pog =] Pn(EVE = [ " 2(E)E

9

mg ¢mg

Je 2(E)p, (E)IE =

g

1 (Eu
—> 2, =— [ " 2(E)p, (E)E

e Angle dependent total X-sec

Eqa rEga , ,
_ng ng >(E)¢, (E)J, (E")dE'dE

X —_ 3y — Y
X Neglect direction dependency

Sy —Zng = A, ST, =2 —AS

mg

~

Q. Vo, +1

Voo .
mgqpmg Sm |:> Qm 'V(Dmg + (ztg _Azmg )(Dmg — Sm

Qm ) V¢mg + z1‘tg(0mg = Sm + Azmg(pmg = §mg

Xsec with no angle dependency
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Selection of Discretized Angle in 1-D

-0 S, >M=NinlD

8 g 2
OX

9
oa oy

- Suppose a polynomial expansion for true angular flux ¢(u)
1 M
6= p(udu=2 o, olu,)

Hy =~ o | " Prn
o(u)= ) au
i=0

\
4 index begun
from smallest 4

- In order to have accurate integral upto the 2M -1 order: Gaussian Quadrature

L 2M-1 2|v|1 - M o
I¢(ﬂ)dﬂ j Za,ud,u j,udy .[_ly'dyzza)mﬂm', i=0,1---2N -1
m=1
2M-1 2M-1

‘Z Z O g = Zw Zaum Z Pt

1 i . . M
Lﬂdﬂ —> 1=0: 2= Zw i=1: 0= &ty > fhy =~y s = Moy Oy =
— - Roots of (2M —1)th order Lengendre Polynomlals—
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Determination of the angles and weights in 3D

- Consideration of Symmetry in Angle

For S, / En, U 6, =1, =4 = Only one set of 4z 's required

N
n= ?Ievels z 6 _:Polar angle, a_:Azimuthal angle

in octant ) _
QF =sing, cosa,, =cos S, =&

N

QF =sing, sina,, =cosy, =7,

Q) =cosb, =
m — i(m), j(m),k(m) —>1+ j+k=n+2

Ifi>i+1l = j—> j-lork—>k-1

m2 m2 m2 2 2 2
Q7+ Q)"+, = Gy + My + Himy =1

§i2+77j2+/uk2:1:/ui2+/uj2+/uk2 :> ﬂiil_ﬂizzﬂiz_/’ljz—l:A forany, . k

= My + M+ |:> w’ =’ +({-DA
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Determination of the angles and weights in 3D

pe=pt+ (I =DA N+2
2 2 2 _3,2 4 ((+i+k-3 1—312
I e e e R e e

=342+ (n-DA=1 i L
Only z4 need to be determined!

- For n levels, segments in octant
n(n+1)

Mg=14+2+---+n= 3w, + 6w,

N N +3w, +3w, =1
M =8:M; =4n(n+1)=4.—(_-+1)= N(N +2)

e Symmetry in @,

o8
3a)1+6a)2 + o, =1
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Determination of u by Level Symmetry

e How to determine & and @, (I=1, ---, L), L=f(n)

- Impose even moment conservation

(old moment conservation already holds by choosing 2, =—z..)

1 1o e 2k
s | wdu Zl y
1 1
~n=1(S o =1 =" —>u=—
(S,) ) = 7
J 1
-n=2(S,) Za)m:30)1:1_>601:§
=1
2nd moment , 12 =P+ A=+ (1-31%) =1-247
Mg
/\ ol = S A2 = Validh
" 3 & 37 '3 371 73 3
2 3 choose the lowest

/’\/’\ 4th moment

/11/ \ N {0.350021
1 g 2 1 2 1 =
gzzwmﬂfq=§M4+§ﬂ24:§!ﬁ4+§(1_2!’12)2 0.737666
m=1 1, =0.868890
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Determination of u by Level Symmetry

o n=3(S,) 3(a)1+a)2)=1—>a)1+0)2=% e (D A—1_3M2
] n-1
2nd moment  u,? =’ +A=p” +§(1—3ﬂ12)
J 2= 1’ +2A=1-2p7
. /\'/\ (20)1"*‘0)2):“12"'2&)2/122"'@1/132/ o oA &
H, ® ¥ 3 2 2 21—3#12 1
=, +w, + 2w, + @) > +2(0, + @,))A = P += =—:hold
TV 3 3
o, | o, \ 4th moment
1 0 ¢4 2m (2=t 12 1 (- 212)
5—( o+, + 0)2(2 2,ul) +ao(1-217) ... ®

6th moment
1 6 1 1 2\3 233 @
7:(20)1+a)2)1‘ﬁ +20)2(§_§/11 )+ (=2m7)

(0, =0.176126

D.®.® = {m,=0.157207
|14, = 0.266636
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Finite Difference Scheme

e In2D
= P
@.. (X, y):dependent on x, y Y
P = 2710(X, Y, 2) N
y node |
0Py + 0Py +Z.¢. =S,
Y ox U oy y,
é:m 77m Xi AX Xi+1

X

+Z [ o O )y = [ [ s, dxdy

j JXI J j i

Appply Iijj+1 j:l.dxdy > fmfyyjm(qom(xm,y)—cﬂm(xi,)’))dy+77m Ix”l(cﬂm(x' Vi) = @ (X, yj))dy

On = [ [ a0, )iy

AXAly i gmAy(gDm,iﬂ o (om,i) + nmAX((Dm, j+1 P, j) + Zt(DmAXAy
y'+1
= e (xy)d > _ s AXA
¢m,|+1 Ay yi ¢m( i+1 y) y m y

L e Prist P Prnjr ~ P,
Pni =] Pu(XY;)dX L Ly gy SR T LY o =50,
k,J ijxi j / S Ax | Ay t® ®
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Finite Difference Scheme

e Incoming flux condition given » Unknowns
Pn; and @, ; givenfor & >0and 7, >0 DPristr P jr1r Prn
¢ \Weighted Difference

(Dm - a)¢m,i + (1_ a))gom,iﬂ - a)¢m,j +m,j+1 V

=
=1. Step differencing
@ _% Diamond differencing (Linear Approximation of Angular Flux)
&
1 ,/// \\
P :Z[(Dm,i +¢m,j +¢m,i+1+¢m,j+l:| L N :,.
\\‘,’

¢m |+1 _ ((Dm a)¢m,i )

4

E> é:mAy(Qm —On ) + nmAX((Dm _ (Dm,j ) + 2tAXAya_)(Dm = SmAXAya_)
vaa) + gmquom,i + UmAX(pm,j w=1" = é Ay(Dml +77mA D, i Welghted average 2
EANY+17, AX+ AV Z, SmAY +77,AX

- In fact, ¢, ;.,& @, ., first from 1-D,
NGE

11/20then ¢_from 2-D balance. SNURPL

1w 11 e-a,
Pmin _¢m" =— ¢, (=)o =—0n—— i =——
0 w ) w

P =




Analysis of Difference Scheme

¢1D, Flat Source

(Dm,i S (Dm,i+l
&
do, 0
:um Cﬁ +Zt¢m :Sm < AZ —>
dg, , %, _S d [ = s, o Ho (o
—ritg=on L Qlen’y @) [=Snen et g (2)- 0, (0) = Am (e 1)
dz Ha M, dZ( ¢m( )j . i ( ) Ha Zt
g 2t Vi
= ¢, () =p,& " + =y 1-e™) Onin=0n€ +—(1 e’)---(1) wherez=%,—
t t /um
eBalance equation to find the average flux
Hi (¢m,i+1 _¢m,i) +AzZ 'Zt¢m =S -Az
S )7 - 1 e 1 h
m=_—T + =0 )+o (2| l-o=1-—+ = ——
Zt A7 2 (¢m Jd+1 ¢m|) (Dm ((Dm,|+1 gpm,l) ¢m ( ) . 1_e_T 1_e_T .
: L (1 L,
(2) In (1) D = ¢m,ie +(;(¢m,i+l_¢m,i)+¢mj(1_e ) for |arge T =
e’ 1 1 small 7 a)—l’?
i u . 2
{(T 1— efa)}pm" 1-e* 7™ - j
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Analysis of Difference Scheme

2 3 3 4

T T > T T 1 e’
- - 1-Q-t+——+)—14+" ——4+—+-- —
a):l_e —7€" _ ( 2 6 ) 2 6 @ . 1o
r(l-e™) T
A-l-z+——+--
A-(-z+" = +)
r° 1 1
——— =T
~ 2 3 2 3
- 2
.
_- 1-—7
7(zr 2) 5
2
;(E—Er)(1+£r)=£+lr—lr—r =1—ir
2 3 2 2 4 3 2 2 12
L0fw< %—é — more weighting on ¢, ;. !
— step differencing (@ =1) not reasonable! @i T 1
e [For Left Direction \ P o
\ m,i+1
P =@ Prig t (1_ a))(pm,i g

Average shifted toward ¢, ;,,
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Error Estimation

o(2) =¢(0>+¢'<0)z+§¢"(0)z2 +%§0(3)(0)23+2—14qo(4)(0)z4+---

_1: 11 h® 11 h®
= z)dz = O+—— "(0)-2-—+—=—¢'" (0)2- +
PR =@ U B s e OB
=p(0)+¢"(0 () b =g
. AR ) & )60 32 D i1 P o first from 1D,
- Backward (ImpI|C|t) Step Difference (a) O) ' !
N1 o2 then ¢, from 2D
Psp = P(= ) ¢(0)+¢'(0) - +2(9"(0)_+ Pn | Pt
(om,i
Do — @ =c0(0):+--- = O(h)
c _hoh
- Diamond Difference (a):%) 2 2

Pop = ((0( ) (0(——)) 0(0)+ (0"(0)( ) (4’( ) ) +-

*

Pop =@ =¢"(0 )(g‘a)“ = O(h%)
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Negative Flux

e A weak point of Diamond Difference — Negative Flux

N

\Q Negative

e Negative Flux
O = a)@m,i + (1_ a))¢m,i+l - a)qpm,i + a_)qpm,iJrl
Hp, (¢m,i+1 - ¢m,i) + ZtAZ(om - SmAZ

(:um B a)ztAz)(Dm,i + SmAZ
(/um + a_)ZtAZ)(Dm,iJrl + (_:um + wztAz)(Dm,i = SmAZ :> ¢m,i+1 -

U, + WX AZ
- For Positivity
(4t — X AZ)@, i +5,A2 >0

> MUy —0%A2>0

2 AZ < £ _ _
@ —> for various angles — more fine meshes

For step diff. ®=0. RHS — oo = Always satisfy

For a):%, if Z,Az>2u, ¢, can be negative
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Negative Flux Fix-up & Ray Effect

eNegative Flux Fix-up

If ¢,... <0, set ¢, ;,, to zero. Negative

H (¢m,i+1 B (Dm.i) + Z:tAZ(¢m) = Hy (0 _ @m,i) + ZtAZ( lumz ¢m,i+1 + ¢m) = SmAZ

> A

=@, =@, <o, TN

eRay Effect

%{\lj\

- Shielding problems due to limited number of discrete ordinate
low scattering, low density, localized source.

IIIII_>
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Sweeping Strategy

eSweeping for inner iteration ol ;elf-scattering
1 :
S (¢r?1,i+1 - ¢r?1,i JAY +17, (¢r?1,j+1 - (Or?q,,- JAX + ZtAXAy(Or?\ = EEZQWAV i+ z:gg¢g| l
! g
\ \ In-scattering
¢m,' —
®\<i \Qi \J‘ @ = va @+ §mAy¢m,i + nmqupm,j
Pil,  Nomi+t " EAY+1, AX+ @V,
/o) i 1
D1 = 5 ((om — a)(om,i)
NE

v
- Inner iteration

[Find ¢’ and ¢’ for given fission and in-scattering source

[Multiple spatial sweeps are necessary depending of angular directions
[Need to update self-scattering
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Inner Iteration Strategy

For 1in=1 : Nin

Forg=1:4 d begin end begin end
For j=jb(a) : je(q) —
38 F 3 N 1 Nx 1
For i=ib(q) : ie(q) y N§ 1 - Nx
I=1(i,j)
For m=1 M,
on' = FQn ony" ony")
Pi = f (@00 " 08")
or g3\ = f (0, 03y", 3"
by = by + 07 03
end ! of m
end ! of i
end ! of j
end !of g
ng = ng +Zgg¢g
end ! of iin
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Acceleration of S Iteration

eDiffusion Synthetic Method

- Construct diffusion equation equivalent to the transport equation.

~V-D,V§, +Z, 8, = Axw+ D d,

9'#g

DV, =JI> D,=—""—=
g g g g V¢g

SN

e |teration strategy for D.S. Method

Outer Iteration

SN

——9 - Direction Diffusion Coefficient

g,u

urg

,

Group Sweep

(

Transnort Sweent—|D
“ UPUI L UVV\J\IP =

g,u

(1)
\:J

sINDiffiicinn Qwean
L7111 SIVILD JVvVoo

c
)
Y

A

1

Multi-group Diffustion Sub-outer (Multi-group Diffusion Solution)

~

Fission Source Sweep
Wi

Group Sweep

Update eigenvalue,

s

NGE
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Coarse Mesh Finite Difference

« CMFD Acceleration
3¢ =-D( -$)+ DG +4)
o foces s 5~ -5 i)
IS 158100 A S B ¢+ 4
Cfem s
YT T
Hil =

* Prolongation ¢19’i,| — ﬂp‘r\i X %’(;MFD
P
» Faster Convergence
- Global coupling between distant nodes or with boundary
can be resolved quickly by solving CMFD which is an elliptic problem

- Source convergence is accelerated as a result
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