Lattice (BA})

Crystal- three—-dimensional periodic arrangement of atoms, ions, or
molecules— translational periodicity (HZ157])

ex) o—polonium

each atom-— its center of gravity— point or space lattice

— pure mathematical concept



Translation (8 3)

Pattern produced by periodic repetition in one dimension and

defined by translation , 5

666660666

—_—

a
motif— point identical (or equivalent) point (&7}4)

—

d

For any translation in 1-D

T =ma —00 <M < 0

Line lattice (XA =A})

= d . lattice parameter (constant)



Pattern produced by periodic repetition in two dimensional and

defined by translation , 5 and B

666668606
66666066
666666066
66666606 % -
5166666666 /-
a d . - .
Plane lattice (‘424 =A}) aj=a ‘b‘=b anb=y

For any translation in 2-D

—_—

T:m5_+n6 —00 <M< 00,—00< N<0
Ex) T, =2a+30



Space lattice (F7F2A=})
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For any translation

T=ma+nb+pC —w<m<ow,—~0<n<ow,—w<p<or

— Primitive cell: one lattice point per cell

Non-primitive cell
Unit cell (C, I, F)
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http://www.kings.edu/~chemlab/vrml/



— Lattice point, uvw

e

T =ma+nb+ pc=ua+vb+wc
point— uvw, integer and 1/21/32/3

uvw

- lattice line, [uvw]

line— two points

[: 000 231-> [231]
[I: 000 112> [112]
[I": 100 212> [112]

family <uvw>




* Note that the triple [uvw] describe not only a lattice line through
the origin and the point uvw, but the infinite set of lattice lines
which are parallel to it and have the same lattice parameter.

[310]. ) i) f100]'a [210]

++* smallest integer 210, 420, 210 -> [210]
opposite direction 130 and 130



A Family of Directions and Planes

— <111> angular bracket

ii1
[ \] [111] [111]
[111] ~ o
az
ay —
3 | \[ili]‘
7
aif] [i1i] \
, [111]

<111>

%*[111] square bracket

- {100} braces

(010) on side face

(_1“{1} on back face

,

001)

( 104))

= (010)

dy

«

(001) on bottom face

%(100) parentheses



— Lattice plane (Miller indices)
V4 mO0, OnO, OOp: define lattice plane

m, n, 00 : no intercepts with axes

reciprocal
: "y h~i k~£ |~l
a m n P

smallest integer (hkl)

X C
2, 1, 3 00p
family {hkl} 1/2, 1/1, 1/3
3, 6, 2 , OnOb
(362) mo2



* The triple (hkl), which represents not merely a single plane, but

an infinite set of parallel planes.

5 m|n|p M T A 3 (hkl)

r m n p

L ] [ 4 | E

\ (230) p A 2 4 oo ! ! 0 | (210)
N i B |1 3e)s 10 a0
;,,“r p C 1 2 o | 1 3 0 |(210)
X "'5 (270)' * D 3 01 oo 2 1 0 | (210)

® ® ® ® E _ — — — — —
™ \ \ ° ™ ® ® F % T_ oo 2 T ﬂ (21{])
S A G |1 3 |1 1 o [0

. . o\ o . . _

g ‘H H [3 2 | ! s 0 [(230)

* As the indices rise, the spacing between the planes decreases,

as does the density of points on each plane.



* There are mnp/rst equally spaced, identical planes from the origin
to the rational intercept plane, where ris the highest common
factor (HCF) of m and n, s the HCF of n and p, and ¢ the HCF of
p and m.

+ rational intercept plane (2] xpH): Al A A 25 A XA 3}

W x}sk= ™
/ intercept 2, 3 6

7 reciprocal 1/2, 1/3, 1/6
\\ | 3 2 1

/ \ ; | (321)
A¢ ~ N\ r=1, s=3, t=2

, \\ mnp/rst= 2x3x6/1x3x2=6

y N\ 5 6 planes between origin and

rational intercept plane

//'/ np/rst=3, pm/rst=2,mn/rst=1
‘ [ || [

7 7 7 h k I




Equati f tional int t pl X L
quation of a rational intercept plane ——I—X-I-—Zl
m n p
Z mnp/rst planes between origin and this plane
n m mn mn
p pm mn_mnp
I'st I'st I'st I'st

equation of the plane nearest to origin

. n_y mx+my+mz:1

d rst rst rst
Jh X Yy z
hx+ky+lz=1 1711
I

=1

h k
(hkD) plane: Al %] D2¥E a b.C = h k1 2 L= oA
A% 3} A



* The plane (khl) which cuts the origin has the equation:

hx+ky+1z=0
* A point u, v, w on the plane passing through the origin:
hu+kv+Ilw=0 Zonal equation

+ Two lattice lines [u;vyw;] and [u,v,w,] lie in the lattice plane
(hkl) whose indices can be determined from the zonal equation:

hu, + kv, +1w, =0 hu, + kv, + 1w, =0

(U, VoW, ]

HHH“W ex) [101] and [121]

[Ulvleﬂmm (hkl | (111) plane




* The lattice planes (h;k;l;) and (hok.l,) intersect in the lattice

line [uvw]whose indices can be determined

hu+kv+lw=0 hu+kyv+lL,w=0

(hyk,1,)

[uvw] < / >

(hoksly)
h, | ki L h; ky | 1,
hz k2 + 12 + h2 + k2 12
u U W

U= (kllz_kzll); U=(11h2—12h1); wz(hlkz_kzhl).



Direction vs. Planes of Same Indices

cubic orthorhombic
> Y
Y
T
0\/?7 \‘\0\
3 \
X [110]
v 10
M [110]

(a) (b)

Plans of (a) cubic and (b) orthorhombic unit cells perpendicular to the z-axis,
showing the relationships between planes and zone axes of the same numerical indices.



Reciprocal Lattice and Interplanar Spacing d,

cro
| cC b 5 2 -
r_F — a cC b
'=(——)x(=——
N DR LT IR
(hih) "B bxc_ cxa_axb
3 K kI Ih hk
h b a :abc(hbxc+kaa+|axb)
k h hkl = abc abc abc
. BxC ,cxa axb . . . = -
r =h +k +1 =ha +kb +Ic” abc=asbxc
abc abc abc
— bxc = Exa—; 5><5 a-a = a-b’=0 a-c' =
a = b_ C =

~ abc ~ abc abc

Ol Tl

SD*] SD*] m*l
Il Il

o o -

ol Tl

U*l Ux—l U*l
I

o =

ol Tl

O*l O*l O*l
Il Il

O O



Reciprocal lattice and interplanar spacing d,

origin .

5. - X — * A %
— ar a ha +kb +lc 1
il hl¢| h r r
-
r*

1
— =
K

=h*a”+k*b™” +1°c*+2a’b cosy +2bc cosa +2ca cosp

r2 = (ha" +kb" +Ic)e(ha” + kb +I1¢")

For cubic, a=b=c, a=B=y=90°, a*=b*=c*=1/a, a*=pB*=y*=90°

, 1  h*+k®+I° 4 - a
g =72 = 2 kL [ 2 2
d: a Jh? k2 +1




Reciprocal lattice

=02 102 oz

T\

RECIPROCAL

-3

Reciprocal

LATTICE

Arigin

M gy SPACE

http://www.matter.org.uk/diffraction/geometry/2D _reciprocal lattices.htm

http://www.humboldt.edu/~gdg1/recip.htmi



Reciprocal lattice

For every real lattice there is an equivalent .Atwo
dimension (2-D) real lattice is defined by two ,aand b
Inclined at an angle y as shown below. The equivalent reciprocal lattice
In reciprocal space is defined by two reciprocal vectors, a* and b*.

The reciprocal vectors are defined as follows:

* a* Is of magnitude 1/d,, where d,, Is the spacing of the (10) planes,
and Is perpendicular to b,

* b* is of magnitude 1/d,, where d,, is the spacing of the (01) planes,
and Is perpendicular to a.

A reciprocal lattice can be built using reciprocal vectors. Both the real
and reciprocal constructions show the same lattice, using different but
equivalent descriptions.

Note: each point in the reciprocal lattice represents a set of planes.


http://journals.iucr.org/cww-top/crystal.index.html

Real
space

Reciprocal lattice

square hexagonal



Reciprocal lattice

I U I <] e

Real lattice ‘Heplot: Reciprocal lattice

http://buckminster.physics.sunysb.edu/intlearn/lattice/lattice.html



Reciprocal lattice

Reciprocal 9 R
Reciprocaifj 5Pace
=

1010 R

space

In the lattice shown above, the reciprocal vectors are parallel to their
corresponding real vectors. This is only true for the unit cells of
certain crystal systems, which are they?



E 1.2 A JAze] @] $213ke]

. _ bcsina

«+_ Cos Scosy —cosa

_— ﬂ“' e - "
@ V cos sin 8 sin 7
pr — ca sin 3 cos g* = <8 y cos @ —cos 3
V sin ¥ sin &
ab sin y cos a¢cos 8 — cos vy
ot =405 cos y* = '8
v sin @ sin 8
b*c* sin a” cos o = CO8 B* cos y* — cos a*
B V* sin 3* sin »*
b = c*a*sin 8* cos § = 98 7" cos a* — cos s3*
V" sin y* sin a*
__ ab"siny? Cm?:cma*qosﬁ*-—cmr*
¢ V* sin &* sin A*

V*=a*b*c* 1 — cos?a* — cos® B* — cos® ¥* + 2 cos " cos B* cos 7"

V =abc+1 —cos’a —cos®* B —cos*y +2cos acos fcos y




cubic
tetragonal
orthorhombic

hexagonal

rhombohedral

monoclinic

triclinic

¥ 1.3 WA

A 5H v
Rkl
AF | FwE+E+ D
2 2
Ay | LR LD
& '
2 2 2
U P
a b
4 2
& 9 | (R4 E) =
3a c
L o 1 (BF+ &+ ®sinfa+2(kk + kl + k) (cos® @ — cos a)
o a* 1+ 2cos*a —3cos®a
BB dhcsy
a b. ab +‘!r (first setting)
sin® ¥ e g
e Ak Z Z
S’ B + yx3 (second setting)
kz-z kzlz !2 = Zh.k
Zsin‘a + 57sin® 8 + 7 sin y+g~(cnsacusﬁ—cnsrl
A
oA +%(co&ﬁcm}'“cnsa)—k%%[cnsycnﬂa*cns,&)

1—cos®a—cos*B8 —cos®y + 2cos acos fcos y




Reciprocal Lattice and Interplanar Spacing d,

- monoclinicP a#zb#c a=y=90"=p

(100)

OV

(\002\’

7,
0,

~

(a) (b) ()

Fig. 6.2. (a) Plan of a monoclinic P unit cell perpendicular to the y-axis with the unit cell
shaded. The traces of some planes of type {h0!} (i.e. parallel to the y-axis) are indicated, (b)
the reciprocal (lattice) vectors, d, for these planes and (c) the reciprocal lattice defined by
these vectors. Each reciprocal lattice point is labelled with the indices of the plane it
represents and the unit cell is shaded. The angle B8* is the complement of 8.



Reciprocal lattice and interplanar spacing d,

— cubic | a=b=c
0
000 020 040
0 i y B \
(200}
2130 299
= A cy ' s 121
/ | —(211) 200¢= J'220 JTEw 011
. * 101 211
110)
( 2 «310 =330 02
) 000 =110
102
(020" 400
' ! Ta20 T420 200

(@)

(b)

Fig. 6.4. (a) Plan of a cubic 7 crystal perpendicular to the z-axis and (b) pattern of reciprocal

lattice points perpendicular to the z-axis. Note the cubic F arrangement of reciprocal lattice
points in this plane.



Example

- BCC (body centered cubic)

C. Kittel, Introduction to Solid State Physics



1 - = o
a, =Ea(—x+ y+2)

bR:%a(§—§+E)

1 -~ - -
o :Ea(x+ y—2)

8’ =——(y+2)
b = 2% (74%)
a
¢ =2 (%+Y)



Metric Tensor

- consider two vectors p and G:

I
—
Q|

o

p=pd+pb+pc, G=qd+gb+gc P
- the dot product is defined as follows:

PG =p'eq q
(5\/(;11\
:(plipz’p3)(§’_>16) 6 0,
_ qcosB
SV
(@@ ab ac)ig
=(p,, P, P;)| bed beb DT || q, |=(p., Py, Ps)G;
G Cob  CoC [\ 05 )

Ol
N—

P

(p,)
P,

Ny,




Metric Tensor

( )

oy
Q|
!

|
Q|

Q|

oy
Q|
(@
oy
(@
Ol

- metric tensor Gij —

\c-a Ceb C-C)

- a 3x 3 matrix tensor contains all the geometric
Information about the unit cell

- example

(4 0 4)

{2,3,4,90,60,90} =G, =|{0 9 O




® 1.4 Z ZABSA U g P2

g gz gz
&z Su iz
Sz gz gu

i) gu=az n_ l+4cosa
gu=a’cosa & Tl —cosa)(1+2cos @
12 _ —cosa
& T Fl-cosa(1+2csa
Lo o
a2 0 0 4 I
AL 0 5 0 0 B 0
0 0 ¢ 1
0 0 =
@ A} a* 0 accosf (a")? 0 a*c*cosB*
(F3o) 0o & 0 0 (6")? 0
b ) accosf 0 c? a*ctcosf* O (c*?
a® abcosy accos B @) a*b*cos 7y a*c*oms B
& A abcosy B  bccosa a*bteosy®  (B*)F  b'c*eosa’
accos B becosa  ¢* a'ctoos B brcteosa®  (cY)?

a® ol ¥ 7k ol FHUE-.



Metric Tensor

- distance between two atoms:

D? =(G—p)(G-P)
=(0, — P, 0, — P, 05 — P3)G;

- bond angle cos @ = i

/ql_

q
VPepyaeq




Example

- distance between 2,0,1 and 1,0,2
In a monoclinic lattice {2,3,4,90,60,90}7

- angle between directions [210] and [102]
In a monoclinic lattice {2,3,4,90,60,90}?



http://journals.iucr.org/cww—top/edu.index.html

Crystallographic Education Online

Educational Resources

Aperiodic Crystallography
by Geometry Center, University of Minnesota.
QuasiTiler draws Penrose tilings and their generalizations.

Applied Crystallography
by H.
Lipson


http://www.geom.umn.edu/apps/quasitiler/
http://journals.iucr.org/cww-top/crystal.index.html
http://journals.iucr.org/iucr-top/comm/cteach/pamphlets/16/index.html




Which lattice line is common to the lattice planes (101) and (112)?



	Slide Number 1
	Slide Number 2
	Slide Number 3
	Slide Number 4
	Slide Number 5
	Slide Number 6
	Slide Number 7
	Slide Number 8
	Slide Number 9
	Slide Number 10
	Slide Number 11
	Slide Number 12
	Slide Number 13
	Slide Number 14
	Slide Number 15
	Slide Number 16
	Slide Number 17
	Slide Number 18
	Slide Number 19
	Slide Number 20
	Slide Number 21
	Slide Number 22
	Slide Number 23
	Slide Number 24
	Slide Number 25
	Slide Number 26
	Slide Number 27
	Slide Number 28
	Slide Number 29
	Slide Number 30
	Slide Number 31
	Slide Number 32
	Slide Number 33
	Slide Number 34
	Slide Number 35
	Slide Number 36
	Slide Number 37

