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Ch. 13 Complex Numbers and Functions
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® = A4 (Complex Numbers): A= x yo| = % z=(x )= x+iy
- A& (Real Part) : x=Re z

« 5{&(Imaginary Part) : y=1Im z

« ofx=EFf{Imaginary Unit) : /= (0,1)

« 26]4=(Pure Imaginary) : z = iy (x = 0)
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13.1 Complex Numbers. Complex Plane
(S22t S2BH)

W Ex. 1, 2 Sum, Product, Difference and Quotient of Complex Numbers
Zl = 8+3i, 22 = 9'2' i




13.1 Complex Numbers. Complex Plane
(BL50t BAYH)
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W Ex. 1, 2 Sum, Product, Difference and Quotient of Complex Numbers

z,+2, = 17+, z;-z, = -1+5i, z;z, = 78+11i, z;/z, = 66/85+(43/85)i




13.1 Complex Numbers. Complex Plane
(S22l F2EH)

® =S A HMH(Complex Plane) : 2
(Imaginary
axis)
Y
P .
z=x+1y
1_
| (Real
© 1 ¥ axis)

Fig. 215, The complex plane

Fig. 217, Addition of complex numbers

Fig. 216, The number 4 — 3i in
the complex plane

f —
R
~z,

Fig. 218 Subtraction of complex numbers




® S A=A ~(Complex Conjugate Number)

Y
sz—iy:Z:X+iy9|—'3°ﬁ”§ﬁ\_¢— 2+ z=x+iy=5+2i
¢ g <
-2k Z=x—-1y=5-12i
o 24

B Ex. 3 Complex Conjugate Numbers
Z, = 4+3i, z, = 2+5i
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13.1 Complex Numbers. Complex Plane
(B2 SAHH)

PROBLEM SET 13.1

HW: 2




® %@M(Polar Form) . =X+ |y = r(COSH-l— | Sln 0) Imaginary

axis

Mgt =& 37|(Modulus) @ [z]=r = Jxiry?=+zz ) IS B eriy
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- HZHArgument) : @ =argz = arctan Y 0°
X

« ZFf(Principal Value) :  Argz:arg 29l T, —-7< Argz<r
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g5 2l(Triangle Inequality) : ‘21 + 22‘ < ‘Zl‘ + ‘22‘
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o MM FUI} Liz

=r,(cosd, +ising,), z,=r,(cosd, +isind, )il CHSHOd

. M -z,-2, =11,[cos(8, + 8,)+isin(8, + 6,)]

o LpsAl ;—1 r—l[c:os(é1 0,)+isin(6, -
2 2
Z
i:u, arg 2 = argz, —argz,
Ll & Tz

+ De Moivre 22! : [r(cos@ +isin)["

=r"(cosn@+isinnd)

c0s20 = cos* @ —sin’ @, sin20 =2cosfsind  Prove!



(13.2 Polar Form

Powers and Roots (449

® 1(Roots)
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(13.2 Polar Form of Complex Numbers.
Powers and Roots (B4 =2| 2dA. ASH a1 32)

PROBLEM SET 13.2

HW: 26 (a), (b), (), 35




b R, Y
CHR| 2l (Unit Circle) : ‘Z‘ =1
%2l THOpen Circular Disk) :  [z-8/<p
St5] 2 TH(Closed Circular Disk) @ [z—a|<p
2k (Neighborhood) : z-a|< pl Sl AT
o2l 315 (Open Annulus) : o <[z—a|<p,
Ct3| 314 (Closed Annulus) :  p, <[z—-3a|<p,
(@ 2l)AHE B ((Open)Upper Half-Plane) : y>02! 82 8&
SHEHH D : y<02l HEC Fet
QEHHMH : x>00 B9 &Et
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Annulus in the
complex plane
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« A7 ™ (Boundary point) :

« Z A (Boundary)
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f(z)=u(xy)+iv(xy)

W =

Z

- EABH(Complex Variable) :

« Mo|d(Domain) :

Alrtakof 2t

ek
=

Far, z=1+3i°l A f ] g

S
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® =A3ka=(Complex Function). EA%
= -

w=f(z)=u(x,y)+iv(x,y)

- EABH(Complex Variable) : z

w= f(z)=2°+3z8 A}k uet vE F3kaL, z=1+3i914 f 9 3 Axtsied e},

u=Ref(z)=x*—-y*+3x, v=2xy+3y

f(1+3i)=(1+3i) +301+3i)=1-9+6i +3+9i =-5+15i



13.3 Derivative. Analytic Function
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2 2 2 2 2
f'(z)= lim (2rarf —2° o, Zr2zhzt(az)f -2 Iim(22Az+(Az)2)=22
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13.3 Derivative. Analytic Function
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13.3 Derivative. Analytic Function
(EH4ot sk

PROBLEM SET 13.3

HW: 15, 17, 22
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f(z)=u(x,y)+iv(x,y Pt

= 1WA ut vel 1H HE

® Cauchy-Riemann
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Prove!

+ f'(z)=u, +iv, =—iu, +v,

HFX Al
oo

® Cauchy-Riemann
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A o] o o] A Cauchy — Rieman
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(13.4 Cauchy-Riemann Equations.
Laplace’s Equation

m Ex. 2 Cauchy-Riemann Bt Al X|=2h2=

f(z)=u(x,y)+iv(x,y)=e*(cosy +isiny)=oll & = 01 J}?




m Ex. 2 Cauchy-Riemann - Al X| =84

f(z)=u(xy)+iv(x,y)=e*(cosy +isiny)=oll & & 01 J}?

u=e*cosy, v=e’siny

= u,=e’cosy, v ,=e’cosy, U ,=-e'siny, v,=e’siny

y
=  Cauchy-Riemann W24 & "Wk
=  f(z)e BE zoA s o]t}



(13.4 Cauchy-Riemann Equations.
Laplace’s Equation

W Ex 3 Y50 Hrighs 2 M

f(zPF Bl DOIA SHA 01D DOIA [f(z)=k =408, DOIAN f(z)=4t4Dt €Lt ——
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f(zPF H2 DOIA GHAXO0ID DOIA [f(z) =k =&=01%, DOUIA f(z)=4=It &L ——o

f2)=k=4F = [f| =ju+iv =u?+v?=k?

At A8 = uu+w, =0, uu, +w, =0

Cauchy - Riemann "4 2] 4 &

= uu,—wu, =0, uu, +vu, =0

= (u2+v2)ux:0, (U2+V2)Jy=0

(i) K*=u’+v’=0 = u=v=0 = f=0

(i) kK?=u*+v?=0 = u,=u,
Cauchy - Riemann -4 2 4 &

= v, =v,=0 = v=24F

O

=0 = u=%



® |aplace's Equation
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(13.4 Cauchy-Riemann Equations.
Laplace’s Equation

m Ex. 4 Cauchy-Riemann B}HAIQ| |8t 3l 3|t 7|
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m Ex. 4 Cauchy-Riemann &}

5
i
>
<

o0
o}
K
al

[0

o
7o)

KIO

i

u=x’-y’ -yt & sS4

2X, V,=-U,=2y+1 = v=2xy+h(x)

X
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1 = h=x+cC

ﬁ
dx

2y+1 =

@
dx

= V,=2y+

L V=2Xy+X+C

f(z)=u+iv=x>—y? —y+i(2xy +x+c)=2*+iz+ic



(13.4 Cauchy-Riemann Equations.
Laplace’s Equation

PROBLEM SET 13.4

HW: 11, 23, 27




