2. Stress and infinitesimal strain



2.1 Problem definition

e Shallow depth — Block movement in jointed rock mass
under low-stress environment

Deep mining — Stress is main concern for the mine stability.
Rock mass behaves as continuum.

 Force
- Body force: Gravity, magnetic, inertia (F/V)
- Surface force: Conveyed by physical contact (F/A)



2.2 Force and stress

* Forceisavector with magnitude and direction.
Ex.)F, F, F, Fi, Fo..

o Slressisatensor with magnitude, direction and surface
orientation.

EX.) 04 (=0,), 0,(=T4), Oy ---

Y/
surface\oNQtati on (normal to the surface)
stress direction



e Traction isaforce per unit area acting on a surface
(Fig.2.1(b)).

e “Tensor isa further extension of ideas we already use
when defining quantities like scalars and vectors.”

Ex.) Scalar ® rank zero
Vector ® rank one
Stress® rank two




e Tensor notation
- Introduced in deriving the theory of relativity by Einstein.

- Basic ideais to make summation for the repeatedly used
subscripts.

EX) a|b| - axbx + ayby+ azbz
a;b, = a.b +a,b +ab, (I: dummyindex, ki free index)
a,bic = ayubc +a,bc +a,bc
= axxbxcx t axybey T a‘xszCz
+a,bc +a,be rabe,
t aszzcx T azyszy + azzszz



e |mportant symbols in tensor notation

- Kronecker delta
0; = 1if i=j.
=0if iz ].
Ex.) 6,,=1,9,=1,9,,=0,9,=0

O; ab, =ab, +ab+ab,=3ab,

- Permutation symbol
€ = 0 If any pair of subscripts are identical.
= (-1)P, where p is the number of subscript transposition.
Ex)e,,=1¢€,=0¢,,=0¢,,=0

€y =1 E,=1¢€,,=-1¢€,,=-1

zxy yxz —



e Linear algebrain tensor notation

- Matrix operation
AX=b® ax =Db,

AB=Y ® gb, =Y,

AB=2® gby =7,

XTBX=c® Xibijxj -c

- Derivatives
Gradf =Rf =g + M o T
fix Ty 1z
DiV_’:No_’:ﬂVX+ﬂVy+ﬂVZ:




Stress in rectangular coordinates
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F=F+F +F
DSt" = DSt} + DSt; + DSt}

DSt; =DSs ,, +DSs ,, + DS5s
DSt) =DSs,, +DSs ,, +DSs gy
DSt} =DSs,, +DSs ,, +DSs

n _ —
L =ns; (—Sijn,-)




« Equilibrium conditions

- Force equilibrium & moment equilibrium

QF=0 qM=0

- Force equilibrium

Glds+ ¢y bdv=0

S

E' l-ic:y;-.rry

s ds=¢p ; dv=0 (Divergencetheorem)

®sji’j+rh:O



- Moment equilibrium

® ;s =0
l=X: s,-s5,=0

=y: $,-5,=0 ® s,
| = S.-S, =0



2.3 Stress transformation

e Vector transformation

Yy z

: ea, a, a;l
x' cosg,, €0sQ,, COsq,., o & 2 a |
A 21 2 3
y' cosq,, cosq,, €0sq,., gag 2 o, ;
z' cosg,, C€Osd,, €0sq,, v e

U G, A AU
é .U_é Uué, u
éy Y éa21 a,, ay ﬂéyﬂ
BZHd B, 3a; dasgezy



e Stress transformation

=a,u,, V,'=a,v, (vector transformation)

u'v,'=s," (outer product)

:aipupanVq _aIpanuqu _am Jq pg a1p pq iq

®s,’ (S'=AxsxAT)

a"p pQJq



2.4 Principal stress and stress invariants

e Principal stress

- Traction in a surface can be decomposed into normal and shear
stresses which are in the same plane with the traction.




- The surface on which shear component of the traction is

zero isaprincipa plane and its normal component is called
principal stress.

t"=Sxi=sf

s n-sn=0 = ) Je U_ enu
ij ] l a SXy Syy S SyZ Uéyl:l_é 0
(S'J-Sdij)nlzo g sz Syz Szz_Sngg éog

Whens, 3 s,3 s,

S, . maor principal stress

S, . Intermediate principal stress
S, minor principal stress



e Stressinvariants

S-S S, S,
- = 2!

Sy Sy-S S, |=0 forAt (0,0,0)

S S, S,-S

®s’-18°+1s5-1,=0

=5, (ES,*tS,+S,)

=—8:S - s..sijg(:sxxsW+sxxszz+syyszz- SySxy™ SxSx” SySy



Solutions: %y = —3(S+ T) — }a, + 4iV3 (S ~-7)-
23 = —}(S+7T) ~ }a; — }iV3(S—

If ay,ay, a3 are real and if D = Q3+ R? is the discriminant, then
(i) one root is real and two complex conjugate if D > 0
(ii} all roots are real and at least two are equal if D =0
(iii) all roots are real and unequal if D < 0.

If D< 0, computation is simplified by use of trigonometry.
| z, = 2V—Q cos(}4) — }a,
Solutions if D < 0: 2y = 2V—Q cos (}o +120°) — }a, where coss = R/vV—Q3
2V—=Q cos (36 + 240°) — }a, | |

xg

2+ 2+ 23 = —a,, xx5+ ToXy + XXy = @y, X Xpx3 = —ag

where z;, ,, 3 are the three roots.



2.5 Differential equations of static equilibrium

Refer to section 2.2
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2.6 Plane problems and biaxial stress

Apply the principlesin 3D to 2D problems



Problem

e Calculate traction, normal stress and shear stressin a

surface whose normal vector isasfollow (S Is stress
on the object).
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2.7 Displacement and strain

o X=(xyz) X'=(x,y,z)
gt g=X-X dX'=dX +dd

&l |
g A\ (dX 1) =dX X' ® dX,dX,
| dX; = 2k X
1,
()2 (dx)? = P P gy - o ax,ax
X, X

XXy Ok dx
% X, G
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Linear (Infinitesimal) strain tensor



eNormal stran

(dX )" - (dX)*=(dX - dX )(dX "+ dX)
» 2(dX - dX)dX =2L,dX,dX
L, dX dX,
dX
dx - dx _dX dX.

b dXJ =AxL 1 (normal strain)

dX'- dX =




*Shear strain
N, >N, =cosq :sin?%- q gzsing »Q (shear strain)
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*Decomposition of relative displacement (du)

du, = 4
7,

w0y W

B A S T e

= gLy + W gdX,
¢0 W, w,u

Q/Vijg:g-wxy 0 wyzg ... rotation tensor
Ew, -w, OFf
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2.8 Principal strains, strain transformation,
volumetric strain and deviator strain

Principal strains. Eigen values/vectors of strain tensor
Strain transformation: analogous to the stress transformation

V-V, _(1+e)(1+e,)(1+e,)dX,dX,dX, .
V, dX,dX,dX,
=g, +e,+e,+ee, +ee,+ee +eee,

Volumetric strain =

»e1+e2+e3

e, - D/3 g, 9., U
Deviatorstrain:g Oy e, - D/3 d,, 3 D: volumetric strain
& O, d,, e,- DISH



2.9 Strain compatibility equations

Independent strain components: 6 (e, .e,.€,,9,,,9,,,9,)

Independent displacement components: 3 (u,,u,,u,)

Randomu,,u,,u,® e e e,.g..9,.9, (0)
Randome,,e,,e,,q,,,9,,,9, ® u,,u,,u, (")
Finding restricting conditions:
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2.10 Stress-strain relations
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2.11 Cylindrical polar co-ordinates

Refer to p.37, textbook

2.12 Geomechanics conventions for
displacement, strain and stress

Compressive/contractile force/displacement are positive.
Refer to Figure 2.12.



