
2. Stress and infinitesimal strain



2.1 Problem definition

• Shallow depth – Block movement in jointed rock mass 
under low-stress environment

Deep mining – Stress is main concern for the mine stability. 
Rock mass behaves as continuum.

• Force 
- Body force: Gravity, magnetic, inertia (F/V)
- Surface force: Conveyed by physical contact  (F/A)



2.2 Force and stress

• Force is a vector with magnitude and direction.
Ex.) Fx, Fy, Fz, F1, F2,…

• Stress is a tensor with magnitude, direction and surface 
orientation.

Ex.) σxx (=σx), σxy(=τxy), σyz,…

surface orientation (normal to the surface)
stress direction



2.2 Force and stress 

• Traction is a force per unit area acting on a surface 
(Fig.2.1(b)).

• “Tensor is a further extension of ideas we already use 
when defining quantities like scalars and vectors.”

Ex.) Scalar → rank zero
Vector → rank one
Stress → rank two

: 



2.2 Force and stress 

• Tensor notation
- Introduced in deriving the theory of relativity by Einstein. 
- Basic idea is to make summation for the repeatedly used 

subscripts.

Ex.)   aibi = axbx + ayby + azbz

aiibk = axxbk + ayybk + azzbk (i: dummy index, k: free index)
aikbick = axkbxck + aykbyck + azkbzck

= axxbxcx + axybxcy + axzbxcz

+ ayxbycx + ayybycy + ayzbycz

+ azxbzcx + azybzcy + azzbzcz



2.2 Force and stress 

• Important symbols in tensor notation

- Kronecker delta
δij = 1 if i=j.

= 0 if i≠j.
Ex.)  δxx = 1, δzz = 1, δxy = 0, δyz = 0 
δij aibj = axbx + ayby+ azbz = aibi

- Permutation symbol
εijk = 0  if any pair of subscripts are identical.

= (-1)p, where p is the number of subscript transposition.
Ex.) εxyz = 1, εxyx = 0, εyyz = 0, εxzz = 0
εxzy = -1, εzxy = 1, εyxz = -1, εzyx = -1 



2.2 Force and stress 
• Linear algebra in tensor notation

- Matrix operation
Ax = b → aijxj = bi

AB = Y → aijbjk = Yik

ATB = Z → ajibjk = Zik

xTBx = c → xibijxj = c

- Derivatives
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2.2 Force and stress 

• Stress in rectangular coordinates
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• Stress in an arbitrary plane
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2.2 Force and stress 

• Equilibrium conditions

- Force equilibrium & moment equilibrium

- Force equilibrium
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2.2 Force and stress 

- Moment equilibrium
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2.3 Stress transformation 

• Vector transformation
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2.3 Stress transformation 

• Stress transformation
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2.4 Principal stress and stress invariants 

• Principal stress

- Traction in a surface can be decomposed into normal and shear 
stresses which are in the same plane with the traction.
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2.4 Principal stress and stress invariants 
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2.4 Principal stress and stress invariants 

• Stress invariants
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2.5 Differential equations of static equilibrium 

Refer to section 2.2
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2.6 Plane problems and biaxial stress 

Apply the principles in 3D to 2D problems



Problem

• Calculate traction, normal stress and shear stress in a 
surface whose normal vector is as follow (Σ is stress 
on the object).
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2.7 Displacement and strain 
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2.7 Displacement and strain 
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2.7 Displacement and strain 

… ..Linear (Infinitesimal) strain tensor
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2.7 Displacement and strain 



( )

( )

( ) ( )
( )

ˆ ˆ cos sin sin shear strain
2

1 1
2 2

ˆ ˆˆ ˆ ˆ ˆ,

ˆ ˆˆ ˆ ˆ ˆ

ˆ ˆ ˆˆ ˆ ˆ

ˆ ˆ2
1ˆ ˆ
2

x y

ji
ij c

j i

i
j

j

x y

x y

c c

x y xy

n n

uu
L J J

X X

u
du dX J dX

X

n J n J

n n J J

J J J J

L

e L e L

π
θ θ γ γ

υ υ µ µ

γ υ υ µ µ

υ µ υ µ υ µ

υ µ

γ

 ⋅ = = − = ≈ 
 

 ∂∂
= + = +  ∂ ∂ 

∂
= = ⋅

∂

≈ + ⋅ ≈ + ⋅

= ⋅ = + ⋅ ⋅ + ⋅

= ⋅ + ⋅ + ⋅ + ⋅ ⋅ ⋅

= ⋅ ⋅

⋅ ⋅ = =

rr

1ˆ ˆ
2

1ˆ ˆ
2

xy y z yz yz

z x zx zx

e L e L

e L e L

γ

γ

⋅ ⋅ = =

⋅ ⋅ = =

•Shear strain

2.7 Displacement and strain 
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2.7 Displacement and strain 
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•Decomposition of relative displacement (du)

2.7 Displacement and strain 



2.8 Principal strains, strain transformation, 
volumetric strain and deviator strain
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Principal strains: Eigen values/vectors of strain tensor
Strain transformation: analogous to the stress transformation 



2.9 Strain compatibility equations
Independent strain components: 6  ( , , , , , )

Independent displacement components : 3  ( , , )
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2.9 Strain compatibility equations
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2.10 Stress-strain relations
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2.11 Cylindrical polar co-ordinates

Refer to p.37, textbook

2.12 Geomechanics conventions for 
displacement, strain and stress

Compressive/contractile force/displacement are positive.
Refer to Figure 2.12.


