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Properties of B-spline curves

» B-spline curve:
Degree of curve is independent of number of control

points
» Bezier curve: global modification

Modification of any one control point changes the curve

shape everywhere
All the blending functions have non-zero value in the

whole interval 0<u<1



Bezier curve: global modification

Bezier curve of degree 3



Desired Blending Function

Consider degree 1 blending functions, and n=4

By(u) \ Byuw) | 101 B,(u) wL o
1 1 1 1 1 1 1 1 1 1 1 1 1 1
ul éu2 éu3 éu4 =U éul 2 éu3 ud =U | il éu2 u3
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1 1 1 1 1 1 1 1 1 1
! /;\ai(u) > ! ! /: > P(u) = ZPiBi(u)
il w2 w3 4 u il w2 w3 ud u =0
P, has an effect only for O<u<u,
P, has an effect only for O<u<u,
P, has an effect only for U;<u<us
P; has an effect only for u,<u<u,
P, has an effect only for Us<u<u,

ud

v



Resulting Curve

For o<u<u P(Uu)=PB (u)+PB (u)=P (1-u)+Pu
... straight line from P, to P,
For u <u<u, P@)=PB,(u)+P,B,u)=P,(2-u)+P,(u-1

... straight line from P, to P,

Similarly P
1




Blending Function

Consider degree 2 blending functions, and n=5
Bo(w) B;(u)

1\5 o 1T

ul u2 u3 u4 ul Euz 3 ud

B,(u) B,(u)
1 1 | | i

1 u2 u3 4 Eul iu2 u3 ud

1 u2 u3 4 ul 2 3 ud

u A

P, has an effect only for 0<u<u; P, has an effect only for 0<u<u,
P, has an effect only for 0<u<u, P, has an effect only for u;<u<u,
P, has an effect only for u,<u<u, P. has an effect only for u;<u<u,
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Resulting Curve




B-spline curve equation — cont’

P(u)=ZPiNi,k(u) tk-1<ULth+1 (a)
i=0
N, (U) = (U—ti)Ni,k—l(U)+(ti+k—U)Ni+1,k—1(U) (920) (b)
tivk-1—Ti tivk—tiva 0
Nis(U) = {1 tiu< 1-:i 1 (c)
0 otherwise — At any value of u, there should

be only one non-zero Ni,1(u)

Nik : degree (k-1) of u, k: order (independent of number
of control points n)

ti. knot values, boundary of non-zero range of each
blending function

to (for 1=0)to tn+ (for i=n) are needed (n+k+1 values)



B-spline curve equation — cont’

Only the differences in ti (i=0, ---, n+k) is important in (b)
Can be shifted as a whole, parameter range should be shifted together

A portion of B-spline curve is affected by a limited number of control
points

Foruin [t, t,]

Control points associated with blending functions that are non-zero in
[t,, t.,] have effect

N, ,(u) is nonzero in [t t,,] among N; ;(u)
Substitute N, ;(u) into the right-hand side of (b)

N, ,(u), N1 ,(u) can be non-zero

Apply recursively

From N, ,(u), N, ;(u) and N, 5(u) can be non-zero
From N ,(u), N,5(u)and N, s(u)can be non-zero



B-spline curve equation — cont’

N i-1,k-1 I N i-1,k

N, —> N, —> N;; o o o — N,

i,k-1 I\Ii,k
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B-spline curve equation — cont’

» Control points that have influence
In the region [t, t,,,] are
P|-k+1’ P|-k+2’ Y, P| k COntrO| p0|ntS

Control points modify: example
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B-spline curve - Knot

» Knot: to, t1, ---, ths
parameter range Is determined by knots
Periodic knots
ti= i-k 0< i< ntk
Non-periodic knots

ti =

12

N

0 0<i<k duplicatesk times
1-k+1 k<i<n

n-k+2 n<i<n+k duplicatesk times

(d)



Periodic vs. Non-periodic

Periodic knot

Non-periodic knot
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B-spline curve - Knot

» By duplicating knot k times at the ends
Curve passes through first control point and last control
point

» Periodic knot

First control point and last control point do not pass
through curve as other control points

non-periodic knots are used in most CAD systems
» knot interval is uniform in (d)
uniform B-spline (vs. non-uniform B-spline)
» During manipulation of curve shape, knots are added
or removed
non-uniform knot — non-uniform B-spline curve
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Example program

» Knot Insertion
Examplel

Example2
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Expansion of curve equation

» EX)
K=3, Py, P, P, non-periodic uniform B-spline
t,=0, t,=0, t,=0, t;=1, t,=1, t.=1
O0<uc<l
T T
(5t) ()
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Expansion of curve equation — cont’

17

1
No,i(u) = {O
1

N11(u) = 0

N 2,1(u)

{01

-

N s,1(U)

{
{

)

=

N2 1(u) = {O

to<u<ts (u=0)
otherwise
th<u<t (u=0)
otherwise
2<u<ts (0<u<l)
otherwise
ts<u<ts (u=1)
otherwise
ta<u<ts (u=1)
otherwise



Expansion of curve equation — cont’

At u=0, select N,,,(u) to be non-zero among N,,,(0),
N1,1(0), N2,;(0)

Selection of any one is O.K.

At u=1, select N,,,(u) similarly

Only N,,,(u) needs to be considered among blending
functions of order 1

18



Expansion of curve equation — cont’
(u—tl)Nl,lJr(ts—u)Nz,l:(1—u)N2,1

Nl,z u) =
(v) tL.—L t.— L 1

= (1-u)

(u_tz)N2,1+(t4—U)N3,1_ UN 2,1
-1 -t 1

N..(u) = =U

(u_to)N0,2+ (E_U)le . (1_U)N12

No,s u) =
(U t.—b t.—t 1

=(1-u)’

(U-t)N.:  (t—U)N-.

N1,3 u) =
(v) L—-1 -1

=u(l-u)+(1-u)u =2u(l-u)

B (u—tz)Nz,z+(t5—u)N3,2:u2
.-t -1

S PU)=(1-u)’P, +2u(1-u)P. + u’P,
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Expansion of curve equation — cont’

» Consider Bezier curve defined by P,, P,, P,

2 2 2
P(u) = ((Ju” (1-u)’P.+ [Jul(l— u)'P.+ (Z)UZ(l— u)’P.

» Non-periodic B-spline curve having k (order)
control points ends in Bezier curve

» Bezier curve Is a special case of B-spline curve
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Example

» EX)
K=3, Po, P1, P2, P3, P4, Ps
to=0, t1=0, t2=0, tz=1, ts=2, t5=3, te=4, tr=4, ts=4

1 O<u<x<i
O§u§4 N 2,1(U) — .
O otherwise

1 1<ux<?2
N 3,1(U) — .

O otherwise

1 2<u=<3
N 4,1(U) — .

O otherwise

1 3I<ux<4g
N 5,1(U) = .

O otherwise
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Example — cont’

(u_tl)Nl,l+(t3_u)N2,l

N1,2 Uu) =
(v) L.—L tL.—L

= (1-u)N..

(u—tz)N2,1+(t4—u)N3,1

Nz,z Uu) =
(v) .-t L—t

=Uu N2,1+(2_U)N3,1

(u—tg)N3,1+(t5—u)N4,1
-1 tL—1

N..(u) = =(U—-1)N:.(3—U)N..

(u—t4)N4,1+(t6—u)N5,1

N4,2 Uu) =
(v -t t—t

— (U=2)N .+ (4—U)N.,

— (u_ts)N5,1+(t7_U)Ne,1

— U—3 N5,1
L—1 t—t ( )

N s.(U)
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Example — cont’

(U—to)No,2 , (B=UN12

No3(u) = = (1-u)N12=(1-u)*N21
t2—1o t3-11
N1,3(u):(u_tl)N1’2+(t4_u)N2’2:u N1,2+2_UN2,2
t3-11 t4—12 , 2
= w0+ &0+ B,
N2a() = (u—tz)N2,2+(t5—u)N3,2 :uN2’2+3—u N32
t4—-12 t5—13
2 2
_! N2,1+{u(22_u)+(3_u)2(u_1)}N3,1+(3;u) N 4,1

Na(U) = (u—t3)N3,2+(t6—u)N4,2 _ u—1N3’2+4—2uN4,2

ts—13 te—t4 2
_(u .21)2 N3,1+[(u-1)2(3-U) N (4-u)2(u -2)}N4’1+ (4-u)? .,
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Example — cont’

Ny = UZBNee (BN _U=2 N,
| t—t t—t 2 |

_ @ NM{(“ ‘2)2(4‘ Y L (4-u)u —3)}NM

(u_tS)N5,2+(t8_u)N6,2

N5,3 u) =
(U t—t t.— 1

= (U—S)Ns,zz (U—B)Z N
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Example — cont’

S PU) =(1-u)*N..P.+ {u(l— u) +

25
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Example — cont’
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Example — cont’

» For each knot interval, coefficients of
certain control points =0

only subset of control points has influence

» For O=u=<1, all N;, except N, , are O

. Py(U) = (1-U)° Pm{u(l— 0 + 2 _2“)”}P1+%2 P

27



Example — cont’

» Similarly
1<u<?
P2(u) = (2—-u)? Pl_i{u(Z—u) N (3—u)(u _1)}P2+ (U-1)? ;
2 2 5 5
2<U<3

(u-2)° 5

Ps(u) = > P2+- ( ~2u° +10u —11)Ps+

Ps(u) = (4-u)’

P3+~%(—3u2_FZOU——32)P4+(U__3)2P5

28




Example — cont’
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Example — cont’

» Pi(1)=P2(1), P2(2)=P’32), P'3(3)=P'4(3) C'continuiy

»  C2 continuity Is not satisfied. (- k=3, degree 2)

For curve of order k, neighboring curves have same
derivatives up to (k-2)-th derivative at the common knot

» Each curve segment is defined by k control points.

» Any one control point can influence up to
maximum k curve segments.
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Example — cont’

count curve segment including P4

o o | J
I:)O Pl I:)k-l
| |
P, (u)
P, (u)
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Intersection between curves

» P(u)—Q(v) =0
» 3 scalar equations, two unknowns
P.(u) = Qx(v) =0
Py(u) —Qy(v) =0
» Use Newton Raphson method
Derivative of P,, Q,, P,, Q, need to be calculated
f,(Xg,....x,) =0
f,(X45....%,) =0

f.(Xg,....%,) =0
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Intersection between curves — cont’

f1(X1+ AX1, X2+ AX2,- -+, Xn + AXn) = f1(X1,---, Xn) + g—flAX1+
X1

fn(X14+ AX1, X2+ AX2,- -+, Xn + AXn) = fn(X1,- -, Xn) + S—fr' AX1+
X1

33
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Intersection between curves — cont’

» If Initial values of u, v are too far from real solution, the
iteration diverges.

» Hard to find all the intersection points.
» Cannot handle the case of overlapping curves.

» Two curves are regarded to intersect each other if they lie
within numerical tolerance.

» Control polygons are approximated to the curve by
subdivision and initial values of u,v can be provided
closely by intersecting control polygons

» Better to detect special situation in advance before
resorting to numerical solution.

» Tuning tolerance values is necessary
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Straight line vs. curve
» P(u) = Py + u(Py - Py)

» Q(v) = Py + u(P; — Py) (a)
» Apply dot product (P,xP,) to both sides of eq(a)
gives

(PoxP1)-Q(v) =0
non-linear equation of v

35



Non-uniform Rational B-spline (NURBS)
curve

» Use same Blending functions as B-spline

» Control points are given in homogeneous
coordinates

(Xi, Vi, zi)= (Xi«hi, yi.hi, zi.hi, hi)
X-hzzn:(hi-xi) Ni, k(U)

y-h= i(hi - Vi) Ni,k(u)
Z-h zzn:(hi - Zi)  Ni «x(u)

h= Zn: hi  Ni «(u)

36



Non-uniform Rational B-spline (NURBS)
curve — cont’

Zn:hiPi Ni, «(U)
Pu)==
Zhi Ni,«(u)

Passes through the 15t and the last control points
( When non-periodic knots are used )

Numerator is B-spline with h,P; as contorl points

— Z h,yP,, h,P,at parameter boundary values

Similarly denominator has values of h,, h, at parameter boundary
values

37



Non-uniform Rational B-spline (NURBS)
curve — cont’

Directions of tangent vectors are P,-P,, P-P,_; at starting and
ending points

hi=1 > Nix(u)=1 = B-spline

i1=0

B-spline curve is a special case of NURBS
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Non-uniform Rational B-spline (NURBS)
curve — cont’

» Curve shape can be changed by changing weight(h;)

» Increasing weight has an effect of pulling curve
toward associated control point

Example program
» Conic curve can be represented exactly
Reducing program coding effort
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Control points of NURBS curve
equivalent to a circular arc

h.=h =1

)
h =cos .

Can be used when center
angle is less than 180°.

Arc with a center angle
bigger than 180° is split into
> two and combined later

circular arc

40



Example

41



Example — cont’

Po=(1, 0), Pi=(1, 1), P2=(0, 1)
1

ho=0 h1=c0s45° = h=1
V2
knot 0 0 0111 (n=2, k=3
Similarly - P2=(0, 1), Ps=(-1, 1), Pa=(-1, 0)
1
ha=1 h3=—, ha=1
J2

knot 0 0 0111 = 1112 2 2
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Example — cont’

Composition
Po=(1, 0), Pr=(, 1), P2=(0, 1),
Ps=(-1, 1), Ps=(-1 0)

1
h0:1 h = —— h2:1
1 \/E

1
h3=—, ha=1
2 “

knot 0 0 0112 2 2
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