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X Simplex 2HHE 0|20t

MY I 2 X0 0HE (1)

Pivot: Gauss-Jordan 2 HH 1} Z2 Jj4
MENSE H 2 5|Ll_| SHOJIO ZD] 1]
CE WilAl= B AHE -

|:||7|I‘| H91 VK B9 AF
I

- HI71H B3 Simplex2HH WA HE HHAS SJ| A0l 02 JIAEOI= Y=

- X W= Simplex2HEHOIM HI714 Ha=0 00 F20HXI= B+

-2 WHIAIME 2)H0] Y8 H|J|1X Y2 JIAOE AIE E + US

2} oH (| TS D: HIJIXN ¥==(=0)
=] A A
(1) S H EHS JIN HE HAl HIJIH B || I HE O I B
%9 I'"Qf ?Eﬂg_% Elg \\ \ /
- Va ~N y Y
Minimize f = —4x, —5x, 19 x| (=X |, 400 =4
Subjectto — X, +X, < 4
OH =
X, +x, <6 25 Xy \xl jd_x2j @ 6
%, 2 0 3%: —4xl—5x2 :f_()
XisXy,X3,%, 20
HIIH 48 TEOMS 28 > S8 S4E Y HE20 780 US
I HE IS0 2l > glt}i%mlﬂ LIEHLED] OHE @0ll= LHEHLEX
L T

H=3& a9 4= 2y

HIDIH Y= 022 J}AOl= Y =24 St= HJIH B0 JAME 0 US

JIH s e e IoH OLLIC] SHOf| T ZTHOIT L2 Moll= ZTHOIXI &S




[

13.3 Simplex BRIS 018t MF A= =XI2 08 (2)

- HIJI B0 VI B0l nl

w4 58 4 =
T x

022 JHHOLE Ha =x o

JIH #5 HIJI S4:00 OI0H FOHXIS 84 OHLIO| oD =Xy THOLXI 52
- 2 OIHIOIAM = 2902 ©==8 HIDIN B (=0)Z JFS0H0F A& & = US
1280fl ZoHE )| X
1 (X, | X X, X =4 <—a1= x3JLHIDIH B2 ¥
OH. — — — —_
: HIJIH Bi5=(=0
Xy, Xy, X3, Xy 20 Dl e
HIJIH W2 x1,(0) x3 | S 29 At 24(S+)2 W x20 gte SIHIIIH
S oi4 20l O Z0HE > x28 I H MEZ HAY N
I Y= x4 ,x2
2)HQ] W5 022 JHH0HOF A0] 22D Z x39 x4F OILUE 022
JHHOHO0F B > x3, x4F OHLIE HIJIX W2 WA
2t a0 20| 74 Hof XA S MEHE HO| N|=Tt ==0|H X| A0
<& > Do ZIA0| HISE = WS MEOIK| =0t




JIN Bz HIZIK =01l 200 00 XI= B+ Ol

- 2 GIFIIME 2902 B8 HIDIN Bi15=(=0)Z JHE0HOF 2

10 oS DX B
7 x3JLHDIH B2 HE
- 1982 Ma[o1H,x, =4+ X, — X,
2B Xy | X T +x,=6 «——61=6 Ol 2, 3@ (N1t
‘ X, +(@+x—-x;) +x, =6
oM. —4X1 —5)(,‘2 :f—O =2x, —x;+x,=2
—4x, =5(4+x,—x;) =1
xl > xz ’ x3 ” X4 2 O ESIII;}I.J‘;ETFO) = -9x,+5x, = f+20
A
HIJIH B x1,(0).x3 MEIE H13(r, / 13, 22)8 SAOE PivotE &l
M B () x4,x2
18 x, | =X XX =
oH —
28 x4 2x1 .x3 +x4 =
38: —9x +5x =f+2
Pivot: Gauss-Jordan 2 HW 1} Z2 4 L 3 f 0
MEHSI HAS UIU_I SHOj| O Y| 1 : HIDIH B=(=0)
= "HOIIE._ 9= AH = KXo Xps X35 Xy >0 I ¥




k3 3 Slmplex S 0128 M A= ZHI2] Ol | (4)
P1vot HAE JIXN OH(“2XIA”)

’E 2 Wy
, 02 JH8ol= B SX g-= HDIN Y2 2850 AS
N = HIJIX H==0ll 2o F10HXI= ¥+ OFLESl SollE =THotal THE Bill= EIH0IK S
- 2 OIXIOIM = 2902 ¥i=5 HIDIH ¥i=(=0)Z JFE0H0F &S E = AS

OH —_ —
18 x, X, EXyH+ X, =4

OH. — —

OH. —

: HIDIH B=(=0)
x17x29x39x420 DI W 2 \
N %

HIDIXN B4 x1, x3 6

_I_IJHUH
\ /=

JIH Y : x2, x4

1| sl 3L
2 (feasible region)

_ Simplex ZHHOIA O]
HIO IS0l 1 EI1I1H ISl

S

A 2 4 6 N,



13.3 Simplex SBE 0|82t M HIEH =SHI2 0HE (5)
' HIDIH 491 JIN H40|

Wy ER Ay PE W
02 JHHOlE W4 S o= HIJIKH M2 0 THE0] A
JIN % HI7IX #4500 OloH FONXIS % OHLEO| 0B ZTHOIT CIE Boll= ZTHOIKI S
-2 OIRIOIALE 27HO! B8 HIDIH B2 (-0)2 JHHOH0E A8 B 5 S
18X, ([ =X Xyt X, —4
28 (x, || 2x —x. +x. =2 _ 2800 EBHE )| RS
S | A ! 3 T 22T <Ot HDIN BaE W
OH. _ —
: HIDIH Bl (=0)
x17x29x39x420 :JIH B

HIDIH () 3 x4 |23

SEA ol e
aT — =2 o
IIH A @Q St 201 O ZO0HA > x18 JIH ¥is=E HAE o™
T :XZ, ,X1

&
[0
ol
1>
]
o
X

O=Z JIH0oH0F 2]0] ECISZ x221 x435 OlLIE 022
&

JIAEOHOE 8 > x2, x4= OIUE HIJ| X HEE WA
2t guo| Su10| 3t M2 XHA = MEHE HO| A=)t $=0|H A9
<EH1> MEHE! 90| 4T} 2401 WS MEH Ot




=
& ot =0 of
JIM B HIZIX 400 OI0H ONXIS 15 OHLIOI OIS ZXHOLL CHE S0ll= ZTHOHK 42
-2 HIRHIOIALS 20O B4 HIJIH 4 (-0)2 JHE0F Alg = & YU
18 X, || X Xyt X, =4
28H. X 2x —X, +x, = 2 _ 2980 et JlI‘l T
il 1 3 M 2277 xadbHDIN e s w
OH. _
: HIJIX 2 (=0)
x17x29x39x420 :JId B
HIDI 15, x3 x4 MEHE| B2 (x / 288, 1€)E SAOZ PivotZ Al
M 2, T
(1% + 0.5>28)8 OHM L2 2t —> | 18: X, X, + 0.5x3 + O.5x4 =3
052 01K L2 2 —>| 2%: X | X, —0.5x,+0.5x, =1
(3% + 4.5520)8 O1A L2 Zit —>| 3% +0.5x,+4.5x, = f+29
: HIJIK 2 (=0)
Xy X5, %3, X4 20 IR B




I
13.3 Simplex &4HS 0|28t M H|= ZHIO| OHE (7)
- Pivot 3 HZAE J|1X 0“2 X|&”) / Simplex &
“ws zm ug 72 uy
, > 002 JIHOI= W S8 Sirs HJIH W40 ANT0 US
JIH 2 HIZIXI B0 OloH TOHXI= 5¢ OHLIO SHOITH ZTHOIT CHE OIS ZXHOHK| S

- 2 GIFIIME 2902 B8 HIDIN Bi15=(=0)Z JHE0HOF 2

198: X, Xy +0.5x;+0.5x, =5
28: Xy X, —0.5x,+0.5x, =1
38 +0.5x,+4.5x, = f+29
XisXy, X3, X, 20 B o
HIJI X H: x3, x4
JIM Y @ x1, x2

X3=x4=0  HY =» X1=1, x2=5

» \ME2 0l C(x,, x,, x5, x,)

=(1,5,0,2)%
JHME =X ot

AL
—_— | aT

af -29

flio

2

L
a

HIJtSoH

ks

32

(feasible region)

Simplex 2HHOIAM O]
PEEURL R

S

A

2

4




l[xrn] Simplex SHH0IA Pivote 4048t @12 AExgt [
=X k0| J|2T} X A0 WS MEIBE 0|2

18 X, —X; |+ X, X, =4
28 X, | x|+ x, +x,=6
3Y: —4x,|—5x, =f-0
Xy, Xy, X3, %, 2 0 Dl
HIDINH H==91 x it x,= 00ICt. (x;, =4, x, =6)
SN S120| H5 T 8401 ML UL, WT e, 1 x)= O IH BB 20| S0}
H=IE R A2 W (x,))E BIAII= A0l SH St+8 ( Wal Z44AE = Al

SDAL °
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[ [Zt1]] Simplex SHHOIAM M

b ]

20| 20l

<A
X A0 HIES 2= “é'.% *._ ol= Ol

1%4: X3 _xl +x2+x3 :4 «— 4/]1 =4/« XA HIBS 2= (1%
OH. . . B B
x19x29x39x4 2 O ;JI:I,%-IlIéE¢(=O)

2l 1, 28 S Al Zdlotd,
AR =4—x,

X, +x,=6-x,

2) 28 MENOLL x, JH AU El= 6 OF HOIH ST HAZ HXIB (1] 7] A WS x, = x, =0) DAL

SDAL "
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b ]

[& ] Simplex SEUHIM MEHE 9| Hl=)l S52 B2

MEOIA B= 01+

B4
2%:| x, || 2x, —X;, +x, =2 «—22-1
39: —9x, +5x, = f+20 HITIN E¢:O’ 3
Xp5 Xy, X3, Xy 20 Dmes | I W x2,X\4,X1
1. 99 1, 282 OHAl Z2l0HH,
S EEE =4+x, - @

—X;+x,=2-2x, ---- @
2. x2, x43 OIUE HIJIX Bi== HZ0HO0F &
3. x48 HJ|X Bi+== HE0HH
3-1. 4 0= a1t 201 @3 & (HIIIH Ha x,=0, x,~0)
0=2-2x, > 2=2x — l=x

3-2. 4 ©2 031 201 ¥E I I ¥ x,=0, x,=0)
X, =4+x,20
3-10flM x, O] 40l 0™ HC=E 2H THaT & ©

flio

OIESIC}.

—_ 1



| [211] Simplex WO MBS 20| HI4 T} 8401 W

| -
\ MEHOLKl = Ol
R T4
o = 4 . deEgEnyl
S| Xy || TX RXy TG = S4:01 S2| Mef ot
2% x, || 2x, —X;, +x, =2 «—22-1
350“2 —_ =
9x1 +5x3 f+20 HIJII'I E¢:O’ x3
: HIJ1X ¥i==(=0)
X5 Xy, Xq,X, 20 I B JIH B x2, x4 x1
1. 919] 1, 242 CIAl H2I0H,
Y5 e X =44+x, - @
X, +x,=2-2x;, ----: @

2. x2, x4= OIUE HIJ1X B2 HAJ O} &

3. x2E HIVIX BiE HAHOIH
3-1. Al o2 US1 20 YA & HIJIN WM x,=0, x,=0)
0=4+x, — X =—4 = H=J} 0| OlUcl= X2HE bl

1[5



Pivot: Gauss-Jordan

i Slmplex SHHE 0|2¢t
MY HI= ZHIC] OH

2HE 22 8
MESE M8 GILI_I o2 Sl
OE "olM=E 25 A

W uom Es

AL
AT} CITPS 1M 8
AL
A B =] —* v xt x| x3]| x4 | bi |biai
19 X, —X, X, T X, =4 | «—4/1=4 s [ a1 [ 1o 4] 4
28 X, X |tx, +x,=6 <+——6/1=6 » 2%: | x4 | 1| 1 | o | 1| 6| 6
OH. _ OH. ; . - -
30- —4x1 —5x2 = f—O 30- Ob]. 4 5 0 0 f-0
.......................................................................... G 1@ 2% %é!g_% Pivot2 %M
M= 288 - 2% - 138)
HIJIX Bl I B2 ME2 3% - 3% + 5x1%)
JIH Y= - |
@ %, ||-x | +x =4 4—?21;)'\?5_'“ oy v | xt [ x2 | x3 | x4 | bi |biai
2 X, 2x, — X, +x, =2 «— 2= 1 x2 | 1] 1 1 0| 4] 4
208: | x4 o | 1| 1 2 | 1
38: -9x]  +5x, =f+20 i
3. | obj. | -9 0 5 0 | f+20
.......................................................................... G 280 1L EAIOT PivotS AA| feeereeressressrensenens
WMES 188 = (13 + 0.5%2%)
H A MZ2 28 - (0.5x2%)
S HID1X ¥ M =T MZ S 38 - (38 + 4.5x23)
t 2~ — v 1 2 3 4 | bi |bi/ai
oy, x, +0.5x,+0.5x, =5 A | 32 |33 | x4 | b |bisa
- 0.5 0.5 1 » 18: | x2 0 1 0.5 | 0.5 5
208 X —_ =
< T Y DXy HU.0X, 208 | x1 1 0 |-05]05]| 1
OH . —
3 +0.5x, +4.5x, =/ +29 3%: |obj.| o | o | 0.5 4.5 |f+29

D= 40 BE H2Jto 0|A0|2E_—

EXH_I OH7F ZIEOH L (x,=1, x,=5, X3=x,=0, f=-29)



[AgmﬂEmmw
2JH0] M| B BE
QY Maximize z=y, +2y,

Subject to 3y, +2y, <12

Minimize F=-y -2y,

Subject to 3y, +2y, <12

23 HIB0| gl=s Y8
Minimize =—x,—2x,+2x; & |gol OfY WA E Wz}
(Vo =V, = Vs)

Subjectto 3x,+2x,—2x, <12
2x,+3x,—3x, 26

x, 20 SDAL '

Computer Aided Ship Design 2008 - PAR'I1 Il: %)ptlmlzatlon Methods Advanced Ship Design Automation Lab.

http://asdal.snu.ac.kr
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[Simplex HE 012017] ATt
‘E2S2(“>”) Ml ZHO| B W (1)

m f=—x-2x,+2x,

Subject to 3x1 +2x, —2x; < 12 ——> _3x1 +2x,

Szl

l\)Jo

F XH: 249} B (slack variable)?] £

(> GjEIIOI EIEQ !';IIOI: IJ"

OI(d Y¥i=(surplus variable) & 919 Y= (artificial variable)9| & 2!

2x,+3x,-3x,26 »  2x4+3x,-3x;,—Xx+x,=6

Q0] M5 019] M0 THU 2S)
O=CI IHU 28)

uOlOI |:|:|A |:0| Olou
SlmpleX ZHE AAE I 2HC A Hx(x,, x,, x;)& “HIIXM B & JFEOHH (x,=x,=x,=0),

= 60| ELCI.
-> FOMOZ MBIM(| g8 E x E AYMOZ FII0IK F=8t& 0l MBIME S XIBHL.
:!EiHI x6'_ OoIIMOoZ It HO|B 2 ﬂ’—“.oHJI ZTHOIH 0] H=0] g2 "= A 00] &1010F SHCE.

SDAL ™
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[Simplex HHHES 0|28t

8ot M
-« HEHO] M2t ZAS I}

-

H= ZHI2| 0HE
= M0l THet Simplex SE (1)

@

24}t

Maximize 2z = 32 + 2y2 > Minimize f ==X, — 2x2 + 2X3
Subjectto 3y, +2y, <12 “HXe S e Subject to 3xl+2x2_2x3 :12
2y, +3y,>6 zyz'— =2 M r0| cog | 2x, +3x, — @6
v 20 e’ =)= y2-'-'E'UHg" i x>01—1t05
3. =V, =Y, X =Y, o’ A0 E-’F
VEHT S YS! am Ji™e A
4. BEDS HI% XHS ST HIU el WX, Xy, X3 8 25 00I2t S (HIDIX B
_JE?JQE EEAO Cor I ¥ Xy, X5 & 701N
......... (22, SHHTATR) P x, =12,x, = —6= 20 0lLizk= T2 At
V(=X 5-x3)
- (3 avtwa g -
STl {x .................................. Mmtmlze f= —2x, +2x, - Optimum POllnzt =(0, 6)
> HEjo| 52 M2 ZA0 L
‘2;4(?# X, B xJImoz Sub]ect to 3x, + 2x2 2x, = 12 7
e A“. 2x,+3x, —3x, @ — 6~ .
QU HS x, x,, x,0 A0 WS x, B O x; 20;i=1t06 T % ~
00I2t FI(HITIH H=) JIME= x,, XS Q0] B 209 B |
7Ot x,=12, x,~60ICt. » XJ| JIHOHIIs0HIt OFL)
TR0 xS AYHOZ XJ|oH 40|22 6 ¥/(=x))

ol &= OOE oS 010F SHCE.

ZI1 J1IX0H
(ts0HIt Otd)



[ Simplex S| H
-7 ZHO M

Q-

SY o+ E HA% 0l
(Simplex 2 9| Phase 2)

V2(Zx,-x3)

Optimum Point = (0, 6)

%71 I1 0N
JLSOH7E0tY) C

@

v
3x,+2x, —2x; +x, =12

2x,+3x, =3x; =X, +x, =6
—x,=2x,+2x,=f

—2x, = 3x, +3x, +x; = w—
2x,+3x, = 3x, — x5, + x, = 6 AOIM x =il F11
ot Ay

12

(2]

[

ZIJIH IS (1 SH S+ w=x,8 X2 TH“w=0")
Ol= O0H)E 8 (Simplex BHHO| Phase 1)

oI9] L= oIMOo=Z I8t A2 2
XI=X0HJOt =THOIH 0] H59| g2
00101 0F &




i Simplex HHIHE 0|88t M3 A= =HI2| 0iE
V-7 EHI9 Ii|°t 2HE I SHI0 TS Simplex 2 (3)

@anl +2x, —2x,+x, =12

2x,+3x, =3x; —x;+x,=06
X —2%x,+2x,=f
—2x,—3x,+3x; +x;, =w—6

RIN0= B B (v, ... x;), SO = (x)E
092 JFEOLI(“HIJIT B3 ), &3} (xc,) Q4 QU B ()&
£H A

1M B2 J1™010] 2| AI’“‘“ “ZIIIMOHE &)
x1 X2 x3 x4 x5 x6 bi | bi/ai
x4 3 2 -2 1 0 0 12
X6 2 3 -3 0 -1 1 6
Obj. -1 -2 2 0 0 0 f-0
A. Obj. | -2 -3 3 0 1 0 w-6

V,(Fx,-x;3)

Optimum Point = (0, 6)

x1og?a x0ll 02
2O EIX]
ot2jh =

f=-12

%71 JI MoKt
M IS
A g= it D

ZI1 J1 00

(ts0HIL Otd)

@ Phase 1: 19| & Stx8 J|FOZ PivotE 8B, = 00] E TYNIX| S

x1 X2 x3 x4 x5 X6 bi | bi/ai x1 X2 x3 x4 x5 X6 bi | bi/ai

x4 3 2 -2 1 0 0o | 12| 6 x4 | 5/3| 0 0 1 | 2/3 |-2/3| 8

X6 2 3 | 3| o | - 1 6 2 | » x2 | 2/3| 1 1 0 [-1/3]1/3 ] 2

obj. | -1 | -2 | 2 0 0 0 | fo 1 Obj. | 1/3 | 0 0 0 |-2/3| 2/3 | f+4
A.Obj.| 2 | -3 | 3 0 1 0 | w6 A.Obj. | © 0 0 0 0 1 | w-0
Ol9| M= OIQEOR |0t HO|D2 || MES 1% -1w-espon | A9 FE S)1 00122 7
X0t ZTHOHE 0] B0| 2t W=s 20 - o 2/3)om | Phase 10] EEIRS

00]0{ O} &t ME 4% - 4% + 298 B A(x1=X3=X5=X,=0, X,=2, X,=8)




i
| simplex EHHIEE 0122 4% A1 2RI 04
- > EO| HI9f S JHRI SRION HDF Simplex (4

@M 1: 019| SX B4 E J|ZOZ PivotS £MBHw = 00|  HINLX] £

x1 x2 x3 x4 x5 x6 bi | bi/ai x1 x2 x3 x4 x5 X6 bi | bi/ai
x4 3 2 2 1 0 0 12 6 x4 5/3 0 0 1 2/3 | -2/3| 8
x6 2 3 3 0 -1 1 6 2 » x2 2/3 1 -1 0 -1/3 | 1/3 2
Obj. -1 -2 2 0 0 0 f-0 - Obj. 1/3 0 0 0 -2/3 | 2/3 | f+4
A. Obj. 2 3 3 0 1 0 w-6 - A.Obj.| O 0 0 0 0 1 w-0
(6)Phase 2: BN 3t fE J|FOZ Pivot2 $MSHEH 8t20] I H|2Jt 201 OF LK £3)
x1 x2 x3 x4 x5 x6 bi | bi/ai x1 x2 x3 x4 x5 x6 bi | bi/ai
x4 5/3 0 0 1 2/3 | -2/3| 8 12 x5 5/2 0 0 3/2 1 -1 12
x2 2/3 1 -1 0 -1/3 | 1/3 2 -6 » x2 3/2 1 -1 1/2 0 0 6
-2/3 | 2/3 | f+4 - Obj. 2 0 0 1 0 0 |f+12
SH &9 2= H=Jo 010122
ME2 198 = 18 x (2/3) SITHOl OH 7t x| =0H !
e e T ] (= =0,0,=6,x5=12,=-12)




0l9| =X Bt40] JA HHHSImplex
§§(u=”) Igl: 5?_10 E%I' té"'é."
Mleze = —2x, +2x, [(E&] “<” WO

Subjectto 3x,+2x,—2x, <12 ———> 3x, +2x,—

— 2x +3x, —3x,

(=] BHO| $5T Mo £ £z
(surplus variable) &

2x,+3x,—=3x, 26

A0 H=

LS 0120H] e

B3 MY XAH: 249} B (slack variable)9] T 2!

2x,+x, =12
—X;+x, =06

I 01Q] W% (artificial variable)9] =2}

“_» G:IEIIOI =§ I."OI: I?_'l

O19| HiZ=(artificial variable)9] & &

X +x,+x;,=6 »

X +Xx,+x,+x,=6
olg] Bi (02U IHU E3)

uOlOI HA EOl OIO”
Simplex SYHE AIXE TH EHIC] & B (x), x,, xy)E
0] A1O| N OIK| St
» 2BIKOS xwu10| glooz , = oI
:!Eil'_-ll x4-— 0|_|_|Jaga x;}ts} 7-|()||:|§_

MO X|0H0] StAQ
AI{007F ZXHOHS 0] &

“HI71XH "2 JPAEOEMH (x,=x,=x,=0),

O XMSIME ST|BHC}.

o] ate YT Al 00] 51010F BHLL.

Computer Aided Ship Design 2008 - PART IlI: Optimization Methods
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k o AL
019 = 40| Mo| W
Minimize [ =—x, —2x,+2x, Minimize f =—x, —2x,+2x,
Subjectto 3x,+2x,—-2x, <12 BST Y% ZHS Subject to 3x,+2x, —2x, +x, =12
S2 HY X20=F
2x,+3x,-3x,26 Hy S} 2x,+3x, =3x; —x;+x,=6
>

X +x,+x,=6

<&T> Q1Y) W5 242400 LHOH
ol9| =X Sl Holot= BL

3x,+2x,—2x, +x, =12
2x,+3x, =3x; =X, +x,=06
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2eni=2x, +2x, = f
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—X =X, —X; =W, —6
% B+= 0HO JHU 228=,

Ol9| SN BiLE 2 A BHIE 2
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Xy —6=-2x,—3x, + 34k, + X,

X, —6=—x—Xx,—Xx,
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C?’>3x1 +2x, =2x;+x, =12
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=H g+ w, 8 H4A9(x=0) Oll,
o =H ok, B HAB=0) 0= | x +x +x. +x, =6
M=2 212 2005 ! 2 3 ’
o2 1M1 Toa

. —2x2 +2x3 = f

—3x,—4x, +2x; +x, =w—12

X1 JIM JEsSoH (A SH B wax,tx, S8 HA2L
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[[nm =3 JloF XH0| &

LHAES
h

0l O 2Jj9] ¢

E a
X|2&ot= AlA
e
Minimize 23 = — yé -2 y21 . - y; o Minimize [ =y 2y;+2y2_
Su b oec t‘ to + S ------------------------------- - . :...................-...-.. ...........................
) N1 T4, i, y7 20 Subject to ?>y1—|—2y2 2y,i<12
2y1 + 3y2 >6 - SHOl o1 A) é::::::i:::::::::::::i::.
2 M0l ai= B 2y, +3y, =3y, 26
yl > O oOI OI' E J_Fg e _>0 .......
y, =28 Mo el V1o V2s 2 =
=M (1)
“<’ dHO ST M “<* HHo ST MY XA
219} ¥ 4= (slack variable)9] & &! 219} = (slack variable)Q] T 2!
“>” Ao ST MY XA “>” Ao ST MY XA:
o1 Y= (surplus variable) & o1 (f Y= (surplus variable) &
O1Q] Y= (artificial variable)@] =9 019 M= (artificial variable)9] =9I
v =M (2) v
Minimize f = —y, = 2)/2 ....... y—y+—y Minimize f = 2‘)/2‘ n 2)/‘2
Subject to 3y, +2y, _|_x1 =12 | i i ....... ;"? .......... 2. Subject to 3J/1 _|_2y2 2y2 _|_x1 =12
------------- Yy, ¥ > () S, (T e
243y, - x25-1—5x3—6 __ > 2y, 43y; =3y, i—ix, Hix,i= 6
-------------- =235 HoH0] Sis B
x,>0;i=1103 IR A=A " :
Vi Xy =01 = > 201 OfY B4 £H VisVs» Y, 20, x,20i=1103
y, = 25 Qg g
S 0] 28E R20l= 22 HIg0] gl U8 S0 0l 8ixE +=H0l= 1Al 25
comp| 2, SO, AAB=E FII0I= 1EE Q] = A0l & 810l 22 2ilE AE = AL A




| (&1 E] Simplex SE0IM 2191 B2:01 HSHE 08 HO
C o= N sk
-

(82

3x, +2x, —=2x,+x, =12
2x,+3x, —=3x;, =X, +x, =06
—X, —=2x,+2x,=f

2 B2 x 0l 0= AP HAMHM=

2t
[—

1o
1z

el O E B x, xp, X3, x5t S5t KXl =5 HILH0HOF Stht.

X}, Xy, X3, Xs5 HI&H0l= 1HS 0] HI=

Simplex SEOUIM 2% SHE-E 018010 x,& 02 AHl&Hol= A+E0IL.
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| (21107 simplex SHH0IA 019 =
- xJ| JIKoHE JIH It

OII'

22X SkA

X 2t+5 0120104
0= B E0l= 8(1/2)

x1 X2 x3 x4 x5 x6 bi bi/ai Y 2(:x2-x3)
x4 3 2 2 1 0 0o | 12| 4 . .
X6 2 | 3| 3] o0 1] 1 6 | 3 ~ Op tlmu? E(illn 2t_(0’ 6)
Obj. 1| 2| 2 0 0 0o | fo0
A.Obj.| 2 | -3 3 0 1 0 | wé
AW DS MEOI0] PivotS 5
(LUE™ Ol Simplex HHUIME SHIH 22 ME 8
6 y,(=x;)
X1 X2 x3 x4 x5 X6 bi bi/ai ZJ| X101 C
st Od)
x4 0 |-5/2|5/2| 1 |3/2]-3/2] 3
x1 1 [ 3/2 (32 0 |-1/2] 172 X1 JIHOH0IA] C1Met BN 2IE HA
obji. | o |12 12| o [-42]12] f+3 JIM ISt HE &
aobi.] o [ o[l o o o 1 [wo > A JISHUIM XMAEE A0P =
o19] 22X siLxJt o022 A& A
Phase 10] 2FEUS (C1&B QAL E HAH &0t
xu-l E(X2=X3=X5=X6=O, X1=3, X4=3)
- Phase10] SERELFC B Z Phase2E X1
— 27
- Phase2: E"“’V-F f& JIECE PivotE +H SDAL
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| [211] Simplex WEOIM 919] 25 sta
~ X7] JIHIE JIH IS BZAoI=

ol SX stxJ 00|22
Phase 10| 22 L|US

I-I E (X3=X3=X5=X,=0, X;=3, X,=3)

|IZOZ Pivot2 £

=2 To

Iu'l A(xl =X3=x5=X,=0,%,=2,x,=8)

i
x1 x2 x3 x4 x5 X6 bi | bi/ai
x4 0 -5/2 | 5/2 1 3/2 | -3/2 3 -6/5
x1 1 3/2 | -3/2] O -1/2 | 1/2 3 2
Obj 0 -1/2 | 1/2 0 -1/2 | 1/2 | f+3
Mzem- 1w 0w o) | Pl EREABSS et
MZE2 388 = 38 + 288 x (1/3)
x1 x2 x3 x4 x5 x6 bi | bi/ai
x4 5/3 0 0 1 2/3 | -2/3 8 12
x2 2/3 1 -1 0 -1/3 | 1/3 2 -6
Obj 1/3 0 0 0 |-2/3 | 2/3 | f+4
ME2 13 = 19 x (2/3)
MZ22 2% - 2% + (1/2)><1°"
ME2 3% =38 +1H
x1 x2 x3 x4 x5 x6 bi | bi/ai
x5 5/2 0 0 3/2 1 -1 12
x2 3/2 1 -1 1/2 0 0 6
Obj. 2 0 0 1 0 0 |f+12
SH 29 2= H=J10 0140l
SITHO] OHOt X =00
E.l B(x1=x3=x4=x620,x2=6,x5=12,/%-12)

012010
1}38(2/2)

Optimum Point = (0, 6)
f=-12

ZJ1 J1X10H
(7S 0HIt OFd)
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Linear Systems Vs Matrices

5

X, +2x,+x;=1

<

----------------------------------------------------------
. »,
o .

3x;-X,-Xx;=2
row2 +
row1x(—3)

. +) -3x,-6x,-3x,=-3

J .
.
.,
0
g
b3 ---------------------------------------"‘

x;+2x,+x;= 1

'7x2 '4x3_ '1

0'x1-7x2 '4x3 — '1

Computer Aided Ship Design 2008 - PART IlI: Optimization Methods

N L )
A2 pL
PUECLLICICIILICCIRITLEER | I I LR : row? +
3 ..... . 1 ..... _1 x2 25 row‘lx(—S)
2 3 -1 x -3
\Z - =/
éa - )
12 17x] [1
0 -7 —4||x |=| -1
2 3 —1|x -3
\_ — -
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Linear Systems Vs Matrices

M

le + 3x2 . x3= '3

i )

X+ 2x,+x;=1

0-x,-7Tx, -4x;=-1

N /

......................................................
. e
o »,

row3 + _|_)-2x1 -4x,-2x,=-2
rowIx(—2) / X, 3x,= -5

.
.
.

»

Q

Q

N R
---------------------------------------------------------

x;+2x,+x;= 1

0-x-Txy - 4x;=-1

0'x1'x2 - 3X3= '5
N\ /

Computer Aided Ship Design 2008 - PART IlI: Optimization Methods

3 —lix —3i| | frow3 +
s n2d) C(—2)

AL 32
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Linear Systems Vs Matrices

‘r x;+2x,+x;=1

3Ix;— X7 x3=2

le + 3x2 . x3_ '3

4 0’x1- 7x2 '4x3 = '1

row 2 < row 3

K()'xl' xz '3x3='5j

U

G ) 4 D)
x;+2x,+x;=1 1 2 1 |x 1
0‘x1-x2 '3x3='5 O _1 _3 x2 = _5
il _ — _ 0 -7 —-4|«x —1

KOx1 Tx, -4x, 1/ S AB) LT

~ row 2x(— - ~

4 _ I
X+t 2x,+tx;=1 1 2 1 |x 1
0-x,+x,+3x;=5 0 1 3 |x,|=|5

K()-xl- Tx, -4x3=-1/ 0 =7 —4]x

- @/SDAL s
Computer Aided Ship Design 2008 - PART IlI: Optimization Methods e naGed S ip. Jesi gt maiion.Lab.
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Linear Systems Vs Matrices

!"I

e BRI

3x;— X7 x3=2 3 -1 —1}x,
2x,+3x, - x;= -3 23 x| [-3
g N - Y
X+ 2x,+x;=1 1 2 1 x
0-x;,.x,+3x;=5 0 1 3 x,|=|5
0-2,=7x, -d4x;= -1 0 -7 —4| x, —1
g / \_ - Y
row 3+ row 2x7
Ao N - o)
x;+2x,+x;=1 1 2 1| x 1
0-x,+x,+3x;=5 0O 1 3|x,|=|5
0-x,+ 0-x,- 17x,=34 0 0 17| x,4 34
\_ T

The last equations and matrix are equal to given equations.

SDAL ™
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2008'H235t7| & ststZto|-57-080910 (O.D.E)

Linear Independence

n

Definition 3.1 Linear Dependence / Independence )
A set of functions 7, (x), /5 (x), ..., f, (x) is said to be ‘linearly
dependent’ on an interval 7 if there exist constant ¢, ., c, ....c,,, not all zero
suchthat ¢, f,(x)+c, fo(x)+---¢c, f,(x) =0
for every . in the interval.
If the set of functions is not linearly dependent on the interval, it is said to be
‘linearly independent’

\ )

In other words, a set of functions is ‘linearly independent’ if the only constants for

o fix)+e, fo(x)+-+c, f,(x)=0

are CI:CZ:---:cn:O

“two functions are linearly independent when neither is a constant multiple of the other”

{ f,(x)=sin2x {fl(t):et

f>(x)=sinxcosx £ =€

on(—oo,0) on(—o0,0)

: | t 2t _
fz(x)zsmxcosx:5s1n2x ce +c,e 0

i Satisfied only when C,=¢C, = O on the interval
s ()= Efl(x)

Linearly Dependent Linearly Independent

SDAL  *
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Linear Systems Vs Matrices

." L]

» NI

ZX1 + 3x2 'x3= '3

e 2+ x, =1=0 4 ) (e 5 1\

x;+2x,+x;=1

1 2 17 x

LL0x+x,+3x,-5=0 0-x,+x, +3x;=5 0 1 3|x,|=|5

10X 400, +17x;=34=0| (- -+0-x, +17x; = 34 0 0 17| x, 34
N = T

No. of equations which are linearly independent ?

() +e(f)+e(f) =0
c(x,+2x,+x;, =D+, (0-x, +x,+3-x,=5) +¢c;(0-x, +0-x, +17x, -34) =0

¢l+0-¢c, +0-¢;)x + (2 [+ +0-¢)x, +(c]+3c,|+17¢y)xy + (—¢, —5¢, —34¢;) =0

7 - S 7
fl, fz,f3 : linearly independent. —> rank:3

SDAL »
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Linear Systems Vs Matrices

K.

/

No. of equations which are linearly independent : 3

* X+ 2, +=1

2x1 + 3x2 = x3= '3

~

X+ 2x,+x;=1
0-x,+x, +3x;=35

0-x,+0-x, +17x;= 34

Unknown variables x, , x,, x; n=3

)
4 e

Computer Aided Ship Design 2008 - PART IlI: Optimization Methods

No. of equations which are
linearly independent : 3

rank : 3

2 ™™
3 -1 —1x,|=
2 3 =1 x -3
[ _ Y
1 2 X, 1
0 1 3|x,|=|5
0 0 17| x,| |34
\ /
rank : 3
. Unique
Unknown variables n=3 Solution

~

X+ 2x,+x;=1
0-x,+x, +3x3;=35
0-x,+2x, +6x;,=10

SDAL ”

Advanced Ship Design Automation Lab.
http://asdal.snu.ac.kr



Linear Systems Vs Matrices

W
ot 2x, +x,= 1 ) x+2x,+x,=1
1 2T A3 1 27 X3
0-x,+x,+3x;=5 E> 0-x+x,+3x;=5
0.5*row 3
0-x+2x, +6x;=10 ) 0-x,+x, +3x;=95
=y
Jax+2x, +x,—-1=0 x,+2x,+x;=1
f,:0-x,+x,+3x,-5=0 0-x,+x, +3x;=5

f3:0-x, +2x,+6x;,-10=0 0-x,+0-x, +0-x,=0

No. of equations which are linearly independent ?

a(f)+c,(f,)+¢(f;)=0

c(x,+2x,+x,—D)+c,(0-x, +x, +3-x;,=5) + ¢, (0-x, +2x, + 6x, +10) =0

p—

c|+0-c,+0-¢c,)x, +(2c|+c, +2¢c,)x, + (¢ |+ 3¢, +6¢,)x, +(—¢,|—5¢, +10c,) =0
! 2 3771 | 1 2 377%2 1 2 3773 1 2 3
’ A
\l/ :
c,=-2¢c, €= arbitrary number
. ﬁ, f2, ]2 : linearly dependent. s
SDAL
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Linear Systems Vs Matrices

X

x;+2x,+x,=1 ) +2xn + X =

1 2T X3 x;+2x,tx;=1
0-x,+x,+3x;=5 E> 0-x+x,+3x;=5

0.5*row 3
0-x+2x, +6x;=10 ) 0-x,+x, +3x;=95
=y

Jax+2x, +x,—-1=0 x,+2x,+x;=1

f,:0-x,+x,+3x,-5=0 0-x,+x, +3x,=5

f3:0-x, +2x,+6x;,-10=0 0-x,+0-x, +0-x,=0

No. of equations which are linearly independent ? rank : 2

¢(f)+e,(f)=0

c,(x,+2x,+x,-D)+c,(0-x,+x,+3-x,-5)=0

(c,|+0-¢c,)x, +(2c

[u—

+c,)X, +(|Zl|+3c2)x3 +(=¢, = 5¢,) =0

CIZO 6220

fl, f2 : linearly independent.

SDAL >
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Linear Systems Vs Matrices
1

€,

X+ 2x,+x,= 1 /_1 2 1| x _1_\
0-x,+x,+3x;=5 0 I 3 x,|=|5
0°x1+2x£6x3 =10 L 0 2 o] x; —10—/
- —
X+ 2x,+x;=1 { 2 1 x
0-x,+x,+3x;=5 0 1 3)x|=|5
0-x,+0-x, +0-x,= 0 _ 0 0 Oflx;| |0 )
inearly independent; 2 | = | "ak:2 | < Unknownvariables n=3 | ) (0 G TE
. Solution ?
(}.; AX = AX— X =() Trivial Solution
SDAL

Computer Aided Ship Design 2008 - PART IlI: Optimization Methods
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Linear Systems Vs Matrices

5

’!. !olution ?

(A—ADx =0

to have a solution x except x=0

rank(A—Al)<n det(A—-Al)=0

\ Zero row A: eigenvalues, x: eigenvectors

x: Infinite many solutions

l

Objective function —>

Computer Aided Ship Design 2008 - PART IlI: Optimization Methods

[
(E AX=AX——— X = () Trivial Solution

x: Infinite many solutions

|Optimization Problem

Solution determined

-2 2 3 Rank : 3
A=| 2 1 -6
-1 =2 0 Trivial x
(A-ADx=0
[—2-2 2 =3
A== 2 1-4 -6
| -1 =2 0-2]
2-4 2 -3
det(A — AI) = 2 1-4 -6
-1 -2 0-2
=(5-A)(A+3)° =0
when A =5
A—-Al=A-51
-7 2 -3
=l 2 -4 -6
-1 -2 -5
Row reductionﬂ
-7 2 -3
0 -—24/7 -48/7 A
0 0 0 Rank : 2

infinite no. of x

SDAL

Advanced Ship Design Automation Lab.

http://asdal.snu.ac.kr
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. Notation of inverse matrix
IWerse section, only.square.matrices.are.considered.exclusively.

Notation of inverse of an nx n matrix A=[a;] : Al

AA_I == A_IA = I , Where I is the nx n unit matrix.

Nonsingular matrix : A matrix that has an inverse.
(If a matrix has an inverse, the inverse is unique)

Singular matrix : A matrix that has no inverse.

Proof of uniqueness of inverse matrix

If B and C are inverses of A (AB =1 & CA = I) R
We obtain B = IB — (CA)B = C(AB) — CI — C

(the uniqueness of inverse)

43

SDAL

Advanced Ship Design Automation Lab.
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. Inverse by the Gauss-Jordan Method

For!ractical determination of the inverse A-! of a nonsingular » x n matrix A, Gauss elimination can be
used.
: This method is called Gauss-Jordan elimination

~~

Step 1. Make augmented matrix. A =[A 1]

Step 2. Make Multiplication of AX=I by A" -
(by applying Gauss elimination to A — [A I])

This gives a matrix of the form [U H]

Step 3. Reduce U by further elementary row operations to diagonal form.
(Eliminate the entries of U above the main diagonal and making the diagonal entries all 1 by
multiplication. See the example next page.)

SDAL  *
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. Inverse of a Matrix. Gauss-Jordan elimination.

Determine the inverse A-! of

-1 1 2
A= 3 -1 1
-1 3 4

Step 1. Make augmented matrix.

-1 1 2|1 0 0
[AI]=| 3 -1 1]0 1 0
-1 3 4|0 0 1

Step 2. Make Multiplication of AX=I by A-! by applying Gauss elimination

to
SDAL *
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. Inverse of a Matrix. Gauss-Jordan elimination

-1 1 2|1 0 0
[ATI]=] 3 -1 1]0 1 0
-1 3 4]080 1

-1 1 2] 1 0 O

Row3

Computer Aided Ship Design 2008 - PART IlI: Optimization Methods

(i) ] 3 1] 0Row2+3Row1§
22 | -1 0 IJROW3—3Row1§

0 0 =5[=4 -1 1] nowe -

0
*
*
*
— *
*
*
*
A
0

S O =

S = O

11
0 2
{:—-100
'02 -0

dlagonal matrix

_0 O

- Row1

—-0.6 —-04 0.4 /| +0.4Row3
—-26 —-04 1.4 | Row2

+1.4Row3

-5 -4 -1 1
0.7 -02 -03] Row1
-0.5Row2

-26 -04 14

-4 -] I
-07 02 03] Rowl
-13 —02 0.7 OSRowz
0.8 02 -0.2] -0-2Row3
SDAL 4
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. Inverse of a Matrix. Gauss-Jordan elimination

0 07 02 03] b (-
0 1 0|-13 —02 07| b=
b13 — (_
Bt ¢ e | 0.8 0.2 -0.2
g Al - b, =(3
Check _the result. ) b22 _ (3
Let by b, b b,y = (3
AA'=B

= bzl bzz b23 b31 = (_
_b31 by, by b, = (_
- T 7 b33 — (_

—1 1 2(-0.7 0.2 0.3
= 3 -1 1| -1.3 -0.2 0.7 L B=

_—1 3 4__ 0.8 0.2 —0.2_
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+1x

+1x

.7) (-

-1)
~1)x(0.7)+1x(~0.2)
(

~0.7)+1x(~1.3)+2x0.8=1

(-0.2)+2x0.2=0

(0.7)+2x(-0.2)=0
1)x(=1.3)+1x(0.8)=0
x(=0.2)+1x(0.2)=1
=0
3)x(=1.3)+4x(0.8)=0
)x(=0.2)+4x(0.2)=0
)x(0.7)+4x(-0.2)=1
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. Inverse of a Matrix. Gauss-Jordan elimination.

—Xx, +x,+2x, =7

3x,—x,+x, =4

—x, +3x, +4x, =17

_ =
-1 1 2| x
3 -1 1] x,

-1 3 4] x

<

-1 1 2
3 -1 1
-1 3 4
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. Inverse of a Matrix. Gauss-Jordan elimination

Computer Aided Ship Design 2008 - PART III: Optimization MethodsE

D N N = N

7
4
17

7
25
10

7
25
—15

Row2 + 3Row1 :

Row3 - Row1

Row3 - Row2

1
2
0
0
2

‘0 *
* 0‘
*
» 00
* *

* *
T o

0‘ >

- *

diagonal matiix

|
4

Row1 + 0.4Row3

Row2 + 1.4Row3

Row1 - 0.5Row2

O -Row1

Ol 2| o0.5Row2

1 3_ -0.2Row3
B E WHE OlUo) &ofar &
CIE 8WlAE 25 A H OIYS
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