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Basic of Matrices and Vectors

ÁSystem of linear equations is 

a set of linear equations such 

as

0
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Then, we can make a array 

with coefficients of system of 

linear equations above.
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We call this kind of array Matrix . 

ÁA general form of Matrix is 
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Column

Row

This Matrix has m rows and n 

Columns. So It is m x n Matrix . 

entry
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Basic of Matrices and Vectors

ÁVector can be expressed by 

a matrix form.

ÁA column vector x with n 

components x 1, .., x n is of the 

form
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  2, n  if thus,
: x

x
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ÁSimilarly, a row vector v is 

of the from

[ ]nvv ...1=v

[ ]
21  2, n  if thus vv== v
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Basic of Matrices and Vectors
: Calculations with Matrices and Vectors

Equality

ÁTwo n x n matrices are 

equal if and only if 

corresponding entries are 

equal.

ù
ú

ø
é
ê

è
=ù

ú

ø
é
ê

è
=

2221

1211

2221

1211
,

bb

bb

aa

aa
BA

, if vx=

22222121

12121111
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Addition

ÁAddition is performed by 

adding corresponding entries.
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Basic of Matrices and Vectors
: Calculations with Matrices and Vectors

Scalar multiplication Matrix Multiplication

ÁIt is performed multiplying each 

entry by a number.
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ÁThe Product C=AB of two n x n 

matrices A=[a jk ] and B=[b jk ] is the n 

x n matrix C=[c jk ] with entries

For example,
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Basic of Matrices and Vectors
: Systems of ODEs as Vector Equations

Differentiation

ÁThe derivative of a matrix(or vector) with variable 

entries(or components) is obtained by differentiating each 

entry(or component).
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Basic of Matrices and Vectors
: Some Further Operations and Terms

Transposition

ÁIt is the operation of writing 

columns as rows.
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Inverse of a Matrix

ÁIf for a given n x n matrix A,B such 

that AB=BA=I, then A is nonsingular

and B is called the inverse of A.

ÁB=A-1(I is the unit matrix of n x n 

matrix with main diagonal 1, 1, é, 

1 and all other entries zero)

,IAAAA
11 == --

ÁFor n = 2,
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If A has no inverse, it is called singular
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Linear Independence

Ár given vector v(1), é, v(r) are 

linearly independent if all scalars are 

zero.

0vv =++ )()1(

1 ... r

rcc

Áif it is not, one of them can be 

expressed as a linear combination of the 

others. So it is linearly dependent

)...(
1

,0 2

1

1

(r)(2)(1)
vvv rcc

c
c ++-=¸
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Basic of Matrices and Vectors
: Eigenvalues , Eigenvectors

ÁLet A is an n x n matrix.

ÁConsider the equation

xAx l=

Ʀ is a scalar to be determined and x is a a vector to 
be determined. For every Ʀ, a solution is   x = 0. 

ÁA scalar Ʀsuch that the equation holds for some 

vector x Í 0 is called an eigenvalue of A.

At that time, vector x is called eigenvector of A.
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Basic of Matrices and Vectors
: Eigenvalues , Eigenvectors

0xIA

0xAx

xAx

=-

=-
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l
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ÁFor these equations to have a solution x Í 0, the 

determinant of the coefficient matrix (A -Ʀx) must be zero.

Áif n = 2,
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ÁConsider the equation again
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We can get x easily after calculating  Ʀ
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Ex.) Eigenvalue Problem(1/2)

Find the eigenvalues and eigenvectors of the matrix
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Ex.) Eigenvalue Problem(2/2)
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Find the eigenvalues and eigenvectors of the matrix
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Systems of ODEs as Models

XWe first illustrate with a few typical examples 

that systems of ODEs can serve as models in 

various applications.

XWe further show that a higher order ODE can 

be reduced to a first -order system.
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Ex.) mixing problem Involving Two Tanks

1) < > 4.546ɱ, <> 3.785ɱ, 2) 0.37324kg
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Ex.) mixing problem Involving Two Tanks

Tank T1, T2 contain initially 100gal 1) of water each

In T1 the water is pure, whereas 150 lb 2) of salt are 

dissolved in T2. 

1) < > 4.546ɱ, <> 3.785ɱ, 2) 0.37324kg
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Ex.) mixing problem Involving Two Tanks

Tank T1, T2 contain initially 100gal 1) of water each

In T1 the water is pure, whereas 150 lb 2) of salt are 

dissolved in T2. 

T1 T2

water 100 gal

Initial condition :

Salt 150 lb mixed 

in brine 100 gal

Initial condition :

1) < > 4.546ɱ, <> 3.785ɱ, 2) 0.37324kg
16
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Ex.) mixing problem Involving Two Tanks

Tank T1, T2 contain initially 100gal 1) of water each

In T1 the water is pure, whereas 150 lb 2) of salt are 

dissolved in T2. 

By circulating liquid at a rate of 2 gal/min the amounts of 

salt y 1(t) in T1 and y 2(t) in T2 change with time t.

T1 T2gal/min2

gal/min2

water 100 gal

Initial condition :

Salt 150 lb mixed 

in brine 100 gal

Initial condition :

1) < > 4.546ɱ, <> 3.785ɱ, 2) 0.37324kg
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Ex.) mixing problem Involving Two Tanks

Tank T1, T2 contain initially 100gal 1) of water each

In T1 the water is pure, whereas 150 lb 2) of salt are 

dissolved in T2. 

By circulating liquid at a rate of 2 gal/min the amounts of 

salt y 1(t) in T1 and y 2(t) in T2 change with time t.

Find y 1(t), y 2(t).

T1 T2gal/min2

gal/min2

water 100 gal

Initial condition :

Salt 150 lb mixed 

in brine 100 gal

Initial condition :

1) < > 4.546ɱ, <> 3.785ɱ, 2) 0.37324kg
18
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Ex.) mixing problem Involving Two Tanks

gal/min2

water 100 gal

Initial condition :

Salt 150 lb mixed 

in brine 100 gal

Initial condition :

gal/min2

T1 T2

19
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Ex.) mixing problem Involving Two Tanks

ÅAssumption : The mixture is kept uniform by stirring.

(in constant concentration)

ÅProblem : Find the amount of salt in each tank at any time t.

: time [min.]  t
)(1 ty : the amount of salt in T1 [lb]

gal/min2

water 100 gal

Initial condition :

Salt 150 lb mixed 

in brine 100 gal

Initial condition :

gal/min2

T1 T2

)(2 ty : the amount of salt in T2 [lb]

20
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Ex.) mixing problem Involving Two Tanks
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Ex.) mixing problem Involving Two Tanks

() )outflow( Salt  )(inflow  Salttank  the in Salt outin yyy -=
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Ex.) mixing problem Involving Two Tanks

)rate(outflow    Salt  )rate(inflow    Salt

(tank  the in saltof  changeof  rate time

outin yy

y

¡-¡=

¡)

() )outflow( Salt  )(inflow  Salttank  the in Salt outin yyy -=
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Ex.) mixing problem Involving Two Tanks

)rate(outflow    Salt  )rate(inflow    Salt

(tank  the in saltof  changeof  rate time

outin yy

y

¡-¡=

¡)

() )outflow( Salt  )(inflow  Salttank  the in Salt outin yyy -=

outin y-yy ¡¡=¡ ö
÷

õ
æ
ç

å
=¡=¡=¡

dt

dy
y

dt

dy
y

dt

dy
ywhere out

out
in

in ,,,
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Ex.) mixing problem Involving Two Tanks

)rate(outflow    Salt  )rate(inflow    Salt

(tank  the in saltof  changeof  rate time

outin yy

y

¡-¡=

¡)

() )outflow( Salt  )(inflow  Salttank  the in Salt outin yyy -=

outin y-yy ¡¡=¡ ö
÷

õ
æ
ç

å
=¡=¡=¡

dt

dy
y

dt

dy
y

dt

dy
ywhere out

out
in

in ,,,
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Ex.) mixing problem Involving Two Tanks

)rate(outflow    Salt  )rate(inflow    Salt

(tank  the in saltof  changeof  rate time

outin yy

y

¡-¡=

¡)

() )outflow( Salt  )(inflow  Salttank  the in Salt outin yyy -=

outin y-yy ¡¡=¡ ö
÷

õ
æ
ç

å
=¡=¡=¡

dt

dy
y

dt

dy
y

dt

dy
ywhere out

out
in

in ,,,

Salt outflow rate of T1         : outy _1, ¡
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Ex.) mixing problem Involving Two Tanks

)rate(outflow    Salt  )rate(inflow    Salt

(tank  the in saltof  changeof  rate time

outin yy

y

¡-¡=

¡)

() )outflow( Salt  )(inflow  Salttank  the in Salt outin yyy -=

outin y-yy ¡¡=¡ ö
÷

õ
æ
ç

å
=¡=¡=¡

dt

dy
y

dt

dy
y

dt

dy
ywhere out

out
in

in ,,,

Salt outflow rate of T1         : outy _1, ¡

The amount of Salt in 2gal of brine of T1 galy 2_1=
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Ex.) mixing problem Involving Two Tanks

)rate(outflow    Salt  )rate(inflow    Salt

(tank  the in saltof  changeof  rate time

outin yy

y

¡-¡=

¡)

() )outflow( Salt  )(inflow  Salttank  the in Salt outin yyy -=

outin y-yy ¡¡=¡ ö
÷

õ
æ
ç

å
=¡=¡=¡

dt

dy
y

dt

dy
y

dt

dy
ywhere out

out
in

in ,,,

Salt outflow rate of T1         : outy _1, ¡

)(:)(2)(:)(100 2_11 lbygallbygal gal=

The amount of Salt in 2gal of brine of T1 galy 2_1=
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Ex.) mixing problem Involving Two Tanks

)rate(outflow    Salt  )rate(inflow    Salt

(tank  the in saltof  changeof  rate time

outin yy

y

¡-¡=

¡)

() )outflow( Salt  )(inflow  Salttank  the in Salt outin yyy -=

outin y-yy ¡¡=¡ ö
÷

õ
æ
ç

å
=¡=¡=¡

dt

dy
y

dt

dy
y

dt

dy
ywhere out

out
in

in ,,,

Salt outflow rate of T1         : outy _1, ¡

)(:)(2)(:)(100 2_11 lbygallbygal gal=

12_1
100

2
yy gal=

The amount of Salt in 2gal of brine of T1 galy 2_1=
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Ex.) mixing problem Involving Two Tanks

)rate(outflow    Salt  )rate(inflow    Salt

(tank  the in saltof  changeof  rate time

outin yy

y

¡-¡=

¡)

() )outflow( Salt  )(inflow  Salttank  the in Salt outin yyy -=

outin y-yy ¡¡=¡ ö
÷

õ
æ
ç

å
=¡=¡=¡

dt

dy
y

dt

dy
y

dt

dy
ywhere out

out
in

in ,,,

Salt outflow rate of T1         : outy _1, ¡

)(:)(2)(:)(100 2_11 lbygallbygal gal=

12_1
100

2
yy gal=

102.0 y=

The amount of Salt in 2gal of brine of T1 galy 2_1=
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Ex.) mixing problem Involving Two Tanks

)rate(outflow    Salt  )rate(inflow    Salt

(tank  the in saltof  changeof  rate time

outin yy

y

¡-¡=

¡)

() )outflow( Salt  )(inflow  Salttank  the in Salt outin yyy -=

outin y-yy ¡¡=¡ ö
÷

õ
æ
ç

å
=¡=¡=¡

dt

dy
y

dt

dy
y

dt

dy
ywhere out

out
in

in ,,,

Salt outflow rate of T1         : outy _1, ¡

)(:)(2)(:)(100 2_11 lbygallbygal gal=

12_1
100

2
yy gal=

102.0 y=

The amount of Salt in 2gal of brine of T1 galy 2_1=

Outflow per minute is 2 gal 
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Ex.) mixing problem Involving Two Tanks

)rate(outflow    Salt  )rate(inflow    Salt

(tank  the in saltof  changeof  rate time

outin yy

y

¡-¡=

¡)

() )outflow( Salt  )(inflow  Salttank  the in Salt outin yyy -=

outin y-yy ¡¡=¡ ö
÷

õ
æ
ç

å
=¡=¡=¡

dt

dy
y

dt

dy
y

dt

dy
ywhere out

out
in

in ,,,

Salt outflow rate of T1         : outy _1, ¡

)(:)(2)(:)(100 2_11 lbygallbygal gal=

12_1
100

2
yy gal=

102.0 y=

The amount of Salt in 2gal of brine of T1 galy 2_1=

Outflow per minute is 2 gal 

So, 12_1_1
100

2
yyy galout ==¡
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Ex.) mixing problem Involving Two Tanks

)rate(outflow    Salt  )rate(inflow    Salt

(tank  the in saltof  changeof  rate time

outin yy

y

¡-¡=

¡)

() )outflow( Salt  )(inflow  Salttank  the in Salt outin yyy -=

outin y-yy ¡¡=¡ ö
÷

õ
æ
ç

å
=¡=¡=¡

dt

dy
y

dt

dy
y

dt

dy
ywhere out

out
in

in ,,,

Salt outflow rate of T1         : outy _1, ¡

)(:)(2)(:)(100 2_11 lbygallbygal gal=

12_1
100

2
yy gal=

102.0 y=

Salt inflow rate of T1         : iny _1, ¡

The amount of Salt in 2gal of brine of T1 galy 2_1=

Outflow per minute is 2 gal 

So, 12_1_1
100

2
yyy galout ==¡
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Ex.) mixing problem Involving Two Tanks

)rate(outflow    Salt  )rate(inflow    Salt

(tank  the in saltof  changeof  rate time

outin yy

y

¡-¡=

¡)

() )outflow( Salt  )(inflow  Salttank  the in Salt outin yyy -=

outin y-yy ¡¡=¡ ö
÷

õ
æ
ç

å
=¡=¡=¡

dt

dy
y

dt

dy
y

dt

dy
ywhere out

out
in

in ,,,

Salt outflow rate of T1         : outy _1, ¡

)(:)(2)(:)(100 2_11 lbygallbygal gal=

12_1
100

2
yy gal=

102.0 y=

Salt inflow rate of T1         : iny _1, ¡

The amount of Salt in 2gal of brine of T1 galy 2_1=

Outflow per minute is 2 gal 

So, 12_1_1
100

2
yyy galout ==¡

The amount of Salt in 2gal of brine of T2 galy 2_2=
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Ex.) mixing problem Involving Two Tanks

)rate(outflow    Salt  )rate(inflow    Salt

(tank  the in saltof  changeof  rate time

outin yy

y

¡-¡=

¡)

() )outflow( Salt  )(inflow  Salttank  the in Salt outin yyy -=

outin y-yy ¡¡=¡ ö
÷

õ
æ
ç

å
=¡=¡=¡

dt

dy
y

dt

dy
y

dt

dy
ywhere out

out
in

in ,,,

Salt outflow rate of T1         : outy _1, ¡

)(:)(2)(:)(100 2_11 lbygallbygal gal=

12_1
100

2
yy gal=

102.0 y=

Salt inflow rate of T1         : iny _1, ¡

)(:)(2)(:)(100 2_22 lbygallbygal gal=

The amount of Salt in 2gal of brine of T1 galy 2_1=

Outflow per minute is 2 gal 

So, 12_1_1
100

2
yyy galout ==¡

The amount of Salt in 2gal of brine of T2 galy 2_2=
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Ex.) mixing problem Involving Two Tanks

)rate(outflow    Salt  )rate(inflow    Salt
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