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Ordinary Differential Equations (3)

Basics of Matrices and Vectors

Systems of ODEs as Models

Basic Theory of Systems of ODEs
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Basic of Matrices and Vectors

ASystem of linear equationsis  AA general form of Matrix is

a set of linear equations such : ) L :

. ; 8, 8, ... a,0

as 3X1 + 2X2 - X3 :1 e...-. ....................... t
5 6% Qg e aznu;ROW

2)(1 - 2x2 + 4)(3 =-2 : PSS e, RSSO S————. o

: e. ¢ o i.... u

1 e Ry

'X1+§X2'X3_O €y i oo i Al
Then, we can make a array Column N entry

with coefficients of system of

_ _ : This Matrix has m rows and n
linear equations above.

: Columns. So Itis m x n Matrix .

e3 2 -1y
é u
é2 -2 4CI
&1 1/2 -1y

We call this kind of array  Matrix
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Basic of Matrices and Vectors

AVector can be expressed by ASimilarly, a row vector v is

a matrix form. . of the from
AA column vector x withn  : v=[v, .. v]
components X 4, .., X is of the :
form thusf n=2, v:[v1 v2]
X g =
e, u :
X g :
x = €2U thusif n=2, x—gxlui
2 eXo( :
2. '
e
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Basic of Matrices and Vectors
Calculatlons with Matrices and Vectors

ATwo N X n matrices are
equal if and only if
corresponding entries are

equ%& 812ﬂ ebll b12

ea21 azzu ) 8321 bzzu
I - il Y a, =by,
If A =B, _ _
21 — b21 a22 — b22
&#’ Ay
if Xx=v, %= Vl
X

2008_O.D.E(3)

AAddltlon IS performed by

:addlng corresponding entries.

LT , +
A+p=Enthn 3n*bao
ea21 +b21 azz +b22u
N ex; +Vﬂ
XTV-=
&, +V, 1



Basic of Matrices and Vectors

: Calculations with Matrices and Vectors

Alt is performed multiplying each
entry by a number.

_ey a,@ _€Ca,; Ca,g
A=g VI 0
ey Ay g:aﬂ Cay U
For example,
e9 3g & 63 - 2lg
"¢, o "1 T¢ ‘
5 2 0g &§14 0
V= go O then 10v = 24 2
& 130

5‘32 % 55U

: AThe Product C=AB of two n x n
: matrices A=[a ;] and B=[b ;] is the n
: X n matrix C=[c jk] with entries

a ajm mk
. For example,
(69  3gl 4g e 90+3Q2 9(-4)+3B g
“&-2)+02 (-2)G- 4)+0GY

>< _el5 - 2lg
"¢, g

8l - 429 3g_ e1C9)+( H@-2) 13+(-4)Dg

& 5% o M E29+50-2 23+5D U
: él7 3g
“¢g ol AB . BA




Basic of Matrices and Vectors
: Systems of ODEs as Vector Equations

AThe derivative of a matrix(or vector) with variable

entries(or components) is obtained by differentiating each
entry(or component).

ey, (t)g ee?g evit)g & 2e?%g
v(t) :éyl( )@ _ € ther  yi(t) = 2yi(t) g _ € %

&y, (1) esinty &id & cost
yi(t) =a, Y (t) +a,Y,(t)
) (1) = t)+ t
yi( ) a21y1( ) azzyz( ) > yi(t) _ é,)/j(t) ?: - é,ail aiz@%(t)?
G A0 OIS 0.0

&




Basic of Matrices and Vectors
: Some Further Operations and Terms

:  Transposition _AForn=2 -
---: --------------------------- - : e — g
Alt is the operation of writing : A= 22 A2
: detA & a,, v
columns as rows. : € % 1 u
: If Ahas no inverse, it is called  singular
_ea; ap@ ey 9@
A = e Lk J - e U - all a12 _
& Axl] @, 8y i detA= = 88, - 8,8
: Ay 8y
: Inverse of a Matrix - :: Linear Independence

Alf for a given n x n matrix A Bsuch :Ar given vector v(1)
that AB=BA=I, then Ais nonsingular - linearly independent if all scalars are

and B is called the inverse of A. %670 o -
, | . : s
AB=A"(l is the unit matrix of N XN Ajf it is not, one of them can be

matri x with main :CbXprésge@a& & lihear Eombination oféhe
1 and all other entries zero) - others. So itis linearly dependent

AA-l :A'lAzl’ C]_, O’ V(l) - _ E(CZV(2)++CrV(r))

2008_O.D.E(3) 7 | C




Basic of Matrices and Vectors
. Eigenvalues, Eigenvectors

ALet A is an n X n matrix.

AConsider the equation

AX = /X
R I's a scalar to be deter mi ne
be determined. For every R, a

AA scal ar Rsuch that the equat
vector x | Oeigéngalue efA.| ed an

At that time, vector x is called  eigenvector of A.
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Basic of Matrices and Vectors
. Eigenvalues, Eigenvectors

AConsider the equation again

AX = /X
Ax- /x=0
(A-/1)x=0
AFor these equations to have a
determinant of the coefficient matrix (A -RX) must b
Aifn = 2, /
NCT Ay,
éiail'/ alz ﬂexlﬂ 0y det(A- /1) = Y
153 U~ éU
e 9y ueXz g) =(ay- /)@y - 1)- aya,
(a,- /)% +a,% =0 =17 - (8 +8y)/ +a,8, - 8,ay =

Y
+(a,- /)% =0
A%+ (8= /)%, We can get x easil.y
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AX =/x
Ex.) Eigenvalue Problem(1/2) AX- [x=0
(A-/1)x=0

Find the eigenvalues and eigenvectors of the matrix

&40 40g

"€ 16 12U
_4-/ 4 11)/ =/,=-2
-16 12-/ ;é—4- (- 2) A @Xlﬂ
=/*+28/ +1.6 g - 16 1.2- (Z)UQ U_O
=(/ +2)(/ +0.8) =0 :

det(A- /1) =

L - 2% 14x,=0
/,=-2, /,=-08 4x, = 2%, o _ 20
: X7 =a
: _1 iy
g—4-/ 4 gexlg . E X, 2)(1

€.16 12-/%U
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Ex.) Eigenvalue Problem(2/2)

AX = /X
Ax-/x=0
(A-/1)x=0

Find the eigenvalues and eigenvectors of the matrix \

_§~4O 40@
516 1.2

4- (- 0.8) 4 gex1 a_
1.2- (-0.8) &%,

- 3.2x, +4x, =0
4X, = 3.2%,
X, =0.8%

2008_O.DE(3)

eigenvaluef A [/, =-2, /,=-08




Systems of ODEs as Models

X We first illustrate with a few typical examples
that systems of ODEs can serve as models in
various applications.

X We further show that a higher order ODE can
be reduced to a first -order system.

2008_O.D.E(3) _




EX.) mixing problem:involving Two Tanks

2008_0.D.E(3)
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EX.) mixing problem: Involving Two Tanks

Tank T1, T2 contain initially 100gal 1V of water each

In T1 the water is pure, whereas 150 Ib 2 of salt are
dissolved in T2.

B 1)< >4.546np3.<7 85 1037329 ,3915’
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EX.) mixing problem: Involving Two Tanks

Tank T1, T2 contain initially 100gal 1 of water each

In T1 the water is pure, whereas 150 Ib 2 of salt are
dissolved in T2.

T1 T2
Initial condition : Initial condition :
water 100 gal Salt 150 Ib mixed
In brine 100 gal

2008_O.D.E(3)




EX.) mixing problem:Involving Two Tanks

Tank T1, T2 contain initially 100gal 1 of water each

In T1 the water is pure, whereas 150 Ib 2 of salt are
dissolved in T2.

By circulating liquid at a rate of 2 gal/min the amounts of
salty,(t) in Tl andy ,(t) in T2 change with time t.

T1 2 gal/min T2
Initial condition : b Initial condition :

— Salt 150 |Ib mixed
2gal/min| In brine 100 gal

water 100 gal

2008_O.D.E(3)




EX.) mixing problem:Involving Two Tanks

Tank T1, T2 contain initially 100gal 1 of water each

In T1 the water is pure, whereas 150 Ib 2 of salt are
dissolved in T2.

By circulating liquid at a rate of 2 gal/min the amounts of
salty,(t) in Tl andy ,(t) in T2 change with time t.

Find y ,(t), y »(1).

T1 2 gal/min T2
Initial condition : b Initial condition :

— Salt 150 |Ib mixed
2gal/min| In brine 100 gal

water 100 gal
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EX.) mixing problem:Involving Two Tanks

T1 2 gal/min T2
Initial condition : D Initial condition :

water 100 gal — Salt 150 Ib mixed
2 gal/min In brine 100 gal

2008_O.D.E(3)
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EX.) mixing problem:Involving Two Tanks

T1 2 gal/min T2
Initial condition : D Initial condition :

water 100 gal — Salt 150 Ib mixed
2 gal/min In brine 100 gal

AAssumption : The mixture is kept uniform by stirring.
(in constant concentration)

{ :time [min.]
Y, (’[) : the amount of salt in T1 [Ib]
Y, (t): the amount of salt in T2 [Ib]

AProblem : Find the amount of salt in each tank at any time t.

2008_0.D.E(3)




EX.) mixing problem:involving Two Tanks
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EX.) mixing problem: Involving Two Tanks
Saltin the tank (y) = Saltinflow (y, ) - Saltoutflow( y, )

2008_O.D.E(3) _




EX.) mixing problem: Involving Two Tanks

Saltin the tank (y) = Saltinflow (y, ) - Saltoutflow( y, )
time rate of changeof salt in the tank (i)

=Salt inflow rate(yj,) - Salt outflow rate(yj,,)

2008_O.DE(3)




EX.) mixing problem: Involving Two Tanks

Saltin the tank (y) = Saltinflow (y, ) - Saltoutflow( y,,,)
time rate of changeof salt in the tank (i)

=Salt inflow rate(yj,) - Salt outflow rate(yj,,)

: . : d dy dy. .0
yl:yi'n_yéut ,Z‘w\/hereyi:d_?[/,yihz ¥in . _ﬂg

dt Y dt =

2008_O.D.E(3)
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EX.) mixing problem: Involving Two Tanks

Saltin the tank (y) = Saltinflow (y, ) - Saltoutflow( y,,,)
time rate of changeof salt in the tank (i)

=Salt inflow rate(yj,) - Salt outflow rate(yj,,)

: . : d dy dy. .0
yl:yi'n_yéut ,Z‘w\/hereyi:d_?[/,yihz ¥in . _ﬂg

dt Y dt =

2008_0.D.E(3)
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EX.) mixing problem: Involving Two Tanks

Saltin the tank (y) = Saltinflow (y, ) - Saltoutflow( y,,,)
time rate of changeof salt in the tank (i)

=Salt inflow rate(yj,) - Salt outflow rate(yj,,)

c . . : c d . d in . d ou 6
yl — Mh_yéut ,Zﬁ\/hereyl = d—i/, yl'n = y — LO

dt 1y(5ut dt =
Salt outflow rate of T1 , VYj 5

2008_O.D.E(3)




EX.) mixing problem: Involving Two Tanks

Saltin the tank (y) = Saltinflow (y, ) - Saltoutflow( y,,,)
time rate of changeof salt in the tank (i)

=Salt inflow rate(yj,) - Salt outflow rate(yj,,)

: . : d dy dy. .0
yl:yi'n_yéut ,Z‘w\/hereyi:d_?[/,yihz ¥in . _ﬂg

dt 1yéut dt =
Salt outflow rate of T1 , VYj 5

The amount of Salt in 2gal of brine of T1 = Y 54a)

2008_O.D.E(3)




EX.) mixing problem:Involving Two Tanks

Saltin the tank (y) = Saltinflow (y, ) - Saltoutflow( y,,,)
time rate of changeof salt in the tank (i)

=Salt inflow rate(yj,) - Salt outflow rate(yj,,)

: . : d dy dy. .0
yl:yih_yéut ,Z‘w\/hereyi:d_?[/,yihz ¥in . _ﬂg

dt 1yéut dt =
Salt outflow rate of T1 , VYj 5

The amount of Salt in 2gal of brine of T1 = Y 54a)

100(gal): y,(Ib) = 2(gal) - y; 4, (Ib)

2008_O.D.E(3)




EX.) mixing problem:Involving Two Tanks

Saltin the tank (y) = Saltinflow (y, ) - Saltoutflow( y,,,)
time rate of changeof salt in the tank (i)

=Salt inflow rate(yj,) - Salt outflow rate(yj,,)

: . : d dy dy. .0
yl:yih_yéut ,Z‘w\/hereyi:d_?[/,yihz ¥in . _ﬂg

dt 1yéut dt =
Salt outflow rate of T1 , VYj 5

The amount of Salt in 2gal of brine of T1 = Y; 544
100(gal) : y;(Ib) =2(gal): y; »q.(Ib)
2
y1_29al - 100 Y1

2008_O.D.E(3)




EX.) mixing problem:Involving Two Tanks

Saltin the tank (y) = Saltinflow (y, ) - Saltoutflow( y,,,)
time rate of changeof salt in the tank (i)

=Salt inflow rate(yj,) - Salt outflow rate(yj,,)

: . : d dy dy. .0
yl:yih_yéut ,Z‘w\/hereyi:d_?[/,yihz ¥in . _ﬂg

dt 1yéut dt =
Salt outflow rate of T1 , VYj 5

The amount of Salt in 2gal of brine of T1 = Y; 544
100(gal): y;(Ib) = 2(gal) - y; 5qa(1b)
2
y1_29al - m Y1
=0.02y,

2008_O.D.E(3)




EX.) mixing problem:Involving Two Tanks

Saltin the tank (y) = Saltinflow (y, ) - Saltoutflow( y,,,)
time rate of changeof salt in the tank (i)

=Salt inflow rate(yj,) - Salt outflow rate(yj,,)

: . : d dy dy. .0
yl:yih_yéut ,Z‘w\/hereyi:d_?[/,yihz ¥in . _ﬂg

dt 1yéut dt =
Salt outflow rate of T1 , VYj 5

The amount of Salt in 2gal of brine of T1 = Y; 544
100(gal): y;(Ib) = 2(gal) - y; 5qa(1b)
2
y1_29al - m Y1
=0.02y,

Outflow per minute is 2 gal

2008_O.D.E(3)




EX.) mixing problem:Involving Two Tanks

Saltin the tank (y) = Saltinflow (y, ) - Saltoutflow( y,,,)
time rate of changeof salt in the tank (i)

=Salt inflow rate(yj,) - Salt outflow rate(yj,,)

: . : d dy dy. .0
yl:yih_yéut ,Z‘w\/hereyi:d_?[/,yihz ¥in . _ﬂg

dt 1yéut dt =
Salt outflow rate of T1 , VYj 5

The amount of Salt in 2gal of brine of T1 = Y 54a)
100(gal) : y;(Ib) =2(gal): y; »q.(Ib)
2
y1_29al - 100 yl
=0.02y,
Outflow per minute is 2 gal
So, yi._out = yl_ZgaI = ﬁ)yl

2008_O.D.E(3)




EX.) mixing problem:Involving Two Tanks

Saltin the tank (y) = Saltinflow (y, ) - Saltoutflow( y,,,)
time rate of changeof salt in the tank (i)

=Salt inflow rate(yj,) - Salt outflow rate(yj,,)

. . . - d d d i~
Vi = Yir-Yiu ,ZthereyF—y yi = Doy~ our

dt’ dt 74T g 2
Salt outflow rate of T1 ,j 4, : Saltinflow rate of T1 ,Yj ;|

The amount of Salt in 2gal of brine of T1 = Y 54a)

100(gal) : y;(Ib) =2(gal) : y; 4. (ID)
2
yl_ZgaI = ﬁ) Y1
=0.02y,

Outflow per minute is 2 gal

So, yi._out = yl_ZgaI = yl

100
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EX.) mixing problem:Involving Two Tanks

Saltin the tank (y) = Saltinflow (y, ) - Saltoutflow( y,,,)
time rate of changeof salt in the tank (i)

=Salt inflow rate(yj,) - Salt outflow rate(yj,,)

- | _dy oo _dy, o _dy,, 8
— Yk~ ,there - —, i — In1 u :AO
NIZ Yo GHNSTENZ 0o = g Hu = =g 2
Salt outflow rate of T1 ,j 4, : Saltinflow rate of T1 ,Yj ;|
The amount of Salt in 2gal of brine of TL =Y} »4a The amount of Salt in 2gal of brine of T2 = Y5 544
100(gal) : yy(Ib) =2(gal): y; ,4.(1D)
2
yl_Zgal_myl
=0.02y,

Outflow per minute is 2 gal

So, yi._out = yl_ZgaI = yl

100
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EX.) mixing problem:Involving Two Tanks

Saltin the tank (y) = Saltinflow (y, ) - Saltoutflow( y,,,)
time rate of changeof salt in the tank (i)

=Salt inflow rate(yj,) - Salt outflow rate(yj,,)

A& _dy o_dy, . _dy,,d
— Yk~ ,there - —, i — In1 u :AO
YI= Yh-Ydu ° Yis o Yh =g Y= =5 O
Salt outflow rate of T1 , VYj 5 : Saltinflow rate of T1 ,Vj ;,
The amount of Salt in 2gal of brine of TL =Y} »4a The amount of Salt in 2gal of brine of T2 = Y5 544
100(gal): y,(Ib) =2(gal): y; (D) i 100(gad: y,(Ib) =2(gal): Y, »gu(Ib)
2 :
yl_ZgaI - myl
=0.02y,
Outflow per minute is 2 gal 5
So, yi._out = y1_2gal = ﬁ)yl
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EX.) mixing problem:Involving Two Tanks

Saltin the tank (y) = Saltinflow (y, ) - Saltoutflow( y,,,)
time rate of changeof salt in the tank (i)

=Salt inflow rate(yj,) - Salt outflow rate(yj,,)

o a _dy _dy, . _dy,0
— Yk~ ,there - —, i — In1 u :AO
YI= Yh-Ydu ° Yis o Yh =g Y= =5 O
Salt outflow rate of T1 , VYj 5 : Saltinflow rate of T1 ,Vj ;,
The amount of Salt in 2gal of brine of TL =Y} »4a The amount of Salt in 2gal of brine of T2 = Y5 544
100(gal): y,(Ib) =2(gal): y; () i 100(gal): y,(Ib) =2(gal): Y, ,q(Ib)
: 2
y1_2ga| = myl y2_2ga| - H)Y.z
=0.02y,
Outflow per minute is 2 gal 5
So, yj_out = y1_2gal = ﬁ)yl
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EX.) mixing problem:Involving Two Tanks

Saltin the tank (y) = Saltinflow (y, ) - Saltoutflow( y,,,)
time rate of changeof salt in the tank (i)

=Salt inflow rate(yj,) - Salt outflow rate(yj,,)

o a _dy _dy, . _dy,0
— Yk~ ,there - —, i — In1 u :AO
YI= Yh-Ydu ° Yis o Yh =g Y= =5 O
Salt outflow rate of T1 , VYj 5 : Saltinflow rate of T1 ,Vj ;,
The amount of Salt in 2gal of brine of TL =Y} »4a The amount of Salt in 2gal of brine of T2 = Y5 544
100(gal): y,(Ib) =2(gal): y; () i 100(gal): y,(Ib) =2(gal): Y, ,q(Ib)
: 2
y1_2ga| = myl y2_2ga| - H)Y.z
=0.02y, =
Outflow per minute is 2 gal 5 :
So, yj_out = y1_2gal = ﬁ)yl
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EX.) mixing problem:Involving Two Tanks

Saltin the tank (y) = Saltinflow (y, ) - Saltoutflow( y,,,)
time rate of changeof salt in the tank (i)

=Salt inflow rate(yj,) - Salt outflow rate(yj,,)

o a _dy _dy, . _dy,0
| = Yi- awvhereyi=—=,yj =—%,yj,=—>0
YI= Yh-Ydu ° Yis o Yh =g Y= =5 O
Salt outflow rate of T1 , VYj 5 : Saltinflow rate of T1 ,Vj ;,
The amount of Salt in 2gal of brine of TL =Y} »4a The amount of Salt in 2gal of brine of T2 = Y5 544
100(gal): y,(Ib) =2(gal): y; () i 100(gal): y,(Ib) =2(gal): Y, ,q(Ib)
: 2
Yi_2gal = myl Ya_2qal = myZ
=0.02y, =S
Outflow per minute is 2 gal 5 Inflow per minute is 2 gal
So, yj_out = y1_2gal = ﬁ)yl

2008_O.D.E(3)




EX.) mixing problem:Involving Two Tanks

Saltin the tank (y) = Saltinflow (y, ) - Saltoutflow( y,,,)
time rate of changeof salt in the tank (i)

=Salt inflow rate(yj,) - Salt outflow rate(yj,,)

o a _dy _dy, . _dy,0
— Yk~ ,there - —, i — In1 u :AO
YI= Yh-Ydu ° Yis o Yh =g Y= =5 O
Salt outflow rate of T1 , VYj 5 : Saltinflow rate of T1 ,Vj ;,
The amount of Salt in 2gal of brine of TL =Y} »4a The amount of Salt in 2gal of brine of T2 = Y5 544
100(gal): y;(Ib) =2(gal): ; ,e(b) i 100(gal): y,(Ib) =2(gal): Y, ,4.(1b)
: 2
y1_2ga| = myl y2_2ga| - H)Y.z
=0.02y, =
Outflow per minute is 2 gal 5 Inflow per minute is 2 gal 5
So, Y1 out = Y1_2qal = ﬁ)yl So, Yiin = Y2 2ga = ﬁ)ﬁ

2008_O.D.E(3)




EX.) mixing problem:Involving Two Tanks

Saltin the tank (y) = Saltinflow (y, ) - Saltoutflow( y,,,)
time rate of changeof salt in the tank (i)

=Salt inflow rate(yj,) - Salt outflow rate(yj,,)

8 Ay O - 9%
,aWhereyj=—,yj =—10 )y} =—2&
Yi= Yih-Yiu ° Yis o Yh =g Y= =5 O
Salt outflow rate of T1 , VYj 5 : Saltinflow rate of T1 ,Vj ;,
The amount of Salt in 2gal of brine of TL =Y} »4a The amount of Salt in 2gal of brine of T2 = Y5 544
100(gal): y;(Ib) =2(gal): ; ,e(b) i 100(gal): y,(Ib) =2(gal): Y, ,4.(1b)
2 5 2
y1_2ga| = myl y2_2ga| - H)Y.z
=0.02y, =
Outflow per minute is 2 gal 5 Inflow per minute is 2 gal 5
So, yj_out = yl_ZgaI = ﬁ)yl So, yi._in = yZ_ZgaI = ﬂ)ﬁ

2008 ODE@) | Yi= yi |n_yi out — 002y2 O 02y1




EX.) mixing problem:involving Two Tanks
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EX.) mixing problem: Involving Two Tanks
Saltin the tank (y) = Saltinflow (y,) - Saltoutflow( y, )
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EX.) mixing problem: Involving Two Tanks

Saltin the tank (y) = Saltinflow (y,) - Saltoutflow( y, )
time rate of changeof salt in the tank (i)

=Salt inflow rate(yj,) - Salt outflow rate(yj,,)

2008_O.DE(3)




EX.) mixing problem: Involving Two Tanks

Saltin the tank (y) = Saltinflow (y, ) - Saltoutflow( y,,,)
time rate of changeof salt in the tank (i)

=Salt inflow rate(yj,) - Salt outflow rate(yj,,)

. . . 5 d d / d =
yl = Ml’]-y&ut %Whereyi :d_}[/’yih = Yn v — 9%u Q

gt YT g O

2008_O.D.E(3)
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EX.) mixing problem: Involving Two Tanks

Saltin the tank (y) = Saltinflow (y, ) - Saltoutflow( y,,,)
time rate of changeof salt in the tank (i)

=Salt inflow rate(yj,) - Salt outflow rate(yj,,)

. . . 5 d d / d =
yl — yilq'yéut ,gawhereyi:—y Y.h = ¥in . _ 0¥ 0

gt YT g O

dt’

2008_0.D.E(3)
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EX.) mixing problem: Involving Two Tanks

Saltin the tank (y) = Saltinflow (y, ) - Saltoutflow( y,,,)
time rate of changeof salt in the tank (i)

=Salt inflow rate(yj,) - Salt outflow rate(yj,,)

. . . 5 d d / d =
yl: yilq'y&ut ,Zawhereyi:—y Y.h = ¥in . _ 0¥ 0

gt YT g O

dt’

Salt outflow rate of T2 ,VYj ;,

2008_O.D.E(3)




EX.) mixing problem: Involving Two Tanks

Saltin the tank (y) = Saltinflow (y, ) - Saltoutflow( y,,,)
time rate of changeof salt in the tank (i)

=Salt inflow rate(yj,) - Salt outflow rate(yj,,)

- d dy Ay, @
YI= Yh-Ydu ,gavherede—f,MF 2 yj =08

gt YT g O

Salt outflow rate of T2 ,VYj ;,

The amount of Salt in 2gal of brine of T2 =Y, 544
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EX.) mixing problem:Involving Two Tanks

Saltin the tank (y) = Saltinflow (y, ) - Saltoutflow( y,,,)
time rate of changeof salt in the tank (i)

=Salt inflow rate(yj,) - Salt outflow rate(yj,,)

g8 d dy Ay, @
YI= Yh-Ydu ,gavherede—)t/,MiF 2 yj =08

dt 1y$ut dt =
Salt outflow rate of T2 ,VYj ;,

The amount of Salt in 2gal of brine of T2 =Y, 544

100(gal) - y,(Ib) = 2(gal) Y, 54, (Ib)
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EX.) mixing problem:Involving Two Tanks

Saltin the tank (y) = Saltinflow (y, ) - Saltoutflow( y,,,)
time rate of changeof salt in the tank (i)

=Salt inflow rate(yj,) - Salt outflow rate(yj,,)

a8 d dy Ay,
YI= Yh-Yu %@vherede—)t/,MF 2, Vi = 2

dt Y dt =

Salt outflow rate of T2 ,VYj ;,

The amount of Salt in 2gal of brine of T2 =Y, 544
100(gal): y,(Ib) =2(gal): y, ,4.(Ib)
_ 2
y2_29a| - 100 Y>
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EX.) mixing problem:Involving Two Tanks

Saltin the tank (y) = Saltinflow (y, ) - Saltoutflow( y,,,)
time rate of changeof salt in the tank (i)

=Salt inflow rate(yj,) - Salt outflow rate(yj,,)

a8 d dy Ay,
YI= Yh-Yu %@vherede—)t/,MF 2, Vi = 2

dt Y dt =

Salt outflow rate of T2 ,VYj ;,

The amount of Salt in 2gal of brine of T2 =Y, 544
100(gal): Y, (1b) = 2(gal): Y, 44 (Ib)
_ 2
y2_29a| - ﬁ) Y,
=0.02y,
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EX.) mixing problem:Involving Two Tanks

Saltin the tank (y) = Saltinflow (y, ) - Saltoutflow( y,,,)
time rate of changeof salt in the tank (i)

=Salt inflow rate(yj,) - Salt outflow rate(yj,,)

. . . S d d / d =
yl: yilq'y&ut ,Zawhereyi:—y Y.h = ¥in . _ 0¥ 0

gt YT g O

dt’

Salt outflow rate of T2 ,VYj ;,

The amount of Salt in 2gal of brine of T2 =Y, 544
100(gal): Y, (1b) = 2(gal): Y, 44 (Ib)
_ 2
y2_29a| - ﬁ) Y,
=0.02y,

Outflow per minute is 2 gal
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EX.) mixing problem:Involving Two Tanks

Saltin the tank (y) = Saltinflow (y, ) - Saltoutflow( y,,,)
time rate of changeof salt in the tank (i)

=Salt inflow rate(yj,) - Salt outflow rate(yj,,)

g : d dy dy, ;@
Vi=YirYiu @hereyi={gh v, = e viv = g

dt ’ dt ’y ut dt =
Salt outflow rate of T2 ,VYj ;,

The amount of Salt in 2gal of brine of T2 =Y, 544
100(gal): Y, (1b) = 2(gal): Y, 44 (Ib)
2
y2_29a| - ﬁ) Y,
=0.02y,

Outflow per minute is 2 gal

So, yi_out = y2_29a| = y2
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EX.) mixing problem:Involving Two Tanks

Saltin the tank (y) = Saltinflow (y, ) - Saltoutflow( y,,,)
time rate of changeof salt in the tank (i)

=Salt inflow rate(yj,) - Salt outflow rate(yj,,)

Yi= Yih-Yu ,gﬂvhereyi =% Vi = ddyit” s Yo =%§
Salt outflow rate of T2 ,Yj 4, : Salt inflow rate of T2 ,Yj ;,
The amount of Salt in 2gal of brine of T2 = Y, 54 :
100(gal) : y,(Ib) =2(gal) : ¥, ,44(Ib)
=0.02y,

Outflow per minute is 2 gal

So, yi_out = y2_29a| = y2
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EX.) mixing problem:Involving Two Tanks

Saltin the tank (y) = Saltinflow (y, ) - Saltoutflow( y,,,)
time rate of changeof salt in the tank (i)

=Salt inflow rate(yj,) - Salt outflow rate(yj,,)

Vi=YiYia Bshereyi= .y = . yi, = e
Salt outflow rate of T2 ,Vj : Salt inflow rate of T2 ,Yj ;,
The amount of Salt in 2gal of brine of T2 = ¥, 544 The amount of Salt in 2gal of brine of TL = ¥, 54a
100(gal): y,(Ib) =2(gal): y, 54 (Ib) .
=0.02y,

Outflow per minute is 2 gal

So, yi_out = y2_ZgaI = y2
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EX.) mixing problem:Involving Two Tanks

Saltin the tank (y) = Saltinflow (y, ) - Saltoutflow( y,,,)
time rate of changeof salt in the tank (i)

=Salt inflow rate(yj,) - Salt outflow rate(yj,,)

Vi=YiYia Bshereyi= .y = . yi, = e
Salt outflow rate of T2 ,Vj : Salt inflow rate of T2 ,Yj ;,
The amount of Salt in 2gal of brine of T2 =Y, 544 The amount of Salt in 2gal of brine of T1 =Y, 5ga
100(gal): Y, (10) =2(0a) ¥, u(D) | 100(gal): yy(1b) = 2(gaD: Y; (D)
Yo_2a1 = ﬁyz :
=0.02y,

Outflow per minute is 2 gal

So, yi_out = y2_ZgaI = y2
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EX.) mixing problem:Involving Two Tanks

Saltin the tank (y) = Saltinflow (y, ) - Saltoutflow( y,,,)
time rate of changeof salt in the tank (i)

=Salt inflow rate(yj,) - Salt outflow rate(yj,,)

e a _dy o _dy, . _dy,0
— Yk~ ,there - —, i — In1 u :¢O
Y11= Yih-Yéu ° Yis o Yh =g Y= 5 O
Salt outflow rate of T2 ,Vj : Salt inflow rate of T2 ,Yj ;,
The amount of Salt in 2gal of brine of T2 =Y, 544 The amount of Salt in 2gal of brine of TL = Y5 544
100(gal): y,(Ib) =2(gal): Y, ,eu(b) i 100(gad: y,(Ib) =2(gal): Y, 5 (Ib)
2 E _ 2
y2_29a| = myz y1_2ga| - m)ﬁ
=0.02y,

Outflow per minute is 2 gal

So, yi_out = y2_ZgaI = y2
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EX.) mixing problem:Involving Two Tanks

Saltin the tank (y) = Saltinflow (y, ) - Saltoutflow( y,,,)
time rate of changeof salt in the tank (i)

=Salt inflow rate(yj,) - Salt outflow rate(yj,,)

e a _dy o _dy, . _dy,0

— Yk~ ,there - —, i — 0 y u :¢O

Y11= Yih-Yéu ° Yis o Yh =g Y= 5 O

Salt outflow rate of T2 ,Vj : Salt inflow rate of T2 ,Yj ;,
The amount of Salt in 2gal of brine of T2 =Y, 544 The amount of Salt in 2gal of brine of TL = Y5 544
100(gal): y,(I) =2(gal): ¥, ,u(b) i 100(gal): y,(Ib) =2(gal): y; g (Ib)
2 : 2
y2_29a| = m yz y1_2ga| - m)ﬁ
— 002y2 = 0.02y1

Outflow per minute is 2 gal

So, yi_out = y2_ZgaI = y2
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EX.) mixing problem:Involving Two Tanks

Saltin the tank (y) = Saltinflow (y, ) - Saltoutflow( y,,,)
time rate of changeof salt in the tank (i)

=Salt inflow rate(yj,) - Salt outflow rate(yj,,)

e a _dy o _dy, . _dy,0

— Yk~ ,there - —, i — 0 y u :¢O

Y11= Yih-Yéu ° Yis o Yh =g Y= 5 O

Salt outflow rate of T2 ,Vj : Salt inflow rate of T2 ,Yj ;,
The amount of Salt in 2gal of brine of T2 =Y, 544 The amount of Salt in 2gal of brine of TL = Y5 544
100(gal): y,(I) =2(gal): ¥, ,u(b) i 100(gal): y,(Ib) =2(gal): y; g (Ib)
2 : 2
y2_29a| = m yz y1_2ga| - m)ﬁ
— 002y2 = 0.02y1

Outflow per minute is 2 gal Inflow per minute is 2 gal

So, yi_out = y2_ZgaI = y2
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EX.) mixing problem:Involving Two Tanks

Saltin the tank (y) = Saltinflow (y, ) - Saltoutflow( y,,,)
time rate of changeof salt in the tank (i)

=Salt inflow rate(yj,) - Salt outflow rate(yj,,)

e a _dy o _dy, . _dy,0

— Yk~ ,there - —, i — 0 y u :¢O

Y11= Yih-Yéu ° Yis o Yh =g Y= 5 O

Salt outflow rate of T2 ,Vj : Salt inflow rate of T2 ,Yj ;,
The amount of Salt in 2gal of brine of T2 =Y, 544 The amount of Salt in 2gal of brine of TL = Y5 544
100(gal): y,(I) =2(gal): ¥, ,u(b) i 100(gal): y,(Ib) =2(gal): y; g (Ib)
2 : 2
y2_29a| = m yz y1_2ga| - m)ﬁ
— 002y2 = 0.02y1

Outflow per minute is 2 gal Inflow per minute is 2 gal

So, yi_out = y2_ZgaI =

ﬁ)yz So, yi_in = yl_ZgaI = Yi
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EX.) mixing problem:Involving Two Tanks

Saltin the tank (y) = Saltinflow (y, ) - Saltoutflow( y,,,)
time rate of changeof salt in the tank (i)

=Salt inflow rate(yj,) - Salt outflow rate(yj,,)

a _dy o _dy, . _dy,,0

,there - —, i — . ’ u :¢O

Yi= Yih-Yiu ° Yis o Yh =g Y= 5 O

Salt outflow rate of T2 ,Vj : Salt inflow rate of T2 ,Yj ;,
The amount of Salt in 2gal of brine of T2 =Y, 544 The amount of Salt in 2gal of brine of TL = Y5 544
100(gal): y,(I) =2(gal): ¥, ,u(b) i 100(gal): y,(Ib) =2(gal): y; g (Ib)
2 : 2
y2_29a| = ﬁ) yz y1_2ga| - ﬁ))ﬁ
— 002y2 = 0.02y1

Outflow per minute is 2 gal Inflow per minute is 2 gal

So, yi_out = y2_29a| =

ﬁ)yz So, yi in — Y1 _2gal = Yi

2008 O.DE@) | yi — yi |n_yi out — =0. 02y1 O 02y2
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EX.) mixing problem:involving Two Tanks
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EX.) mixing problem: Involving Two Tanks

Yi = Vi inYi ou = 0.02y, - 0.02y,
Y3 = Yi Vi ou = 0.02y, - 0.02y,
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EX.) mixing problem: Involving Two Tanks

Yi = Vi inYi ou = 0.02y, - 0.02y,
Y3 = Yi Vi ou = 0.02y, - 0.02y,

yi=Ay
evV. g e, lg
where y = éyl B Yi= &1
eyl gy, y
& 002 002¢g

§0.02 - 0.02
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EX.) mixing problem: Involving Two Tanks

yi = yi._in-yj_out = 0.02y2 - 0-02y1 General solution
Y5 = Y3 inYi_ou = 0.02y, - 0.02y, -y, =xe€" N &Y, 0_ & ge .
: & U &
Yo = Xze/t eYol eXl

yi=Ay

ey, o eylua
where Y=6& p Yi—e .u

S AT

e 002 002g

§0.02 - 0.02]

2008_O.DE(3)




EX.) mixing problem: Involving Two Tanks

yi = yi._in-yj_out = 0.02y2 - 0-02y1 General solution
Y5 = Y3 inYi_ou = 0.02y, - 0.02y, -y, =xe€" &Y, 0_ & ge .
: &y U &
Y, = %€ eYou eXoll

yi= Ay . where X andyx, is constan

éylg : é,ylig
where y:é ¢ Yi=E€ il‘J

ey gy, |

& 002 002g

§0.02 - 0.02]
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EX.) mixing problem: Involving Two Tanks

yi = yi._in-yj_out = 0.02y2 - 0-02y1 General solution
Yi = yi_in_yi_out = 002y1 - 002y2 y1 — Xle/t é,ylg_ é,X]. ge/t
: &y U &
Y, = %€ eYau ekl
yi= Ay where X, andx, is constant
: &y ig x x
where y = gylg, yi= &y gyl g _ gxl 8e/t
ey Yo -
- & eYau ekl
_& 002 002g : | |
- &002 -002] y N
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EX.) mixing problem: Involving Two Tanks

yi = yi._in-yj_out = 0.02y2 - 0-02y1 General solution
yi = yi_in_yi_out = 002y1 - 002y2 y1 — Xle/t é,ylg_ é,X]. ge/t
: &, U &
Yo = Xze/t eYou éeXl
yi= Ay where X, andx, is constant
s e, io A A
where y:gylg, y|=eyllu eylgz ?Xlg /t
S AL e, u=¢ (F
eYou eXl
_e 002 002g : l l
- &002 -002] y N
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EX.) mixing problem:involving Two Tanks
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EX.) mixing problem: Involving Two Tanks

Yi = Vi inYi ou = 0.02y, - 0.02y,
Y3 = Yi Vi o = 0.02y, - 0.02y,
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EX.) mixing problem: Involving Two Tanks

Yi = Vi inYi ou = 0.02y, - 0.02y,
Y3 = Yi Vi o = 0.02y, - 0.02y,

yi=Ay
I\ e io
where y = éyla, yi= eylu
&> &v,'t
& 002 002¢g

§0.02 - 0.02
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EX.) mixing problem: Involving Two Tanks

Yi = Vi inYi ou = 0.02y, - 0.02y,
Y3 = Yi Vi o = 0.02y, - 0.02y,

yi=Ay
I\ e io
where y = éyla, yi= eylu
&> &v,'t
& 002 002¢g

§0.02 - 0.02

y =xe'' then yi=/xe'' = Axe*

2008_O.DE(3)




EX.) mixing problem: Involving Two Tanks

Yi = Vi inYi ou = 0.02y, - 0.02y,
Yi = Y3 inYi o = 0.02y, - 0.02y,

yi=Ay
I\ e io
where y = éyla, yi= eylu
&> &v,'t
& 002 002¢g

§0.02 - 0.02]}

y =xe'' then yj=/xe'' = Axe*
AX = /X
(A- /1)x=0
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EX.) mixing problem: Involving Two Tanks

Vi= Vi o Viow =002y, - 002y o oo,
Vi =Y o Yh on =0.02Y;- 002y, deth- /D= 0 0an. /|70
yi=Ay :
where y = gylg yi= gyliig
eYau éy,'t
_& 002 002gp

£002 - 0.02]

y :Xe/t then yi:/)(e/t :Axe/t
AX = /X
(A-/1)x=0
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EX.) mixing problem: Involving Two Tanks

yi = yi._in'yi._out = 002y2 - 002y1 - 0.02-/ 0.02
cdetAd- /)= | =0
Vi = Vi ¥ o =002y;- 002y, G D 000 gop
- — A E

Y12 . . /2+0.04/ +0.0004- 0.0004
_eyig  &yio E _ _

where y=a& "1 VYi=éelu =/(/ +0.04) =0

gyzg gy, ' ( )

2002 002g

“€002 - 00M
y=xe'' then yi=/xe' =Axe/" :

Ax = /X

(A-/1)x=0
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EX.) mixing problem: Involving Two Tanks

yi = yi._in'yi._out = 002y2 - 002y1 - 0.02-/ 0.02
tdeta- /1)=| ' =0

Vi = Vi ¥ o =002y;- 002y, G D 000 gop

yi=Ay . . /2+0.04/ +0.0004- 0.0004
_ey.g  &yle : _ —

where y=a& "1 VYi=éelu =/(/ +0.04) =0

gyZH éyzlg s ( )

8002 002g @ /,=0,/,=-0.04

§0.02 - 0.02]}

y =xe'' ten yj=/xe' = Axe”
AX = /X
(A-/1)x=0
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AX =/x
EX.) mixing problem: Involving Twao Tanks AX - /X =0

y =xe’"

(A-/1)x=0
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AX =/x
EX.) mixing problem: Involving Twao Tanks | Ax-7x=0
Y= A- 1x=0

(A-/1)x=0
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AX =/x
EX.) mixing problem: Involving Twao Tanks | Ax-7x=0
Y= A- 1x=0

(A-/1)x=0

%0.02-/ 0.02 (ﬁg(lg_
£ 002 -002- / E%,2?

0
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AX =/x
EX.) mixing problem: Involving Twao Tanks | Ax-7x=0
Y= A- 1x=0

(A-/1)x=0

& 0.02- / 002 &Xx§_
£ 002 -002- /5 §=0
¢ U - Xt

a-002 0.02 @x, @
/,=0, ?;“002 '002—(;“&@
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AX =/x
EX.) mixing problem: Involving Twao Tanks | Ax-7x=0
Y= A- 1x=0

(A-/1)x=0

& 0.02- / 002 &Xx§_
£ 002 -002- /5 §=0
¢ U - Xt

a-002 0.02 @x, @
/,=0, ?;“002 -002_(;°x2§

- 0.02x +0.02x, =0
0.02x - 0.02x, =0
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