
2008_Series Solutions(2)

N
a

v
a

l 
A

rc
h

it
e

c
tu

re
 &

 O
c
e

a
n

 E
n

g
in

e
e

ri
n

g

Engineering Mathematics 2

Prof. Kyu - Yeul Lee

Department of Naval Architecture and Ocean Engineering,

Seoul National University of College of Engineering

[2008] [03 -2]

September, 2008



2008_Series Solutions(2)

N
a

v
a

l 
A

rc
h

it
e

c
tu

re
 &

 O
c
e

a
n

 E
n

g
in

e
e

ri
n

g

Series Solutions (2)
: Solutions about Singular 

Points



2008_Series Solutions(2)

Solutions about Singular Points

3
/168



2008_Series Solutions(2)

Solutions about Singular Points

)1(0)()()( 012 ?=+¡+¡¡ yxayxayxa

4
/168



2008_Series Solutions(2)

Solutions about Singular Points

)1(0)()()( 012 ?=+¡+¡¡ yxayxayxa

)2(0)()( ?=+¡+¡¡ yxQyxPy

5
/168



2008_Series Solutions(2)

Solutions about Singular Points

Regular/Irregular Singular Points

A singular point           is said to be a regular singular point of the differential  

equation (1) if the functions                                                     and 

are both analytic at        . 

A singular point that is not regular is said to be an irregular point of the equation  

Definition 5.2

0x

)()()( 0 xPxxxp -=

)()()( 2

0 xQxxxq -= 0x

)1(0)()()( 012 ?=+¡+¡¡ yxayxayxa

)2(0)()( ?=+¡+¡¡ yxQyxPy

6
/168



2008_Series Solutions(2)

Solutions about Singular Points

Regular/Irregular Singular Points

A singular point           is said to be a regular singular point of the differential  

equation (1) if the functions                                                     and 

are both analytic at        . 

A singular point that is not regular is said to be an irregular point of the equation  

Definition 5.2

0x

)()()( 0 xPxxxp -=

)()()( 2

0 xQxxxq -= 0x

)1(0)()()( 012 ?=+¡+¡¡ yxayxayxa

)2(0)()( ?=+¡+¡¡ yxQyxPy

analytic at       means0x
continuous, differentiable 

and integrable at 
0x

7
/168



2008_Series Solutions(2)

Solutions about Singular Points

)(),( xqxp

In case                      are not analytic at       and             is a regular singular

point then we multiply (2) by                , then 

Where                    are analytic at  

Regular/Irregular Singular Points

A singular point           is said to be a regular singular point of the differential  

equation (1) if the functions                                                     and 

are both analytic at        . 

A singular point that is not regular is said to be an irregular point of the equation  

Definition 5.2

0x

)()()( 0 xPxxxp -=

)()()( 2

0 xQxxxq -= 0x

)1(0)()()( 012 ?=+¡+¡¡ yxayxayxa

)(),( xQxP

)2(0)()( ?=+¡+¡¡ yxQyxPy

0)()()()( 0

2

0 =+¡-+¡¡- yxqyxpxxyxx

0x
0xx=

2

0)( xx-

0xx=

analytic at       means0x
continuous, differentiable 

and integrable at 
0x

8
/168



2008_Series Solutions(2)

Solutions about Singular Points

)(),( xqxp

In case                      are not analytic at       and             is a regular singular

point then we multiply (2) by                , then 

Where                    are analytic at  

Regular/Irregular Singular Points

A singular point           is said to be a regular singular point of the differential  

equation (1) if the functions                                                     and 

are both analytic at        . 

A singular point that is not regular is said to be an irregular point of the equation  

Definition 5.2

0x

)()()( 0 xPxxxp -=

)()()( 2

0 xQxxxq -= 0x

)1(0)()()( 012 ?=+¡+¡¡ yxayxayxa

)(),( xQxP

)2(0)()( ?=+¡+¡¡ yxQyxPy

0)()()()( 0

2

0 =+¡-+¡¡- yxqyxpxxyxx

0x
0xx=

2

0)( xx-

0xx=

solution Method of Frobenius

analytic at       means0x
continuous, differentiable 

and integrable at 
0x

9
/168



2008_Series Solutions(2)

Solutions about Singular Points

Regular/Irregular Singular Points

A singular point           is said to be a regular singular point of the differential  

equation (1) if the functions                                                     and 

are both analytic at        . 

A singular point that is not regular is said to be an irregular point of the equation  

Definition 5.2

0x

)()()( 0 xPxxxp -=

)()()( 2

0 xQxxxq -= 0x

)1(0)()()( 012 ?=+¡+¡¡ yxayxayxa

)2(0)()( ?=+¡+¡¡ yxQyxPy

analytic at       means0x
continuous, differentiable 

and integrable at 
0x

10
/168



2008_Series Solutions(2)

Solutions about Singular Points

Regular/Irregular Singular Points

A singular point           is said to be a regular singular point of the differential  

equation (1) if the functions                                                     and 

are both analytic at        . 

A singular point that is not regular is said to be an irregular point of the equation  

Definition 5.2

0x

)()()( 0 xPxxxp -=

)()()( 2

0 xQxxxq -= 0x

)1(0)()()( 012 ?=+¡+¡¡ yxayxayxa

)2(0)()( ?=+¡+¡¡ yxQyxPy

Multiply 

analytic at       means0x
continuous, differentiable 

and integrable at 
0x

11
/168



2008_Series Solutions(2)

Solutions about Singular Points

Regular/Irregular Singular Points

A singular point           is said to be a regular singular point of the differential  

equation (1) if the functions                                                     and 

are both analytic at        . 

A singular point that is not regular is said to be an irregular point of the equation  

Definition 5.2

0x

)()()( 0 xPxxxp -=

)()()( 2

0 xQxxxq -= 0x

)1(0)()()( 012 ?=+¡+¡¡ yxayxayxa

)2(0)()( ?=+¡+¡¡ yxQyxPy

2

0)( xx-Multiply 

analytic at       means0x
continuous, differentiable 

and integrable at 
0x

12
/168



2008_Series Solutions(2)

Solutions about Singular Points

Regular/Irregular Singular Points

A singular point           is said to be a regular singular point of the differential  

equation (1) if the functions                                                     and 

are both analytic at        . 

A singular point that is not regular is said to be an irregular point of the equation  

Definition 5.2

0x

)()()( 0 xPxxxp -=

)()()( 2

0 xQxxxq -= 0x

)1(0)()()( 012 ?=+¡+¡¡ yxayxayxa

)2(0)()( ?=+¡+¡¡ yxQyxPy

0)()()()()( 2

0

2

0

2

0 =-+¡-+¡¡- yxQxxyxPxxyxx

2

0)( xx-Multiply 

analytic at       means0x
continuous, differentiable 

and integrable at 
0x

13
/168



2008_Series Solutions(2)

Solutions about Singular Points

Regular/Irregular Singular Points

A singular point           is said to be a regular singular point of the differential  

equation (1) if the functions                                                     and 

are both analytic at        . 

A singular point that is not regular is said to be an irregular point of the equation  

Definition 5.2

0x

)()()( 0 xPxxxp -=

)()()( 2

0 xQxxxq -= 0x

)1(0)()()( 012 ?=+¡+¡¡ yxayxayxa

)2(0)()( ?=+¡+¡¡ yxQyxPy

0)()()()()( 2

0

2

0

2

0 =-+¡-+¡¡- yxQxxyxPxxyxx

2

0)( xx-Multiply 

0)]()[()]())[(()( 2

000

2

0 =-+¡--+¡¡- yxQxxyxPxxxxyxx

analytic at       means0x
continuous, differentiable 

and integrable at 
0x

14
/168



2008_Series Solutions(2)

Solutions about Singular Points

Regular/Irregular Singular Points

A singular point           is said to be a regular singular point of the differential  

equation (1) if the functions                                                     and 

are both analytic at        . 

A singular point that is not regular is said to be an irregular point of the equation  

Definition 5.2

0x

)()()( 0 xPxxxp -=

)()()( 2

0 xQxxxq -= 0x

)1(0)()()( 012 ?=+¡+¡¡ yxayxayxa

)2(0)()( ?=+¡+¡¡ yxQyxPy

0)()()()()( 2

0

2

0

2

0 =-+¡-+¡¡- yxQxxyxPxxyxx

2

0)( xx-Multiply 

0)]()[()]())[(()( 2

000

2

0 =-+¡--+¡¡- yxQxxyxPxxxxyxx

0)()()()( 0

2

0 =+¡-+¡¡- yxqyxpxxyxx

analytic at       means0x
continuous, differentiable 

and integrable at 
0x

15
/168



2008_Series Solutions(2)

Solutions about Singular Points

Regular/Irregular Singular Points

A singular point           is said to be a regular singular point of the differential  

equation (1) if the functions                                                     and 

are both analytic at        . 

A singular point that is not regular is said to be an irregular point of the equation  

Definition 5.2

0x

)()()( 0 xPxxxp -=

)()()( 2

0 xQxxxq -= 0x

)1(0)()()( 012 ?=+¡+¡¡ yxayxayxa

)2(0)()( ?=+¡+¡¡ yxQyxPy

0)()()()()( 2

0

2

0

2

0 =-+¡-+¡¡- yxQxxyxPxxyxx

2

0)( xx-Multiply 

0)]()[()]())[(()( 2

000

2

0 =-+¡--+¡¡- yxQxxyxPxxxxyxx

0)()()()( 0

2

0 =+¡-+¡¡- yxqyxpxxyxx

analytic at       means0x
continuous, differentiable 

and integrable at 
0x

16
/168



2008_Series Solutions(2)

Solutions about Singular Points

Regular/Irregular Singular Points

A singular point           is said to be a regular singular point of the differential  

equation (1) if the functions                                                     and 

are both analytic at        . 

A singular point that is not regular is said to be an irregular point of the equation  

Definition 5.2

0x

)()()( 0 xPxxxp -=

)()()( 2

0 xQxxxq -= 0x

)1(0)()()( 012 ?=+¡+¡¡ yxayxayxa

)2(0)()( ?=+¡+¡¡ yxQyxPy

0)()()()()( 2

0

2

0

2

0 =-+¡-+¡¡- yxQxxyxPxxyxx

2

0)( xx-Multiply 

0)]()[()]())[(()( 2

000

2

0 =-+¡--+¡¡- yxQxxyxPxxxxyxx

0)()()()( 0

2

0 =+¡-+¡¡- yxqyxpxxyxx

analytic at       means0x
continuous, differentiable 

and integrable at 
0x

17
/168



2008_Series Solutions(2)

Solutions about Singular Points

Regular/Irregular Singular Points

A singular point           is said to be a regular singular point of the differential  

equation (1) if the functions                                                     and 

are both analytic at        . 

A singular point that is not regular is said to be an irregular point of the equation  

Definition 5.2

0x

)()()( 0 xPxxxp -=

)()()( 2

0 xQxxxq -= 0x

)1(0)()()( 012 ?=+¡+¡¡ yxayxayxa

)2(0)()( ?=+¡+¡¡ yxQyxPy

0)()()()()( 2

0

2

0

2

0 =-+¡-+¡¡- yxQxxyxPxxyxx

2

0)( xx-Multiply 

0)]()[()]())[(()( 2

000

2

0 =-+¡--+¡¡- yxQxxyxPxxxxyxx

0)()()()( 0

2

0 =+¡-+¡¡- yxqyxpxxyxx

analytic at 
0x

analytic at       means0x
continuous, differentiable 

and integrable at 
0x

18
/168



2008_Series Solutions(2)

Solutions about Singular Points

Regular/Irregular Singular Points

A singular point           is said to be a regular singular point of the differential  

equation (1) if the functions                                                     and 

are both analytic at        . 

A singular point that is not regular is said to be an irregular point of the equation  

Definition 5.2

0x

)()()( 0 xPxxxp -=

)()()( 2

0 xQxxxq -= 0x

)1(0)()()( 012 ?=+¡+¡¡ yxayxayxa

)2(0)()( ?=+¡+¡¡ yxQyxPy

0823 =+¡-¡¡ yyxyx

analytic at       means0x
continuous, differentiable 

and integrable at 
0x

0
8

)
2

(
32
=+¡-+¡¡ y

x
y

x
y 0

8
)

2
(2 =+¡
-

+¡¡ y
x

y
x

xyx

standard form multiply
2x

)(xQ)(xP

not analytic at 0=x

)(xq)(xp

not analytic at 0=x

19
/168



2008_Series Solutions(2)

Solutions about Singular Points

Regular/Irregular Singular Points

A singular point           is said to be a regular singular point of the differential  

equation (1) if the functions                                                     and 

are both analytic at        . 

A singular point that is not regular is said to be an irregular point of the equation  

Definition 5.2

0x

)()()( 0 xPxxxp -=

)()()( 2

0 xQxxxq -= 0x

)1(0)()()( 012 ?=+¡+¡¡ yxayxayxa

)2(0)()( ?=+¡+¡¡ yxQyxPy

analytic at       means0x
continuous, differentiable 

and integrable at 
0x

20
/168



2008_Series Solutions(2)

Solutions about Singular Points

Regular/Irregular Singular Points

A singular point           is said to be a regular singular point of the differential  

equation (1) if the functions                                                     and 

are both analytic at        . 

A singular point that is not regular is said to be an irregular point of the equation  

Definition 5.2

0x

)()()( 0 xPxxxp -=

)()()( 2

0 xQxxxq -= 0x

)1(0)()()( 012 ?=+¡+¡¡ yxayxayxa

)2(0)()( ?=+¡+¡¡ yxQyxPy

analytic at       means0x
continuous, differentiable 

and integrable at 
0x

082 =+¡-¡¡ yyxyx

21
/168



2008_Series Solutions(2)

Solutions about Singular Points

Regular/Irregular Singular Points

A singular point           is said to be a regular singular point of the differential  

equation (1) if the functions                                                     and 

are both analytic at        . 

A singular point that is not regular is said to be an irregular point of the equation  

Definition 5.2

0x

)()()( 0 xPxxxp -=

)()()( 2

0 xQxxxq -= 0x

)1(0)()()( 012 ?=+¡+¡¡ yxayxayxa

)2(0)()( ?=+¡+¡¡ yxQyxPy

analytic at       means0x
continuous, differentiable 

and integrable at 
0x

standard form

082 =+¡-¡¡ yyxyx

22
/168



2008_Series Solutions(2)

Solutions about Singular Points

Regular/Irregular Singular Points

A singular point           is said to be a regular singular point of the differential  

equation (1) if the functions                                                     and 

are both analytic at        . 

A singular point that is not regular is said to be an irregular point of the equation  

Definition 5.2

0x

)()()( 0 xPxxxp -=

)()()( 2

0 xQxxxq -= 0x

)1(0)()()( 012 ?=+¡+¡¡ yxayxayxa

)2(0)()( ?=+¡+¡¡ yxQyxPy

analytic at       means0x
continuous, differentiable 

and integrable at 
0x

standard form

082 =+¡-¡¡ yyxyx 0
8

)2( =+¡-+¡¡ y
x

yy

23
/168



2008_Series Solutions(2)

Solutions about Singular Points

Regular/Irregular Singular Points

A singular point           is said to be a regular singular point of the differential  

equation (1) if the functions                                                     and 

are both analytic at        . 

A singular point that is not regular is said to be an irregular point of the equation  

Definition 5.2

0x

)()()( 0 xPxxxp -=

)()()( 2

0 xQxxxq -= 0x

)1(0)()()( 012 ?=+¡+¡¡ yxayxayxa

)2(0)()( ?=+¡+¡¡ yxQyxPy

analytic at       means0x
continuous, differentiable 

and integrable at 
0x

standard form

)(xQ)(xP

082 =+¡-¡¡ yyxyx 0
8

)2( =+¡-+¡¡ y
x

yy

24
/168



2008_Series Solutions(2)

Solutions about Singular Points

Regular/Irregular Singular Points

A singular point           is said to be a regular singular point of the differential  

equation (1) if the functions                                                     and 

are both analytic at        . 

A singular point that is not regular is said to be an irregular point of the equation  

Definition 5.2

0x

)()()( 0 xPxxxp -=

)()()( 2

0 xQxxxq -= 0x

)1(0)()()( 012 ?=+¡+¡¡ yxayxayxa

)2(0)()( ?=+¡+¡¡ yxQyxPy

analytic at       means0x
continuous, differentiable 

and integrable at 
0x

standard form

)(xQ)(xP

not analytic at 0=x

082 =+¡-¡¡ yyxyx 0
8

)2( =+¡-+¡¡ y
x

yy

25
/168



2008_Series Solutions(2)

Solutions about Singular Points

Regular/Irregular Singular Points

A singular point           is said to be a regular singular point of the differential  

equation (1) if the functions                                                     and 

are both analytic at        . 

A singular point that is not regular is said to be an irregular point of the equation  

Definition 5.2

0x

)()()( 0 xPxxxp -=

)()()( 2

0 xQxxxq -= 0x

)1(0)()()( 012 ?=+¡+¡¡ yxayxayxa

)2(0)()( ?=+¡+¡¡ yxQyxPy

analytic at       means0x
continuous, differentiable 

and integrable at 
0x

standard form multiply
2x

)(xQ)(xP

not analytic at 0=x

082 =+¡-¡¡ yyxyx 0
8

)2( =+¡-+¡¡ y
x

yy

26
/168



2008_Series Solutions(2)

Solutions about Singular Points

Regular/Irregular Singular Points

A singular point           is said to be a regular singular point of the differential  

equation (1) if the functions                                                     and 

are both analytic at        . 

A singular point that is not regular is said to be an irregular point of the equation  

Definition 5.2

0x

)()()( 0 xPxxxp -=

)()()( 2

0 xQxxxq -= 0x

)1(0)()()( 012 ?=+¡+¡¡ yxayxayxa

)2(0)()( ?=+¡+¡¡ yxQyxPy

analytic at       means0x
continuous, differentiable 

and integrable at 
0x

standard form multiply
2x

)(xQ)(xP

not analytic at 0=x

082 =+¡-¡¡ yyxyx 0
8

)2( =+¡-+¡¡ y
x

yy 08)2(2 =+¡-+¡¡ xyyxxyx

27
/168



2008_Series Solutions(2)

Solutions about Singular Points

Regular/Irregular Singular Points

A singular point           is said to be a regular singular point of the differential  

equation (1) if the functions                                                     and 

are both analytic at        . 

A singular point that is not regular is said to be an irregular point of the equation  

Definition 5.2

0x

)()()( 0 xPxxxp -=

)()()( 2

0 xQxxxq -= 0x

)1(0)()()( 012 ?=+¡+¡¡ yxayxayxa

)2(0)()( ?=+¡+¡¡ yxQyxPy

analytic at       means0x
continuous, differentiable 

and integrable at 
0x

standard form multiply
2x

)(xQ)(xP

not analytic at 0=x

)(xq)(xp

082 =+¡-¡¡ yyxyx 0
8

)2( =+¡-+¡¡ y
x

yy 08)2(2 =+¡-+¡¡ xyyxxyx

28
/168



2008_Series Solutions(2)

Solutions about Singular Points

Regular/Irregular Singular Points

A singular point           is said to be a regular singular point of the differential  

equation (1) if the functions                                                     and 

are both analytic at        . 

A singular point that is not regular is said to be an irregular point of the equation  

Definition 5.2

0x

)()()( 0 xPxxxp -=

)()()( 2

0 xQxxxq -= 0x

)1(0)()()( 012 ?=+¡+¡¡ yxayxayxa

)2(0)()( ?=+¡+¡¡ yxQyxPy

analytic at       means0x
continuous, differentiable 

and integrable at 
0x

standard form multiply
2x

)(xQ)(xP

not analytic at 0=x

)(xq)(xp

analytic at 0=x

082 =+¡-¡¡ yyxyx 0
8

)2( =+¡-+¡¡ y
x

yy 08)2(2 =+¡-+¡¡ xyyxxyx

29
/168



2008_Series Solutions(2)

Solutions about Singular Points

Regular/Irregular Singular Points

A singular point           is said to be a regular singular point of the differential  

equation (1) if the functions                                                     and 

are both analytic at        . 

A singular point that is not regular is said to be an irregular point of the equation  

Definition 5.2

0x

)()()( 0 xPxxxp -=

)()()( 2

0 xQxxxq -= 0x

)1(0)()()( 012 ?=+¡+¡¡ yxayxayxa

)2(0)()( ?=+¡+¡¡ yxQyxPy

analytic at       means0x
continuous, differentiable 

and integrable at 
0x

30
/168



2008_Series Solutions(2)

Solutions about Singular Points

Regular/Irregular Singular Points

A singular point           is said to be a regular singular point of the differential  

equation (1) if the functions                                                     and 

are both analytic at        . 

A singular point that is not regular is said to be an irregular point of the equation  

Definition 5.2

0x

)()()( 0 xPxxxp -=

)()()( 2

0 xQxxxq -= 0x

)1(0)()()( 012 ?=+¡+¡¡ yxayxayxa

)2(0)()( ?=+¡+¡¡ yxQyxPy

0)1(3)9( 2 =-+¡-¡¡+ yxyxyx

analytic at       means0x
continuous, differentiable 

and integrable at 
0x

31
/168



2008_Series Solutions(2)

Solutions about Singular Points

Regular/Irregular Singular Points

A singular point           is said to be a regular singular point of the differential  

equation (1) if the functions                                                     and 

are both analytic at        . 

A singular point that is not regular is said to be an irregular point of the equation  

Definition 5.2

0x

)()()( 0 xPxxxp -=

)()()( 2

0 xQxxxq -= 0x

)1(0)()()( 012 ?=+¡+¡¡ yxayxayxa

)2(0)()( ?=+¡+¡¡ yxQyxPy

0)1(3)9( 2 =-+¡-¡¡+ yxyxyx

analytic at       means0x
continuous, differentiable 

and integrable at 
0x

standard form

32
/168



2008_Series Solutions(2)

Solutions about Singular Points

Regular/Irregular Singular Points

A singular point           is said to be a regular singular point of the differential  

equation (1) if the functions                                                     and 

are both analytic at        . 

A singular point that is not regular is said to be an irregular point of the equation  

Definition 5.2

0x

)()()( 0 xPxxxp -=

)()()( 2

0 xQxxxq -= 0x

)1(0)()()( 012 ?=+¡+¡¡ yxayxayxa

)2(0)()( ?=+¡+¡¡ yxQyxPy

0)1(3)9( 2 =-+¡-¡¡+ yxyxyx

analytic at       means0x
continuous, differentiable 

and integrable at 
0x

0
9

1

9

3
22

=ö
÷

õ
æ
ç

å

+

-
+¡ö

÷

õ
æ
ç

å

+

-
+¡¡ y

x

x
y

x

x
y

standard form

33
/168



2008_Series Solutions(2)

Solutions about Singular Points

Regular/Irregular Singular Points

A singular point           is said to be a regular singular point of the differential  

equation (1) if the functions                                                     and 

are both analytic at        . 

A singular point that is not regular is said to be an irregular point of the equation  

Definition 5.2

0x

)()()( 0 xPxxxp -=

)()()( 2

0 xQxxxq -= 0x

)1(0)()()( 012 ?=+¡+¡¡ yxayxayxa

)2(0)()( ?=+¡+¡¡ yxQyxPy

0)1(3)9( 2 =-+¡-¡¡+ yxyxyx

analytic at       means0x
continuous, differentiable 

and integrable at 
0x

0
9

1

9

3
22

=ö
÷

õ
æ
ç

å

+

-
+¡ö

÷

õ
æ
ç

å

+

-
+¡¡ y

x

x
y

x

x
y

standard form

)(xQ)(xP

not analytic at ix 3°=

34
/168



2008_Series Solutions(2)

Solutions about Singular Points

Regular/Irregular Singular Points

A singular point           is said to be a regular singular point of the differential  

equation (1) if the functions                                                     and 

are both analytic at        . 

A singular point that is not regular is said to be an irregular point of the equation  

Definition 5.2

0x

)()()( 0 xPxxxp -=

)()()( 2

0 xQxxxq -= 0x

)1(0)()()( 012 ?=+¡+¡¡ yxayxayxa

)2(0)()( ?=+¡+¡¡ yxQyxPy

0)1(3)9( 2 =-+¡-¡¡+ yxyxyx

analytic at       means0x
continuous, differentiable 

and integrable at 
0x

0
9

1

9

3
22

=ö
÷

õ
æ
ç

å

+

-
+¡ö

÷

õ
æ
ç

å

+

-
+¡¡ y

x

x
y

x

x
y

standard form

multiply
22 )9( +x )(xQ)(xP

not analytic at ix 3°=

35
/168



2008_Series Solutions(2)

Solutions about Singular Points

Regular/Irregular Singular Points

A singular point           is said to be a regular singular point of the differential  

equation (1) if the functions                                                     and 

are both analytic at        . 

A singular point that is not regular is said to be an irregular point of the equation  

Definition 5.2

0x

)()()( 0 xPxxxp -=

)()()( 2

0 xQxxxq -= 0x

)1(0)()()( 012 ?=+¡+¡¡ yxayxayxa

)2(0)()( ?=+¡+¡¡ yxQyxPy

0)1(3)9( 2 =-+¡-¡¡+ yxyxyx

analytic at       means0x
continuous, differentiable 

and integrable at 
0x

0
9

1

9

3
22

=ö
÷

õ
æ
ç

å

+

-
+¡ö

÷

õ
æ
ç

å

+

-
+¡¡ y

x

x
y

x

x
y

0)1)(9()3)(9()9( 2222 =-++¡-++¡¡+ yxxyxxyx

standard form

multiply
22 )9( +x )(xQ)(xP

not analytic at ix 3°=

36
/168



2008_Series Solutions(2)

Solutions about Singular Points

Regular/Irregular Singular Points

A singular point           is said to be a regular singular point of the differential  

equation (1) if the functions                                                     and 

are both analytic at        . 

A singular point that is not regular is said to be an irregular point of the equation  

Definition 5.2

0x

)()()( 0 xPxxxp -=

)()()( 2

0 xQxxxq -= 0x

)1(0)()()( 012 ?=+¡+¡¡ yxayxayxa

)2(0)()( ?=+¡+¡¡ yxQyxPy

0)1(3)9( 2 =-+¡-¡¡+ yxyxyx

analytic at       means0x
continuous, differentiable 

and integrable at 
0x

0
9

1

9

3
22

=ö
÷

õ
æ
ç

å

+

-
+¡ö

÷

õ
æ
ç

å

+

-
+¡¡ y

x

x
y

x

x
y

0)1)(9()3)(9()9( 2222 =-++¡-++¡¡+ yxxyxxyx

standard form

multiply
22 )9( +x )(xQ)(xP

not analytic at ix 3°=

)(xq)(xp

37
/168



2008_Series Solutions(2)

Solutions about Singular Points

Regular/Irregular Singular Points

A singular point           is said to be a regular singular point of the differential  

equation (1) if the functions                                                     and 

are both analytic at        . 

A singular point that is not regular is said to be an irregular point of the equation  

Definition 5.2

0x

)()()( 0 xPxxxp -=

)()()( 2

0 xQxxxq -= 0x

)1(0)()()( 012 ?=+¡+¡¡ yxayxayxa

)2(0)()( ?=+¡+¡¡ yxQyxPy

0)1(3)9( 2 =-+¡-¡¡+ yxyxyx

analytic at       means0x
continuous, differentiable 

and integrable at 
0x

0
9

1

9

3
22

=ö
÷

õ
æ
ç

å

+

-
+¡ö

÷

õ
æ
ç

å

+

-
+¡¡ y

x

x
y

x

x
y

0)1)(9()3)(9()9( 2222 =-++¡-++¡¡+ yxxyxxyx

standard form

multiply
22 )9( +x )(xQ)(xP

not analytic at ix 3°=

)(xq)(xp

analytic at ix 3°= 38
/168



2008_Series Solutions(2)

Solutions about Singular Points

XExample 1  
It should be clear that            
x=2 and x= -2 are 
singular points of

05)2(3)4( 22 =+¡-+¡¡- yyxyx

39
/168



2008_Series Solutions(2)

Solutions about Singular Points

XExample 1  
It should be clear that            
x=2 and x= -2 are 
singular points of

05)2(3)4( 22 =+¡-+¡¡- yyxyx

Dividing the equation by 

40
/168



2008_Series Solutions(2)

Solutions about Singular Points

XExample 1  
It should be clear that            
x=2 and x= -2 are 
singular points of

05)2(3)4( 22 =+¡-+¡¡- yyxyx

Dividing the equation by 

2222 )2()2()4( +-=- xxx

41
/168



2008_Series Solutions(2)

Solutions about Singular Points

XExample 1  
It should be clear that            
x=2 and x= -2 are 
singular points of

05)2(3)4( 22 =+¡-+¡¡- yyxyx

Dividing the equation by 

2222 )2()2()4( +-=- xxx

,
)2)(2(

3
)(

2+-
=

xx
xP

42
/168



2008_Series Solutions(2)

Solutions about Singular Points

XExample 1  
It should be clear that            
x=2 and x= -2 are 
singular points of

05)2(3)4( 22 =+¡-+¡¡- yyxyx

Dividing the equation by 

2222 )2()2()4( +-=- xxx

,
)2)(2(

3
)(

2+-
=

xx
xP

22 )2()2(

5
)(

+-
=

xx
xQ

43
/168



2008_Series Solutions(2)

Solutions about Singular Points

XExample 1  
It should be clear that            
x=2 and x= -2 are 
singular points of

05)2(3)4( 22 =+¡-+¡¡- yyxyx

Dividing the equation by 

2222 )2()2()4( +-=- xxx

,
)2)(2(

3
)(

2+-
=

xx
xP

22 )2()2(

5
)(

+-
=

xx
xQ

2)2(

3
)()2()(

+
=-=

x
xPxxp

44
/168



2008_Series Solutions(2)

Solutions about Singular Points

XExample 1  
It should be clear that            
x=2 and x= -2 are 
singular points of

05)2(3)4( 22 =+¡-+¡¡- yyxyx

Dividing the equation by 

2222 )2()2()4( +-=- xxx

,
)2)(2(

3
)(

2+-
=

xx
xP

22 )2()2(

5
)(

+-
=

xx
xQ

2)2(

3
)()2()(

+
=-=

x
xPxxp

2

2

)2(

5
)()2()(

+
=-=

x
xQxxq

45
/168



2008_Series Solutions(2)

Solutions about Singular Points

XExample 1  
It should be clear that            
x=2 and x= -2 are 
singular points of

05)2(3)4( 22 =+¡-+¡¡- yyxyx

Dividing the equation by 

2222 )2()2()4( +-=- xxx

,
)2)(2(

3
)(

2+-
=

xx
xP

22 )2()2(

5
)(

+-
=

xx
xQ

2)2(

3
)()2()(

+
=-=

x
xPxxp

2

2

)2(

5
)()2()(

+
=-=

x
xQxxq

0
)2(

5

)2(

3
)2()2(

22

2 =
+

+¡
+

-+¡¡- y
x

y
x

xyx

46
/168



2008_Series Solutions(2)

Solutions about Singular Points

XExample 1  
It should be clear that            
x=2 and x= -2 are 
singular points of

05)2(3)4( 22 =+¡-+¡¡- yyxyx

Dividing the equation by 

2222 )2()2()4( +-=- xxx

,
)2)(2(

3
)(

2+-
=

xx
xP

22 )2()2(

5
)(

+-
=

xx
xQ

2)2(

3
)()2()(

+
=-=

x
xPxxp

2

2

)2(

5
)()2()(

+
=-=

x
xQxxq

0
)2(

5

)2(

3
)2()2(

22

2 =
+

+¡
+

-+¡¡- y
x

y
x

xyx

47
/168



2008_Series Solutions(2)

Solutions about Singular Points

XExample 1  
It should be clear that            
x=2 and x= -2 are 
singular points of

05)2(3)4( 22 =+¡-+¡¡- yyxyx

Dividing the equation by 

2222 )2()2()4( +-=- xxx

,
)2)(2(

3
)(

2+-
=

xx
xP

22 )2()2(

5
)(

+-
=

xx
xQ

2)2(

3
)()2()(

+
=-=

x
xPxxp

2

2

)2(

5
)()2()(

+
=-=

x
xQxxq

0
)2(

5

)2(

3
)2()2(

22

2 =
+

+¡
+

-+¡¡- y
x

y
x

xyx

2)( =xatanalyticxp

48
/168



2008_Series Solutions(2)

Solutions about Singular Points

XExample 1  
It should be clear that            
x=2 and x= -2 are 
singular points of

05)2(3)4( 22 =+¡-+¡¡- yyxyx

Dividing the equation by 

2222 )2()2()4( +-=- xxx

,
)2)(2(

3
)(

2+-
=

xx
xP

22 )2()2(

5
)(

+-
=

xx
xQ

2)2(

3
)()2()(

+
=-=

x
xPxxp

2

2

)2(

5
)()2()(

+
=-=

x
xQxxq

0
)2(

5

)2(

3
)2()2(

22

2 =
+

+¡
+

-+¡¡- y
x

y
x

xyx

2)( =xatanalyticxp

49
/168



2008_Series Solutions(2)

Solutions about Singular Points

XExample 1  
It should be clear that            
x=2 and x= -2 are 
singular points of

05)2(3)4( 22 =+¡-+¡¡- yyxyx

Dividing the equation by 

2222 )2()2()4( +-=- xxx

,
)2)(2(

3
)(

2+-
=

xx
xP

22 )2()2(

5
)(

+-
=

xx
xQ

2)2(

3
)()2()(

+
=-=

x
xPxxp

2

2

)2(

5
)()2()(

+
=-=

x
xQxxq

0
)2(

5

)2(

3
)2()2(

22

2 =
+

+¡
+

-+¡¡- y
x

y
x

xyx

2)( =xatanalyticxp

2)( =xatanalyticxq

50
/168



2008_Series Solutions(2)

Solutions about Singular Points

X Method of Frobenius

51
/168



2008_Series Solutions(2)

Solutions about Singular Points

X Method of Frobenius )1(0)()()( 012 ?=+¡+¡¡ yxayxayxa

52
/168



2008_Series Solutions(2)

Solutions about Singular Points

X Method of Frobenius

Frobeniusôs Theorem

If                    is an regular singular point of the differential equation (1), then there exists at

least one solution of the form

where the number      is a constant to be determined . The series will converge at least on 

some interval                

Theorem 5.2

0xx=

ää
¤

=

+
¤

=

-=--=
0

0

0

00 )()()(
n

rn

n

n

n

n

r xxcxxcxxy

Rxx <-< 00

r

)1(0)()()( 012 ?=+¡+¡¡ yxayxayxa

53
/168



2008_Series Solutions(2)

Solutions about Singular Points

X Method of Frobenius

Frobeniusôs Theorem

If                    is an regular singular point of the differential equation (1), then there exists at

least one solution of the form

where the number      is a constant to be determined . The series will converge at least on 

some interval                

Theorem 5.2

0xx=

ää
¤

=

+
¤

=

-=--=
0

0

0

00 )()()(
n

rn

n

n

n

n

r xxcxxcxxy

Rxx <-< 00

r

)1(0)()()( 012 ?=+¡+¡¡ yxayxayxa

0)]([)]([ 22 =+¡+¡¡ yxQxyxxPxyx

54
/168



2008_Series Solutions(2)

Solutions about Singular Points

X Method of Frobenius

Frobeniusôs Theorem

If                    is an regular singular point of the differential equation (1), then there exists at

least one solution of the form

where the number      is a constant to be determined . The series will converge at least on 

some interval                

Theorem 5.2

0xx=

ää
¤

=

+
¤

=

-=--=
0

0

0

00 )()()(
n

rn

n

n

n

n

r xxcxxcxxy

Rxx <-< 00

r

ä
¤

=

+-=
0

0)(
n

rn

n xxcy

)1(0)()()( 012 ?=+¡+¡¡ yxayxayxa

0)]([)]([ 22 =+¡+¡¡ yxQxyxxPxyx

55
/168



2008_Series Solutions(2)

Solutions about Singular Points

X Method of Frobenius

Frobeniusôs Theorem

If                    is an regular singular point of the differential equation (1), then there exists at

least one solution of the form

where the number      is a constant to be determined . The series will converge at least on 

some interval                

Theorem 5.2

0xx=

ää
¤

=

+
¤

=

-=--=
0

0

0

00 )()()(
n

rn

n

n

n

n

r xxcxxcxxy

Rxx <-< 00

r

ä
¤

=

+-=
0

0)(
n

rn

n xxcy

)1(0)()()( 012 ?=+¡+¡¡ yxayxayxa

0)]([)]([ 22 =+¡+¡¡ yxQxyxxPxyx

56
/168



2008_Series Solutions(2)

Solutions about Singular Points

X Method of Frobenius

Frobeniusôs Theorem

If                    is an regular singular point of the differential equation (1), then there exists at

least one solution of the form

where the number      is a constant to be determined . The series will converge at least on 

some interval                

Theorem 5.2

0xx=

ää
¤

=

+
¤

=

-=--=
0

0

0

00 )()()(
n

rn

n

n

n

n

r xxcxxcxxy

Rxx <-< 00

r

ä
¤

=

+-=
0

0)(
n

rn

n xxcy

)1(0)()()( 012 ?=+¡+¡¡ yxayxayxa

0)]([)]([ 22 =+¡+¡¡ yxQxyxxPxyx

57
/168



2008_Series Solutions(2)

Solutions about Singular Points

X Method of Frobenius

Frobeniusôs Theorem

If                    is an regular singular point of the differential equation (1), then there exists at

least one solution of the form

where the number      is a constant to be determined . The series will converge at least on 

some interval                

Theorem 5.2

0xx=

ää
¤

=

+
¤

=

-=--=
0

0

0

00 )()()(
n

rn

n

n

n

n

r xxcxxcxxy

Rxx <-< 00

r

ä
¤

=

+-=
0

0)(
n

rn

n xxcy

rfind the unknown exponent     (indicial equation) 

)1(0)()()( 012 ?=+¡+¡¡ yxayxayxa

0)]([)]([ 22 =+¡+¡¡ yxQxyxxPxyx

58
/168



2008_Series Solutions(2)

Solutions about Singular Points

X Method of Frobenius

Frobeniusôs Theorem

If                    is an regular singular point of the differential equation (1), then there exists at

least one solution of the form

where the number      is a constant to be determined . The series will converge at least on 

some interval                

Theorem 5.2

0xx=

ää
¤

=

+
¤

=

-=--=
0

0

0

00 )()()(
n

rn

n

n

n

n

r xxcxxcxxy

Rxx <-< 00

r

ä
¤

=

+-=
0

0)(
n

rn

n xxcy

rfind the unknown exponent     (indicial equation) 

)1(0)()()( 012 ?=+¡+¡¡ yxayxayxa

0)]([)]([ 22 =+¡+¡¡ yxQxyxxPxyx

59
/168



2008_Series Solutions(2)

Solutions about Singular Points

X Method of Frobenius

Frobeniusôs Theorem

If                    is an regular singular point of the differential equation (1), then there exists at

least one solution of the form

where the number      is a constant to be determined . The series will converge at least on 

some interval                

Theorem 5.2

0xx=

ää
¤

=

+
¤

=

-=--=
0

0

0

00 )()()(
n

rn

n

n

n

n

r xxcxxcxxy

Rxx <-< 00

r

ä
¤

=

+-=
0

0)(
n

rn

n xxcy

rfind the unknown exponent     (indicial equation) 

)1(0)()()( 012 ?=+¡+¡¡ yxayxayxa

ncdetermine the unknown coefficient      by a recursion relation 

0)]([)]([ 22 =+¡+¡¡ yxQxyxxPxyx

60
/168



2008_Series Solutions(2)

Solutions about Singular Points

XExample 2  
Two Series Solutions

03 =-¡+¡¡ yyyx

61
/168



2008_Series Solutions(2)

Solutions about Singular Points

XExample 2  
Two Series Solutions

03 =-¡+¡¡ yyyx

ä
¤

=

+=
0n

rn

nxcy

62
/168



2008_Series Solutions(2)

Solutions about Singular Points

XExample 2  
Two Series Solutions

03 =-¡+¡¡ yyyx

ä
¤

=

+=
0n

rn

nxcy

ä
¤

=

-++=
0

1)('
n

rn

nxcrny

63
/168



2008_Series Solutions(2)

Solutions about Singular Points

XExample 2  
Two Series Solutions

03 =-¡+¡¡ yyyx

ä
¤

=

+=
0n

rn

nxcy

ä
¤

=

-++=
0

1)('
n

rn

nxcrny

ä
¤

=

-+-++=¡¡
0

2)1)((
n

rn

nxcrnrny

64
/168



2008_Series Solutions(2)

Solutions about Singular Points

XExample 2  
Two Series Solutions

03 =-¡+¡¡ yyyx

ä
¤

=

+=
0n

rn

nxcy

ä
¤

=

-++=
0

1)('
n

rn

nxcrny

ä
¤

=

-+-++=¡¡
0

2)1)((
n

rn

nxcrnrny

yyyx -¡+¡¡3

65
/168



2008_Series Solutions(2)

Solutions about Singular Points

XExample 2  
Two Series Solutions

03 =-¡+¡¡ yyyx

ä
¤

=

+=
0n

rn

nxcy

ä
¤

=

-++=
0

1)('
n

rn

nxcrny

ä
¤

=

-+-++=¡¡
0

2)1)((
n

rn

nxcrnrny

yyyx -¡+¡¡3

ä ä

ä
¤

=

¤

=

+-+

¤

=

-+

-++

-++=

0 0

1

0

1

)(

)1)((3

n n

rn

n

rn

n

n

rn

n

xcxcrn

xcrnrn

66
/168



2008_Series Solutions(2)

Solutions about Singular Points

XExample 2  
Two Series Solutions

03 =-¡+¡¡ yyyx

ä
¤

=

+=
0n

rn

nxcy

ä
¤

=

-++=
0

1)('
n

rn

nxcrny

ä
¤

=

-+-++=¡¡
0

2)1)((
n

rn

nxcrnrny

yyyx -¡+¡¡3

ä ä

ä
¤

=

¤

=

+-+

¤

=

-+

-++

-++=

0 0

1

0

1

)(

)1)((3

n n

rn

n

rn

n

n

rn

n

xcxcrn

xcrnrn

ä

ä
¤

=

+

¤

=

-+

-

-++=

0

0

1)233)((

n

rn

n

n

rn

n

xc

xcrnrn

67
/168



2008_Series Solutions(2)

Solutions about Singular Points

XExample 2  
Two Series Solutions

03 =-¡+¡¡ yyyx

ä
¤

=

+=
0n

rn

nxcy

ä
¤

=

-++=
0

1)('
n

rn

nxcrny

ä
¤

=

-+-++=¡¡
0

2)1)((
n

rn

nxcrnrny

yyyx -¡+¡¡3

ä ä

ä
¤

=

¤

=

+-+

¤

=

-+

-++

-++=

0 0

1

0

1

)(

)1)((3

n n

rn

n

rn

n

n

rn

n

xcxcrn

xcrnrn

ä

ä
¤

=

+

¤

=

-+

-

-++=

0

0

1)233)((

n

rn

n

n

rn

n

xc

xcrnrn

])233)((

)23([

01

1

1

0

ää
¤

=

¤

=

-

-

--+++

-=

n

n

n

n

n

n

r

xcxcrnrn

xcrrx

68
/168



2008_Series Solutions(2)

Solutions about Singular Points

XExample 2  
Two Series Solutions

03 =-¡+¡¡ yyyx

ä
¤

=

+=
0n

rn

nxcy

ä
¤

=

-++=
0

1)('
n

rn

nxcrny

ä
¤

=

-+-++=¡¡
0

2)1)((
n

rn

nxcrnrny

69
/168



2008_Series Solutions(2)

Solutions about Singular Points

XExample 2  
Two Series Solutions

03 =-¡+¡¡ yyyx

ä
¤

=

+=
0n

rn

nxcy

ä
¤

=

-++=
0

1)('
n

rn

nxcrny

ä
¤

=

-+-++=¡¡
0

2)1)((
n

rn

nxcrnrny

0]])133)(1[(

)23([

1

1

1

0

=-+++++

-=

ä
¤

=

+

-

k

n

kk

r

xccrkrk

xcrrx

70
/168



2008_Series Solutions(2)

Solutions about Singular Points

XExample 2  
Two Series Solutions

03 =-¡+¡¡ yyyx

ä
¤

=

+=
0n

rn

nxcy

ä
¤

=

-++=
0

1)('
n

rn

nxcrny

ä
¤

=

-+-++=¡¡
0

2)1)((
n

rn

nxcrnrny

0]])133)(1[(

)23([

1

1

1

0

=-+++++

-=

ä
¤

=

+

-

k

n

kk

r

xccrkrk

xcrrx

Which implies 

71
/168



2008_Series Solutions(2)

Solutions about Singular Points

XExample 2  
Two Series Solutions

03 =-¡+¡¡ yyyx

ä
¤

=

+=
0n

rn

nxcy

ä
¤

=

-++=
0

1)('
n

rn

nxcrny

ä
¤

=

-+-++=¡¡
0

2)1)((
n

rn

nxcrnrny

0]])133)(1[(

)23([

1

1

1

0

=-+++++

-=

ä
¤

=

+

-

k

n

kk

r

xccrkrk

xcrrx

Which implies 0)23( 0=- crr

72
/168



2008_Series Solutions(2)

Solutions about Singular Points

XExample 2  
Two Series Solutions

03 =-¡+¡¡ yyyx

ä
¤

=

+=
0n

rn

nxcy

ä
¤

=

-++=
0

1)('
n

rn

nxcrny

ä
¤

=

-+-++=¡¡
0

2)1)((
n

rn

nxcrnrny

0]])133)(1[(

)23([

1

1

1

0

=-+++++

-=

ä
¤

=

+

-

k

n

kk

r

xccrkrk

xcrrx

Which implies 0)23( 0=- crr

?,2,1,0

,0)133)(1( 1

=

=-++++ +

k

ccrkrk kk

73
/168



2008_Series Solutions(2)

Solutions about Singular Points

XExample 2  
Two Series Solutions

03 =-¡+¡¡ yyyx

ä
¤

=

+=
0n

rn

nxcy

ä
¤

=

-++=
0

1)('
n

rn

nxcrny

ä
¤

=

-+-++=¡¡
0

2)1)((
n

rn

nxcrnrny

0]])133)(1[(

)23([

1

1

1

0

=-+++++

-=

ä
¤

=

+

-

k

n

kk

r

xccrkrk

xcrrx

Which implies 0)23( 0=- crr

?,2,1,0

,0)133)(1( 1

=

=-++++ +

k

ccrkrk kk

Since nothing is gained by taking 

74
/168



2008_Series Solutions(2)

Solutions about Singular Points

XExample 2  
Two Series Solutions

03 =-¡+¡¡ yyyx

ä
¤

=

+=
0n

rn

nxcy

ä
¤

=

-++=
0

1)('
n

rn

nxcrny

ä
¤

=

-+-++=¡¡
0

2)1)((
n

rn

nxcrnrny

0]])133)(1[(

)23([

1

1

1

0

=-+++++

-=

ä
¤

=

+

-

k

n

kk

r

xccrkrk

xcrrx

Which implies 0)23( 0=- crr

?,2,1,0

,0)133)(1( 1

=

=-++++ +

k

ccrkrk kk

Since nothing is gained by taking 00=c

75
/168



2008_Series Solutions(2)

Solutions about Singular Points

XExample 2  
Two Series Solutions

03 =-¡+¡¡ yyyx

ä
¤

=

+=
0n

rn

nxcy

ä
¤

=

-++=
0

1)('
n

rn

nxcrny

ä
¤

=

-+-++=¡¡
0

2)1)((
n

rn

nxcrnrny

0]])133)(1[(

)23([

1

1

1

0

=-+++++

-=

ä
¤

=

+

-

k

n

kk

r

xccrkrk

xcrrx

Which implies 0)23( 0=- crr

?,2,1,0

,0)133)(1( 1

=

=-++++ +

k

ccrkrk kk

Since nothing is gained by taking 00=c

0)23( =-rr

76
/168



2008_Series Solutions(2)

Solutions about Singular Points

XExample 2  
Two Series Solutions

03 =-¡+¡¡ yyyx

ä
¤

=

+=
0n

rn

nxcy

ä
¤

=

-++=
0

1)('
n

rn

nxcrny

ä
¤

=

-+-++=¡¡
0

2)1)((
n

rn

nxcrnrny

0]])133)(1[(

)23([

1

1

1

0

=-+++++

-=

ä
¤

=

+

-

k

n

kk

r

xccrkrk

xcrrx

Which implies 0)23( 0=- crr

?,2,1,0

,0)133)(1( 1

=

=-++++ +

k

ccrkrk kk

?,2,1,0

,
)133)(1(

1

=

++++
=+

k

rkrk

c
c k

k

Since nothing is gained by taking 00=c

0)23( =-rr

77
/168



2008_Series Solutions(2)

Solutions about Singular Points

XExample 2  
Two Series Solutions

03 =-¡+¡¡ yyyx

ä
¤

=

+=
0n

rn

nxcy

ä
¤

=

-++=
0

1)('
n

rn

nxcrny

ä
¤

=

-+-++=¡¡
0

2)1)((
n

rn

nxcrnrny

78
/168



2008_Series Solutions(2)

Solutions about Singular Points

XExample 2  
Two Series Solutions

03 =-¡+¡¡ yyyx

ä
¤

=

+=
0n

rn

nxcy

ä
¤

=

-++=
0

1)('
n

rn

nxcrny

ä
¤

=

-+-++=¡¡
0

2)1)((
n

rn

nxcrnrny

?,2,1,0,
)1)(53(

,
3

2
11 =

++
== + k

kk

c
cr k

k

79
/168



2008_Series Solutions(2)

Solutions about Singular Points

XExample 2  
Two Series Solutions

03 =-¡+¡¡ yyyx

ä
¤

=

+=
0n

rn

nxcy

ä
¤

=

-++=
0

1)('
n

rn

nxcrny

ä
¤

=

-+-++=¡¡
0

2)1)((
n

rn

nxcrnrny

?,2,1,0,
)1)(53(

,
3

2
11 =

++
== + k

kk

c
cr k

k

)23(1185!

141185!4414

1185!3311

85!228

15

0

03
4

02
3

01
2

0
1

+ÖÖ
=

ÖÖÖ
=

Ö
=

ÖÖ
=

Ö
=

Ö
=

Ö
=

Ö
=

nn

c
c

cc
c

cc
c

cc
c

c
c

n ?

@

80
/168



2008_Series Solutions(2)

Solutions about Singular Points

XExample 2  
Two Series Solutions

03 =-¡+¡¡ yyyx

ä
¤

=

+=
0n

rn

nxcy

ä
¤

=

-++=
0

1)('
n

rn

nxcrny

ä
¤

=

-+-++=¡¡
0

2)1)((
n

rn

nxcrnrny

81
/168



2008_Series Solutions(2)

Solutions about Singular Points

XExample 2  
Two Series Solutions

03 =-¡+¡¡ yyyx

ä
¤

=

+=
0n

rn

nxcy

ä
¤

=

-++=
0

1)('
n

rn

nxcrny

ä
¤

=

-+-++=¡¡
0

2)1)((
n

rn

nxcrnrny

?,2,1,0,
)13)(1(

,0 12 =
++

== + k
kk

c
cr k

k

82
/168



2008_Series Solutions(2)

Solutions about Singular Points

XExample 2  
Two Series Solutions

03 =-¡+¡¡ yyyx

ä
¤

=

+=
0n

rn

nxcy

ä
¤

=

-++=
0

1)('
n

rn

nxcrny

ä
¤

=

-+-++=¡¡
0

2)1)((
n

rn

nxcrnrny

?,2,1,0,
)13)(1(

,0 12 =
++

== + k
kk

c
cr k

k

)23(741!

)1(

10741!4104

741!373

41!242

11

0

03
4

02
3

01
2

0
1

-ÖÖ

-
=

ÖÖÖ
=

Ö
=

ÖÖ
=

Ö
=

Ö
=

Ö
=

Ö
=

nn

c
c

cc
c

cc
c

cc
c

c
c

n

n ?

@

83
/168



2008_Series Solutions(2)

Solutions about Singular Points

XExample 2  
Two Series Solutions

03 =-¡+¡¡ yyyx

ä
¤

=

+=
0n

rn

nxcy

ä
¤

=

-++=
0

1)('
n

rn

nxcrny

ä
¤

=

-+-++=¡¡
0

2)1)((
n

rn

nxcrnrny

84
/168



2008_Series Solutions(2)

Solutions about Singular Points

XExample 2  
Two Series Solutions

03 =-¡+¡¡ yyyx

ä
¤

=

+=
0n

rn

nxcy

ä
¤

=

-++=
0

1)('
n

rn

nxcrny

ä
¤

=

-+-++=¡¡
0

2)1)((
n

rn

nxcrnrny

]
)23(741!

1
1[)(

]
)23(1185!

1
1[)(

1

0

2

1

3/2

1

n

n

n

n

x
nn

xxy

x
nn

xxy

ä

ä

¤

=

¤

=

-ÖÖ
+=

+ÖÖ
+=

?

?

85
/168



2008_Series Solutions(2)

Solutions about Singular Points

X Indicial Equation

86
/168



2008_Series Solutions(2)

Solutions about Singular Points

X Indicial Equation )1(0)()()( 012 ?=+¡+¡¡ yxayxayxa

87
/168



2008_Series Solutions(2)

Solutions about Singular Points

X Indicial Equation
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If                    is an regular singular point of the differential equation (1), then there exists at 
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where the number      is a constant to be determined . The series will converge at least on 

some interval                
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