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Solutions about Singular Points

a,(X)yit+a(X)yi+ta,(x)y=0? (3
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Solutions - about Singular Points

a,(X)Yyi+ta,(X)yi+a,(x)y=0? (I
yi+t P(X)yi+Q(x)y =0? (2)

Definition 5.2 Regular/Irregular Singular Points

A singular point XO is said to be aregular singular point of the differential

equation (1) if the functions p(X) = (X- XO)P(X) and
q(x) = (X- XO)ZQ(X) are both analytic at X; -

A singular point that is not regular is said to be an irregular point of the equation
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Solutions - about Singular Points

analytic at X, means

a2 (X) y" ¥ ai(X) yl ¥ aO(X) y - O? (1) continuous, differentiable
Yii+ P(X) Vit Q(X) Y= 0? (2) and integra’ble at X,
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A singular point XO is said to be aregular singular point of the differential

equation (1) if the functions p(X) = (X- XO)P(X) and
q(x) = (X- XO)ZQ()() are both analytic at X; -

A singular point that is not regular is said to be an irregular point of the equation

Incase P(X),Q(Xp notanalyticat  an¥, iXaTegylar singular
point then we multiply (2) by~ (X~ Xadd

(X= %) Vii+(X- %) p(x)yi+q(x)y =0
Where p(X) ; CI(XBe analytic at X=X
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Solutions - about Singular Points

analytic at X, means
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A singular point XO is said to be aregular singular point of the differential

equation (1) if the functions p(X) = (X- XO)P(X) and
q(x) = (X- XO)ZQ(X) are both analytic at X; -

A singular point that is not regular is said to be an irregular point of the equation
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Solutions - about Singular Points

analytic at X, means
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A singular point XO is said to be aregular singular point of the differential

equation (1) if the functions p(X) = (X- XO)P(X) and
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A singular point that is not regular is said to be an irregular point of the equation
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Solutions - about Singular Points
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Solutions - about Singular Points

a,(Yi+a,(yi+a,()y=0? () | T oree
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and integrable at XO
-
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A singular point XO is said to be aregular singular point of the differential

equation (1) if the functions p(X) = (X- XO)P(X) and
q(x) = (X- XO)ZQ()() are both analytic at X; -

A singular point that is not regular is said to be an irregular point of the equation
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(X- %)? i+ (X- %) P(X)yi+(X- %)°Q(x)y=0
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and integrable at XO
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Definition 5.2 Regular/Irregular Singular Points |

A singular point XO is said to be aregular singular point of the differential

equation (1) if the functions p(X) = (X- XO)P(X) and
q(x) = (X- XO)ZQ()() are both analytic at X; -
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- 2\ 8
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a,(Yi+a,(yi+a,()y=0? () | T oree
Vit P(X)yi+Q(X)y =07 (2) ’

and integrable at XO
-
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A singular point XO is said to be aregular singular point of the differential

equation (1) if the functions p(X) = (X- XO)P(X) and
q(x) = (X- XO)ZQ()() are both analytic at X; -

A singular point that is not regular is said to be an irregular point of the equation

standard form multiply X2
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equation (1) if the functions p(X) = (X- XO)P(X) and
q(x) = (X- XO)ZQ()() are both analytic at X; -

A singular point that is not regular is said to be an irregular point of the equation |
A 4

standard form o u o 1
2 ) . _,a-3xQ . al-xg 0
(< +9)yii- 3xyi+(1- X)y=0 > Vi geszEM gemgy_

multiply (X2 + 9)2 74 P(X) Q(x)
(X2 + 9)2 y|| + (X2 + 9)(- 3X) y| + (X2 ~+ 9)(1- X) y= 0 not analytic at X = °3
p(X) q(x)

2008_Series Solutions(2)




Solutions about Singular Points
a,(X)Yita(X)yi+a,(X)y=0? (1 {a”aytiCatXOmeans }

continuous, differentiable
y|| + P(X) y| + Q(X) Y= 0? (2) and integrable at XO
Regular/Irregular Singular Points

A singular point XO is said to be aregular singular point of the differential

equation (1) if the functions p(X) = (X- XO)P(X) and
q(x) = (X- XO)ZQ()() are both analytic at X; -

A singular point that is not regular is said to be an irregular point of the equation |
< 4

standard form o u o 1
2 ) . _,a-3xQ . al-xg 0
(< +9)yii- 3xyi+(1- X)y=0 > Vi geszEM gemgy_

multiply (X2 + 9)2 74 P(X) Q(x)
(X2 + 9)2 y|| + (X2 + 9)(- 3X) y| + (X2 ~+ 9)(1- X) y= 0 not analytic at X = °3
P - q(OX).

2008 Series Solutions(2) v _ :
P - analyticat X = ° 3l —1 B oo




Solutions about Singular Points

X Example 1
It should be clear that
X=2 and x= -2 are
singular points of

(x*- 4)%yii+3(x- 2)yi+5y =0

2008_Series §9Lutions(2) -




Solutions about Singular Points

X Example 1
It should be clear that
X=2 and x= -2 are
singular points of

(x*- 4)%yii+3(x- 2)yi+5y =0

Dividing the equation by
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Solutions about Singular Points

X Example 1
It should be clear that
X=2 and x= -2 are
singular points of

Dividing the equation by
(X*- 4 =(x- 2*(x+2)°

2008 Series S_g[u_tions(Z) ,




Solutions about Singular Points

X Example 1 P :
It should be clear that =
X=2 and x= -2 are
singular points of

T (x- 2)(x+2)? "

(x*- 4)%yii+3(x- 2)yi+5y =0

Dividing the equation by
(X*- 4 =(x- 2*(x+2)°

2008 Series S_q[utions(Z) v




Solutions about Singular Points

X Example 1 P(x) > Q(x) = S
It should be clear that b A
X=2 and x= -2 are
singular points of

T (x- 2)(x+2)? "

(x*- 4)%yii+3(x- 2)yi+5y =0

Dividing the equation by
(X*- 4 =(x- 2*(x+2)°

2008 Series S_q[utions(Z) v




Solutions about Singular Points

X Example ! I:)(X):(x- 2)?x+2)2’ Q(X):(x- 2)25(x+2)2
It should be clear that
x=2 and x= -2 are 3
X) =(X- 2)P(x) =
singular points of PO == P09 (x+2)°

(x*- 4)%yii+3(x- 2)yi+5y =0

Dividing the equation by
(X*- 4 =(x- 2*(x+2)°

2008_Series S_q[utions(Z)




Solutions about Singular Points

X Example ! I:)(X):(x- 2)?x+2)2’ Q(X):(x- 2)25(x+2)2
It should be clear that
x=2 and x= -2 are 3
X) =(X- 2)P(x) =
singular points of PO == P09 (x+2)°

s — 2 — 5
(5 - 4)2yi+3(x- 2)yi+5y =0 q(x) = (x- 2)2°Q(X) = (x+2)°

Dividing the equation by
(X*- 4 =(x- 2*(x+2)°

2008_Series %q[utions(Z)




Solutions about Singular Points

X Example 1 I:)(X):(x- 2)?x+2)2’ Q(X):(x- 2)25(x+2)2
It should be clear that
x=2 and x= -2 are 3
X) =(X- 2)P(x) =
singular points of PO == P09 (x+2)°

s — 2 — 5
(5 - 4)2yi+3(x- 2)yi+5y =0 q(x) = (x- 2)2°Q(X) = (x+2)°

(%= 2%yi*(x- 2)

5
yi+ >y=0

Dividing the equation by
(X*- 4 =(x- 2*(x+2)°

(x+2)° 7 (x+2)

2008_Series %q[utions(Z)




Solutions about Singular Points

X Example 1 I:)(X):(x- 2)?x+2)2’ Q(X):(x- 2)25(x+2)2
It should be clear that
x=2 and x= -2 are 3
; X) =(X- 2)P(x) =
singular points of PO == P09 (x+2)°

s — 2 — 5
(5 - 4)2yi+3(x- 2)yi+5y =0 q(x) = (x- 2)2°Q(X) = (x+2)°

(%= 2%yi*(x- 2)

5
yi+ > y=0

Dividing the equation by (x+2)> " (x+2)

(C- a7 =(x- DH(x+2 !

2008_Series %q[utions(Z)




Solutions about Singular Points

X Example 1 I:)(X):(x- 2)?x+2)2’ Q(X):(x- 2)25(x+2)2
It should be clear that
x=2 and x= -2 are 3
X) =(X- 2)P(x) =
singular points of PO == P09 (x+2)°

s — 2 — 5
(5 - 4)2yi+3(x- 2)yi+5y =0 q(x) = (x- 2)2°Q(X) = (x+2)°

(%= 2%yi*(x- 2)

. ) _
27 2 Y70

Dividing the equation by

(OC- 47 =(x- 2°(x+2)° T
p(x) analyticat x=2

2008_Series %q[utions(Z)




Solutions about Singular Points

X Example 1 I:)(X):(x- 2)?x+2)2’ Q(X):(x- 2)25(x+2)2
It should be clear that
x=2 and x= -2 are 3
X) =(X- 2)P(x) =
singular points of PO == P09 (x+2)°

s — 2 — 5
(5 - 4)2yi+3(x- 2)yi+5y =0 q(x) = (x- 2)2°Q(X) = (x+2)°

(%= 2%yi*(x- 2)

. ) _
27 2 Y70

Dividing the equation by

(OC- 47 =(x- 2°(x+2)° T
p(x) analyticat x=2

2008_Series %q[utions(Z)




Solutions about Singular Points

X Example 1 I:)(X):(x- 2)?x+2)2’ Q(X):(x- 2)25(x+2)2
It should be clear that
x=2 and x= -2 are 3
X) =(X- 2)P(x) =
singular points of PO == P09 (x+2)°
5

(X2 ) 4)2)/ii+3(x' 2)yi+5y =0 g(x) =(x- 2)2Q(X) = (X+2)2

(x- 2yt (x- 2)

)
2 ¥=0

Dividing the equation by (X +2)? A (X+2)

(OC- 47 =(x- 2°(x+2)° T
p(x) analyticat x=2

g(x) analyticat x=2

2008_Series %q[utions(Z)




Solutions about Singular Points

X Method of Frobenius
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Solutions about Singular Points

X Method of = Frobenius a,(X)yita(X)yita,(x)y=0? (2

2008_Series Solutions(2)




Solutions - about Singular Points

X Method of = Frobenius a,(X)yita(X)yita,(x)y=0? (2
Frobeniusdés Theorem A

If X=X, isan regular singular point of the differential equation (1), then there exists at

least one solution of the form y — (X- XO)r a Cn ()(- )(O)n = a Cn (X- Xo)n"‘f

: .n=0 _ _ n=0
where the number [ is a constant to be determined . The series will converge at least on

someinterval ) < X - Xy < R

2008_Series Solutions(2)
\’\‘ : - eay




Solutions - about Singular Points

X Method of = Frobenius a,(X)yita(X)yi+ta,(x)y=0? (2
Frobeniusdés Theorem -

If X=X, isan regular singular point of the differential equation (1), then there exists at

least one solution of the form y — (X- XO)r a Cn ()(- )(O)n = a Cn (X- Xo)n"‘f

: .n=0 , _ n=0
where the number [ is a constant to be determined . The series will converge at least on

g someinterval ) < X - Xy < R

XYii+ X XP(X)]yi+[x°Q(X)]y =0

2008 Series Solutions(2) _
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Solutions - about Singular Points

X Method of = Frobenius a,(X)yita(X)yi+ta,(x)y=0? (2
Frobeniusés Theorem A

If X=X, isan regular singular point of the differential equation (1), then there exists at

least one solution of the form y — (X- XO)r a Cn ()(- )(O)n = a Cn (X- Xo)n"‘f

: .n=0 , _ n=0
where the number [ is a constant to be determined . The series will converge at least on

someinterval ) < X - Xy < R

\ //

X*Vii+ X XP(X)]yi+[x°Q(X)]y =0 y = é‘ C. (X~ %)™

2008_Series Solutions(2)
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Solutions - about Singular Points

X Method of = Frobenius a,(X)yita(X)yi+ta,(x)y=0? (2
Frobeniusés Theorem A

If X=X, isan regular singular point of the differential equation (1), then there exists at

least one solution of the form y — (X- XO)r a Cn ()(- )(O)n = a Cn (X- Xo)n"‘f

: .n=0 , _ n=0
where the number [ is a constant to be determined . The series will converge at least on

someinterval ) < X - Xy < R

\ //

X*Vii + X XP(X)]yi+[x°Q(X)]y = O« y = é‘ C. (X~ %)™

2008_Series Solutions(2)
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Solutions - about Singular Points

X Method of = Frobenius a,(X)yita(X)yi+ta,(x)y=0? (2
Frobeniusés Theorem A

If X=X, isan regular singular point of the differential equation (1), then there exists at

least one solution of the form y — (X- XO)r a Cn ()(- )(O)n = a Cn (X- Xo)n"‘f

: .n=0 , _ n=0
where the number [ is a constant to be determined . The series will converge at least on

someinterval ) < X - Xy < R

\ //

xzyii + X[ XP(X)] Vi +[X2Q(x)]y = O< y = 5. c.(X- Xo)n+r
J =0

2008_Series Solutions(2)
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Solutions - about Singular Points

X Method of = Frobenius a,(X)yita(X)yi+ta,(x)y=0? (2
Frobeniusés Theorem A

If X=X, isan regular singular point of the differential equation (1), then there exists at

least one solution of the form y — (X- XO)r a Cn ()(- )(O)n = a Cn (X- Xo)n"‘f

n=0 n=0
where the number [ is a constant to be determined . The series will converge at least on

g someinterval ) < X - Xy < R

n+r

X2yi+ XXPO)TYi+[XQ)]y = O y=8& 6,(x- %)
i n=0

find the unknown exponent  (ifidicial equation)

58
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Solutions - about Singular Points

X Method of = Frobenius a,(X)yita(X)yi+ta,(x)y=0? (2
Frobeniusés Theorem A

If X=X, isan regular singular point of the differential equation (1), then there exists at

least one solution of the form y — (X- XO)r a Cn ()(- )(O)n = a Cn (X- Xo)n"‘f

n=0 n=0
where the number [ is a constant to be determined . The series will converge at least on

g someinterval ) < X - Xy < R

n+r

X2yi+ XXPO)TYi+[XQ)]y = O y=8& 6,(x- %)
i n=0

find the unknown exponent  (ifidicial equation)

|
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Solutions - about Singular Points

X Method of = Frobenius a,(X)yita(X)yi+ta,(x)y=0? (2
Frobeniuso6s Theorem A

If X=X, isan regular singular point of the differential equation (1), then there exists at

least one solution of the form y — (X- XO)r a Cn ()(- )(O)n = a Cn (X- Xo)n"‘f

n=0 n=0
where the number [ is a constant to be determined . The series will converge at least on

g someinterval ) < X - Xy < R

n+r

X2yi+ XXPO)TYi+[XQ)]y = O y=8& 6,(x- %)
i n=0

find the unknown exponent  (ifidicial equation)

|

determine the unknown coefficient b@ﬁa recursion relation

2008_Series Solutions(2)
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Solutions about Singular Points

X Example 2
Two Series Solutions
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Solutions about Singular Points

X Example 2
Two Series Solutions
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Solutions about Singular Points

X Example 2
Two Series Solutions

y=8 (n+r)c,x"""
n=0

2008_Series Solutions(2)




Solutions about Singular Points

X Example 2
Two Series Solutions

y=8 (n+r)c,x"""
n=0

Vi=g (n+r)(n+r- Dex™"?
n=0

2008_Series Solutions(2)




Solutions about Singular Points

X Example 2 3xyii+Yi- Y
Two Series Solutions =

y'=8 (n+r)c x""*
n=0

yi=@ (n+r)(n+r- Do, x""*
n=0

2008_Series SoLuions(Z) B




Solutions about Singular Points

X Example 2
Two Series Solutions

y=8 (n+r)c,x"""
n=0

yi=@ (n+r)(n+r- Do, x™"
n=0

2008 Series S_g[u_tions(Z) ,

3XYiit+Yi- Y

=33 (n+r)(n+r-Pc x""*

n=0
+3 (n+r)c x" - g c x™
n=0 n=0




Solutions about Singular Points

X Example 2 3xyi+yi-y

Two Series Solutions =33 (n+r)(nr- DX

3xyii+Yyi- y=0 - ]
................................................................................................................. +é (n+r)Can+r-1_ a Cnxn+r
: n=0 n=0

] : a (n+r)(Bn+3r- 2)c x""*
y'=§ (n+r)c x™"? i
n:O - a CanJrr

Yii:a (n+r)(n+r - 1)Can+r'2 n=0
n=0

2008 Series S_q[utions(Z) v




Solutions about Singular Points

X Example 2 3xyi+yi-y

Two Series Solutions =33 (n+r)(nr- DX

3xyii+yi- y=0 . ]
................................................................................................................. +é (n+r)Can+r-1_ a CInxn+r
: n=0 n=0

) : a (n+r)(Bn+3r- 2)c x""*
y'=§ (n+r)c x™"? i
n:O - a CanJrr

Yii = a (n+r)(n+r - 1)Can+r'2 n=0
n=0 — Xr[r(3r _ Z)Cox—l

+3 (N+r)(Bn+3r- 2)c x"*- § ¢ X"]

n=0

n=1

2008_Series S_q[utions(Z)




Solutions about Singular Points

X Example 2
Two Series Solutions

y=8 (n+r)c,x"""
n=0

Vi=g (n+r)(n+r- Dex™"?
n=0

2008_Series Solutions(2)




Solutions about Singular Points

X Example 2 =X[r(3r- 2ex’
Two Series Solutions + 5 [(k+r +D(@k+3r +1)c,., - ¢ ]%]=0
3xyii+yi- y=0 e
y = é. :—0 Can+r

y'=8 (n+r)c x""*
n=0

yi=@ (n+r)(n+r- Do, x""*
n=0

2008_Series §9[u}ions(2) _




Solutions about Singular Points

X Example 2 =X[r(3r- 2ex’
Two Series Solutions + 5 [(k+r +D(@k+3r +1)c,., - ¢ ]%]=0
3xyii+Yi- y=0 e
_________________________________________________________________________________________________________________  Vihichlimplies

y=8 (n+r)c,x"""
n=0

Vi=g (n+r)(n+r- Dex™"?
n=0

2008 Series S_g[u_tions(Z) ,




Solutions about Singular Points

X Example 2 =X[r(3r- 2ex’
Two Series Solutions + 5 [(k+r +D(@k+3r +1)c,., - ¢ ]%]=0
3xyi+yi- y=0 =
................................................................................................................. Which Implles r(3r _ 2)CO =0
y = é. :—OCan+r .

y=8 (n+r)c,x"""
n=0

Vi=g (n+r)(n+r- Dex™"?
n=0

2008 Series S_g[u_tions(Z) ,
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Solutions about Singular Points

X Example 2 =X[r(3r- 2ex’
Two Series Solutions + 5 [(k+r +D(@k+3r +1)c,., - ¢ ]%]=0
3xyi+yi- y=0 =
................................................................................................................. Which Implles r(3r _ 2)CO =0
Y=a X (k1 +D)(3k+3r +1)G, - G, =0,

k=012?

y'=8 (n+r)c x""*
n=0

yi=@ (n+r)(n+r- Do, x""*
n=0

2008_Series S_q[utions(Z)




Solutions about Singular Points

X Example 2 =X[r(3r- 2ex’
Two Series Solutions + 5 [(k+r +D(@k+3r +1)c,., - ¢ ]%]=0
3xyii+yi- y=0 "
................................................................................................................. Which Implles r(3r _ 2)CO =0
Y =8 X"  (k+r+1)(@K+3r +1)G,,y - G =0,

; = ?
y|: é. (n+ r)CnXI’Hr-l k 05112’ .

n=0
Vi=@ (n+r)(n+r- e, x""
n=0

Since nothing is gained by taking

2008_Series S_q[utions(Z)




Solutions about Singular Points

X Example 2 =X[r(3r- 2ex’
Two Series Solutions + 5 [(k+r +D(@k+3r +1)c,., - ¢ ]%]=0
3xyi+yi- y=0 =
................................................................................................................. Which Implles r(3r _ 2)CO =0
Y=a X (k1 +D)(3k+3r +1)G, - G, =0,

; = ?
y|: é. (n+ r)CnXI’Hr-l k 05112’ .

n=0
Vi=@ (n+r)(n+r- e, x""
n=0

Since nothing is gained by taking C, =0

2008_Series S_q[utions(Z)




Solutions about Singular Points

X Example 2 =X[r(3r- 2ex’
Two Series Solutions + 5 [(k+r +D(@k+3r +1)c,., - ¢ ]%]=0
3xyi+yi- y=0 =
................................................................................................................. Which Implles r(3r _ 2)CO =0
Y=a X (k1 +D)(3k+3r +1)G, - G, =0,

. = ?
y'=8 (n+r)c x""* E k=012,
n=0 Since nothing is gained by taking c, =0

o]

yi=a (n+r)(n+r- e x™" r(3r-2)=0

n=0

2008_Series S_q[utions(Z)




Solutions about Singular Points

X Example 2 = X[r(3r - 2)gx*

Two Series Solutions +a [(k+r +1)(3K+3r +1)c, ., - ¢, ]x] =0

3xyii+yi- y:() n=1

Yy=&._,CX  (k+r+D)(Ek+3r +1)c,., - G =0,
. — 2
y'=4 (n+r)c x™ 1 sl

n=0 Since nothing is gained by taking c, =0

yi=a (n+r)(n+r- e x""? r(3r-2)=0
n=0 . _ Ck
L (k+r +)(3k+3r +1)
k=012"?

2008_Series %q[utions(Z)




Solutions about Singular Points

X Example 2
Two Series Solutions

y=8 (n+r)c,x"""
n=0

Vi=g (n+r)(n+r- Dex™"?
n=0

2008_Series Solutions(2)




Solutions about Singular Points

X Example 2 o _2 C k=0127
Two Series Solutions

’ Ck+]_ — ’
3 (3k +5)(k +1)

y=8 (n+r)c,x"""
n=0

Vi=g (n+r)(n+r- Dex™"?
n=0

2008_Series §9Lutions(2) -




Solutions about Singular Points

K EXample ‘ I’lzg, Chs1 = K Ckk D’ k=012
Two Series Solutions = Bk +5)(k +1)
C
it Vi V=0 _ G
XYyityi-y C =A
C. = Cl — CO__
y=a,_ X" > 82 25(
2 n+r-1 C. = C2 — CO
y=a (e *T 113 35301
C3 CO

yi=@ (n+r)(n+r- Do, x""*
n=0

@

Co

C, = — — o
Y148 453A1604

2008_Series %q[utions(Z)

C, = —
" n5@A1? (3n+2)



Solutions about Singular Points

X Example 2
Two Series Solutions

y=8 (n+r)c,x"""
n=0

Vi=g (n+r)(n+r- Dex™"?
n=0

2008_Series Solutions(2)




Solutions about Singular Points

X Example 2 r, =0, G k=0127
Two Series Solutions

1 T ) (3k+1)

y=8 (n+r)c,x"""
n=0

Vi=g (n+r)(n+r- Dex™"?
n=0

2008_Series §9Lutions(2) -




Solutions about Singular Points

X Example 2 L =0, ., = C. S
Two Series Solutions (k+D)(3k+1)
CO
1Q
C, = Cl — CO
y=a _,cx" > 24 M

3xyii+yi- y=0 C, =

i C. = &G %
y=a (n+rex Yo I Te T,

: : =58 =&
yi=Q (n+r)(n+r- e x™"? “T 400 MGTaA0

n=0 @

(' 1)nco

" m&a? (3n- 2)

2008_Series %q[utions(Z)




Solutions about Singular Points

X Example 2
Two Series Solutions

y=8 (n+r)c,x"""
n=0

Vi=g (n+r)(n+r- Dex™"?
n=0

2008_Series Solutions(2)




Solutions about Singular Points

X Example 2 () = X1+ 1 o
Two Series Solutions = S 6_‘1 N5BQ1? (3n+2) “
3xyii+yi- y=0 1 "
y=a,_cx"

y=8 (n+r)c,x"""

n=0

yi=8 (n+r)(n+r-1)c x""?

n=0

2008 Series S_q[utions(Z) v




Solutions about Singular Points

X' Indicial Equation
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Solutions about Singular Points

X' Indicial Equation a,(X)Yi+a (X)yi+a,(x)y=0? (2

2008_Series Solutions(2)
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Solutions - about Singular Points

X' Indicial Equation a,(X)Yi+a (X)yi+a,(x)y=0? (1

Theorem 5.2 Frobeniusés Theorem

if X= XO Is an regular singular point of the diﬂ;erential equation (1), thgn there exists at

n= n=
where the number [ is a constant to be determined . The series will converge at least on

someinterval Q) < X - X0 <R

2008 Series Solutions(2) _

least one solution of the form y — (X- XO)r a Cn ()(- )(O)n = a Cn (X- Xo)n'”

N




Solutions - about Singular Points

X' Indicial Equation a,(X)Yi+a (X)yi+a,(X)y=0? (1
Frobeniusds Theorem A

if X= XO Is an regular singular point of the diﬂ;erential equation (1), thgn there exists at

least one solution of the form y — (X- XO)r a Cn ()(- )(O)n = a Cn (X- Xo)n'”

n= n=
where the number [ is a constant to be determined . The series will converge at least on

someinterval Q) < X - X0 <R

XYii+ X XP(X)]yi+[x°Q(X)]y =0
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Solutions - about Singular Points

X' Indicial Equation a,(X)Yi+a (X)yi+a,(X)y=0? (1
Frobeniusés Theorem b

if X= XO Is an regular singular point of the diﬂ;erential equation (1), thgn there exists at

least one solution of the form y — (X- XO)r a Cn ()(- )(O)n = a Cn (X- Xo)n'”

n= n=
where the number [ is a constant to be determined . The series will converge at least on

someinterval Q) < X - X0 <R

& 4

X*Vii+ X XP(X)]yi+[x°Q(X)]y =0 y = é‘ C. (X~ %)™

2008_Series Solutions(2)
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Solutions - about Singular Points

X' Indicial Equation a,(X)Yi+a (X)yi+a,(X)y=0? (1
Frobeniusés Theorem b

if X= XO Is an regular singular point of the diﬂ;erential equation (1), thgn there exists at

least one solution of the form y — (X- XO)r a Cn ()(- )(O)n = a Cn (X- Xo)n'”

n= n=
where the number [ is a constant to be determined . The series will converge at least on

someinterval Q) < X - X0 <R

& 4

X*Vii+ X XP(X)]yi+[x°Q(X)]y =0 y = é‘ C. (X~ %)™

2008_Series Solutions(2)

91
- /168




Solutions - about Singular Points

X' Indicial Equation a,(X)Yi+a,(X)yi+a,(x)y=0? (1)
Frobeniusdés Theorem N

if X= XO Is an regular singular point of the diffoerential equation (1), thgn there exists at

least one solution of the form y — (X- XO)r a Cn ()(- )(O)n = a Cn (X- Xo)n'”

n= n=
where the number [ is a constant to be determined . The series will converge at least on

someinterval Q) < X - X0 <R

X*Vii+ X XP(X)]yi+[x°Q(X)]y =0 y = é‘ C. (X~ %)™

9

p(X) = XP(X) = 8 +a,x+a,x’ +?
q(x) = X°Q(x) = by +bx+hb,x* +7?

2008_Series Solutions(2)

92
- /168




Solutions - about Singular Points

X' Indicial Equation a,(X)yi+a (X)yi+ta,(x)y=0? (1
Frobeniusés Theorem b

if X= XO Is an regular singular point of the diffoerential equation (1), thgn there exists at

least one solution of the form y — (X- XO)r a Cn ()(- )(O)n = a Cn (X- Xo)n'”

n= n=
where the number [ is a constant to be determined . The series will converge at least on

someinterval Q) < X - X0 <R

X?Yi+ X XP(q]yi+[x*Q(x)]y =0 y=a C,(x- %)™
n=0
! \
r(r-)+ayr+h, =0 P() = XP(X) =8 +ax+8,X" +?
indicial equation g(x) = XZQ(X) = bo +x+ b2X2 +?

2008_Series Solutions(2)

93
- /168




Solutions about Singular Points

X Example 3
Solve

2xyi+(1+x)yi+y=0

Substituting  y=a _ cglVes

2008_Series Solutions(2)

:




Solutions about Singular Points

X Example 3
Solve

2xyi+(1+x)yi+y=0

Substituting  y=a _ cglVes

2xyii+(1+x)yi+y
=23 (n+r)(n+r- 1)c x""*
n=0
+a (n+r)c.x™*+q (n+r)c x™
n=0 n=0 :
+8 o X"
n=0

2008_Series §9Lutions(2) -




Solutions about Singular Points
= a (n+r)(2n+2r - )c x""*

X Example 3 - ta
Solve o

- +a (n+r +2)c x™
2xyii+(1+X)yi+y=0 o

Substituting  y=a _ cglVes

2xyii+(1+x)yi+y
=23 (n+r)(n+r- 1)c x""*
n=0
+a (n+r)c.x™*+q (n+r)c x™
n=0 n=0
+8 o X"
n=0

2008 Series S_g[u_tions(Z) ,




Solutions about Singular Points

X Example 3
Solve

2xyi+(1+x)yi+y=0

Substituting  y=a _ cglVes

2xyii+(1+X)yi+y

=23 (n+r)(n+r- 1)c x""*

n=0
+Q (n+r)e, X" +g (n+r)e,x™"
n=0 n=0 :
+8 X"
n=0

2008_Series S_q[utions(Z)

=8 (n+r)(2n+2r - D¢ x""*
n=0

+q (n+r +2c x""
n=0

=X'[r(2r - Dc,x*

+8 (n+r)(2n+2r - 1)c x™*

n=1

+a (n+r+Dc,x"]
n=0




Solutions about Singular Points

=8 (n+r)(2n+2r - D¢ x""*

X Example 3 - ta
Solve o +
- +a (n+r+Dhc x™

2xyii+(1+X)yi+y=0 o

.. = x[r(2r - DX’
Substituting y=a _coles .
................................................................................................................. +a (n+r)@n+2r- e x™

2xyi+ L+ X)yi+y -
; - +3 (n+r +Dc x"
=23 (n+r)(n+r- 1)c x""* naz‘o( )G X']
n=0
z vy S -~ =Xr(2r- e, x*
+a (n+r)ex" " +g (n+r)cx™
= "=  + G [(k+r+D(2k+2r +1)c,
+é. Cnxn+r k=0
=0  +(k+r+D)c X

2008_Series %q[utions(Z)




Solutions about Singular Points

X Example 3
Solve

2xyi+(1+x)yi+y=0
Substituting  y=a _ cglVes
2xyii+(1+X)yit+y
=X"[r(2r - )c,x*

+3 [(k+r +D(2k+2r +1)c,,,

k=0
+(k+r+1)c ]x]

2008_Series §9Lutions(2) -




Solutions about Singular Points

X Example 3
Solve

2xyi+(1+X)yi+y=0
Substituting  y=a _ cglVes
2xYi+(L+X)yi+y Which implies
=X'[r(2r - PYc,x* 5

+3 [(k+r+1)(2Kk +2r +1)6,.,

k=0
+(k+r+1)c ]x]

2008_Series §9[u}ions(2) _




Solutions about Singular Points

X Example 3
Solve

2xyi+(1+x)yi+y=0
Substituting  y=a _ cglVes
2xyi+(A+X)yity Which implies  r(2r-1)=0
= X'[r(2r - c,x* |

+3 [(k+r+1)(2Kk +2r +1)6,.,

k=0
+(k+r+1)c ]x]

2008_Series §9[u}ions(2) _




Solutions about Singular Points

X Example 3
Solve

2xyi+(1+x)yi+y=0

Substituting  y=a _ cglVes

2xyi+(A+X)yity Which implies  r(2r-1)=0
= X'[r(2r - Dc,x* (k#r+D)(2k+2r +1)c,,, +(k+1 +1)c, =0

@ k=012"7
+3 [(k+r +D(2k+2r +1)c,,,

k=0
+(k+r+1)c ]x]

2008 Series S_q[utions(Z) v




Solutions about Singular Points

X Example 3
Two Series Solutions

Solve
2xyi+(1+x)yi+y=0

Substituting  y=& _ cgies

r(2r-1)=0

(k+r +1)(2k +2r +1)G,., + (k+r +1)c, =0
k=012

2008_Series §9Lutions(2) -




Solutions about Singular Points

X Example 3 o
Two Series Solutions 2

Solve
2xyi+(1+x)yi+y=0

Substituting  y=& _ cgies

r(2r-1)=0

(k+r +1)(2k +2r +1)G,., + (k+r +1)c, =0
k=012

2008 Series S_g[u_tions(Z) ,

Ck+1 -

= Ck
2(k +1)

k=012"



Solutions about Singular Points

X Example 3 | n=l e, =% k=0127
Two Series Solutions 2 2(k+])
- C
Sol =—2
olve C, e
2xyii+ 1+ x)yi+y=0 L R
Substituting y=é:=00ngﬂ7és 2" 2Q 22 Q@
"6 _ -G
3 3-
r(2r-1)=0 2@ Zle
) C3 — Co
C4
(k+r+1)(2k+2r +)c,, +(k+r+2)c =0 24 '
k=012? @
| — (' 1)nCo
" 2n

2008_Series %q[utions(Z)




Solutions about Singular Points

X Example 3
Two Series Solutions

Solve
2xyi+(1+x)yi+y=0

Substituting  y=& _ cgies

r(2r-1)=0

(k+r+1)(2k+2r +1)c,, +(k+r +1 =0
k=012?

2008_Series §9Lutions(2) -




Solutions about Singular Points

X Example 3 érlzo, G, =
Two Series Solutions :

Solve
2xyi+(1+x)yi+y=0

Substituting  y=& _ cgies

r(2r-1)=0

(k+r+1)(2k+2r +1)c,, +(k+r +1 =0
k=012?

2008 Series S_g[u_tions(Z) ,

_Ck

2k +1

k=012,?




Solutions about Singular Points

X Example 3 r -0, ¢ =— %  Kk=0127
_ ] i1 1 k+1 2k+1’ 1= &
Two Series Solutions
_~ G
Solve C = ER
2xyi+(1+Xx)yi+y=0 c _-C _(C,
2 = - e
Substituting y=é:=00ngﬂ7és s 1@
_~ G _ -G
C, = = ——
5 138G
r(2r-1)=0 . -
C,=—2=——2—
(k+r+1)(2k +2r +1)c,, +(k+r +Dc =0 7 1860
k=012 @
E (' 1)nco

C =——=
" 133BF? (2n- 1)

2008_Series %q[utions(Z)




Solutions about Singular Points

X Example 3
Two Series Solutions

Solve
2xyi+(1+x)yi+y=0
Substituting  y=& _ cgies

r(azr-1)=0

(k+r +1)(2k+2r +1)c,,, + (k+r +1)c, =0
k=012

2008_Series §9[u}ions(2) _




Solutions about Singular Points

X Example 3 Y1 (X)
Two Series Solutions - 21+ 4 (2n1)| <]
Solve : "=

R D e,
2xyii+(1+x)yi+y=0 f —nao o <0
Substituting  y=& _ cgies

r(azr-1)=0

(k+r +1)(2k+2r +1)c,,, + (k+r +1)c, =0
k=012

2008 Series S_q[utions(Z) v




Solutions about Singular Points

X Example 3 Y
Two Series Solutions T PP G
2"
Solve o (1)
= /2
2xyi+ 1+ X)yi+y=0 nao 2nn| X2 0
Substituting y=é:=00ngﬂ7és Y, (X)
r(2r-1=0 143 CD 0 x<n

<1332 (2n- 1)

(k+r+)(2k+2r +1c, ,, +(k+r+1c, =
k=012"?

2008_Series S_q[utions(Z)




Solutions about Singular Points

X Example 3 Y

Two Series Solutions T PP G
= 2"n!

Solve s
/2

2xyi+([1+x)yi+y=0 ‘nao 2nn| , X2 0
Substituting y=é:=00ngﬂ7és Y, (X)
r(2r-1=0 143 CD 0 x<n

218B? (2n- 1)

(k+r+D(2k+2r +1)c ,, +(k+r +1)c, =
k=012
\ y=Cy,(x)+C,y,(x) ,(0,=)

2008_Series S_q[utions(Z)




Solutions about Singular Points

X Example 4
Only One Series
Solution

Solve

2008_Series Solutions(2)

=




Solutions about Singular Points

X Example 4
Only One Series
Solution

Solve




Solutions about Singular Points

X Example 4 Case 1:Ifr ;andr, are distinct and

Qn|y One Series do not differ by an integer
Solution

Solve




Solutions about Singular Points

X Example 4 Case 1:Ifr ;andr, are distinct and
Qn|y One Series -~ do not differ by an integer
Solution vi(X) = & c.x™

Solve =0
Xyi+y=0
- (_ 1)n n+1
X) =
Y1(X) 90 T
1




Solutions about Singular Points

X Example 4 Case 1:Ifr ;andr, are distinct and
Qn|y One Series -~ do not differ by an integer
Solution vi(X) = & c.x™

Solve =0
XYii + y:O yz(x) — a bnxn+r2
n=0
¥ (_ 1)n n+1
X) =
¥1(X) a T
1




Solutions about Singular Points

X Example 4 Case 1:Ifr ;andr, are distinct and
Only One Series ~ do not differ by an integer
SOIU“O” yl(X) = a Cnxn+r1

Solve n=0
Xi+y=0 V(=8 bx""
n=0
Case 2 : If r ;-r,=N is a positive
S D" . integer
X) = X
¥1(X) 90 (n+ D!
1




Solutions about Singular Points

X Example 4
Only One Series
Solution

Solve

Case 1:Ifr ;andr, are distinct and
- do not differ by an integer

y,(X)=q cx
n=0
Y2(X) — a. bnxn+r2

n=0

Case 2:Ifr ,-r,=N is a positive

_integer

WM =A X", 6, 0

n=0




Solutions about Singular Points

Case 1:Ifr ;andr, are distinct and

X Example 4 |
Qn|y One Series - do not differ by an integer
SOIU“O” yl(X) = a Cnxn+r1

Solve n=0
Wi+y=0  Y(0=8 bx™"
n=0
T GRS integer
X) = X :
¥1(X) A D) o
B n+rl
_X-£X2+ix3- 1 4 40 gyl(x)—acnx , G, 0
2 12 144 ' n=0

Y,(4) =Cy, (I x+ & bx" b, . 0

n=0




Solutions about Singular Points

X Example 4
Only One Series
Solution

Solve




Solutions about Singular Points

X Example 4 Case 3: If r1=r2
Only One Series
Solution

Solve




Solutions about Singular Points

X Example 4 Case 3 : If r1=r2
Only One Series ]
Solution yvw(¥=acx™ ¢, 0
Solve n=0
Xyi+y=0
yl(X) = na—o n!((nl_?_ 1! e
1




Solutions about Singular Points

X Example 4 Case 3 : If r1=r2
Only One Series ]
Solution (=8 X", ¢, 0
Solve n=0 )
ity =0 Y00 = Y 09I 8 B
() = na_o n!((nlw)L 1)! -
1




Solutions about Singular Points

Matlvod of

2008 Series S_q[utions(Z) v




