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® Differential Equation (O] 2874 Al)

: 0| X|gh=0| E8t4=(Derivative)S E2tol= B Al
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® Ordinary Differential Equation (40| 257 Al)
Independent Variable (=& H)7 174 Q1 O 2874 Al
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Ex. y'=cosX, y"+9y=0, x2y”'y'+2exy":(x

 Partial Differential Equation (u=|III|-F-'_—%,”g*4) ;
o H

270 O| 9| SE =2 0|50
D284 1280M CHF)

2 2
EX. g l; oul =0
x> oy?




® Order (#)) : D|2&YA O ZoHel T3t T MY BO| O/ & =Xt

Ex. (1) y'=cosx, = 1H OI2YZA
(2) y'+9y=0, = 2H DI2LHA

(8) Xy y+2ey'=(x*+2)y? = 02U

. ot & El(Explicit Form) : y'= f(x, )

- S84 & Eli(Implicit Form) : F(x,y,y')=0




® Solution (of) : =3

Dl_'_o o= |_ =
g £
i « Particular Solution (E4=9f)
. THHALA 7L EXA o oldld EXHB!
(Solution) MEST 7T S8R0 25t &8t
goz ZYE He




® Initial Value Problems (ZX7|Z} &HX|):
FoTl £7| 27 0|8310] Yot 2 RE S43)E Pt

y'=f(xy). y(x)=Y,

B Ex.4 Solve the initial value problem.

dy
~3y  y(0)=57
Y= =3 y(0)

Step 1 IS 2 (Ex.30] 2[5H0)

Step 2 27|=A Mg : y(0)=ce®=c=57

E4e:  y(x)=5.7¢>



® Modeling (223}
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m Ex. 5 Given an amount of a radioactive substance, say, 0.5 g,
find the amount present at any later time. °

Physical Information

Experiments show that at each instant a radioactive substance decomposes
at a rate proportional to the amount present.



m Ex. 5 Given an amount of a radioactive substance, say, 0.5 g,
find the amount present at any later time. °

Physical Information
Experiments show that at each instant a radioactive substance decomposes

at a rate proportional to the amount present.
Step 1 22| IPgol $35 BH(N|EYHA) 4%

L= . dy dy
= s oo v Y Ny
a7 w Y

2l 8ol : y(x) = ce*!
Step 2 $=¢etH 8|H EIN XA ME :y(0)=ce®=c=05 = y(t)=0.5e""

2O HE :% =0.5ke*" =ky, y(0)=0.5¢°=0.5
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1.1 Basic Concepts. Modeling
1= 71'd. 22}

PROBLEM SET 1.1

HW: 15, 16, 22




® Direction Fields (H}tgFEH)
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Direction Fields (y'=f(x, y)2| 7|5}et™ o|0j. gF
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1.2 Geometric Meaning of y’'=f(x

AN

(by By isoclines

(a) By aCAS

Fig. 7. Direction field of y’
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Separable Equation (H4+22
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1.3 Separable ODEs. Modeling
(He2o|g J0IZ28E 4. R E))

mEx 1Solve Y'=1+Yy° .

N 7L S TV
1+y 1+y

. 1 [y . .
= J'1+y2dy—_[dx+c = arctany=x+¢c

= y=tan(x+c) (Ha))




® Modeling (243}, 2¥
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m Ex. 3 The tank contains 1000 gal of water in which initially 100 lb of salt is dissolved.
Brine runs in at a rate of 10 gal/min, and each gallon contains 5 Ib of dissolved salt.
The mixture in the tank is kept uniform by stirring. Brine runs out at 10 gal/min.

Find the amount of salt in the tank at any time t. .

k =

Tank




m Ex. 3 The tank contains 1000 gal of water in which initially 100 lb of salt is dissolved.
Brine runs in at a rate of 10 gal/min, and each gallon contains 5 Ib of dissolved salt.
The mixture in the tank is kept uniform by stirring. Brine runs out at 10 gal/min.

Find the amount of salt in the tank at any time t. °

p 2o #sty (dy/dt=y) = 230 YUY - 239 Y
23792 7% = 10 gal/min x 5 Ib/gal = 50 Ib/min
A9 8=3 = 10 gal/min x y Ib/1000gal = y/100 Ib/min

! y 1 o
= y=50——2 = = (5000—y) :AZO| Q0| TS OjRHH Al

» =7|x=A: y(0)=100



1.3 Separable ODEs. Modeling
(He2o|g J0IZ28E 4. R E))

Step 2 O] Alo| UBkshS 3t

y
C S |
_ - (He22d) -
y—5000 100 ool
1 2000} /
— =—— * o(™Me
= In|ly —5000) 10Ot+c: CEO NS
mgi I I | I 1
3 t 0 100 200 300 400 500 ¢
= y-5000:ce 100 Salt content y(t)

Step 3 =7|=5 H &0 S

uin
-+
oot

t

y(0)=5000+ce® =5000+¢ =100 = c=-4900 y=5000—4900e 100

(§=ol)




® Reduction to Separable Form (
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1.3 Separable ODEs. Modeling
(HeZo|d J0|2L8E 4. nE))

mEx. 6 Solve 2xyy'=y®—x2




mEx 6 Solve 2xyy'=y®—x°

2xyy'=y* - x> = y'=£(l—§j (2xy2 L}=)

— Y =UX, U=X, y=UX+U=—

U'X=-——

J

u

2U
u®+1

241=

2\ X

|<
N | =
7\

3
u——
u

1(u Ej_ u+1 du 2u 1

= ————=
2U dx uc +1 X

2 u

_ _ i * 2 — *
du = jxdx+c = m@ +q IMA+C
C : C
AN (Xj +1== = x*+y?=cx
X X X

20 gy = x
uc+1 X
=hr£+4ddzln£,
X X
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1.3 Separable ODEs. Modeling
(HeZo|d 0288 4. 229}

PROBLEM SET 1.3

HW: Example 4, 5




1.4 Exact ODEs. Integrating Factors
(RFEAND| 2R AL HEQIXE)

= e L

1 2y
3x°y*  3x




1 2V

3x%y? 3x
dy  1+2xy’
dx 3x°y?

(L+2xy°)dx + (3x°y?)dy =0

du :a—udx+8—udy:0

OX oy



® Exact Differential Equation (2t 0|24 Al : M (X, y)dx + N (X, y)dy =0

M (x, y)dx + N(x, y)dyOl & <= u(x,y)oil CH5t0d 0122 SEH du :g_idx+a_“dyg| > o
ou
= M(xy)=, N a
(y)=— N(xy) Ay




oM oN (oM a(auj_ ou 0 8uj_8N
‘ oxoy ox\ay) ox

o SHMO| U Alo| B
Case 1) M(x y):g—z = u(x,y)=[M(xy)dx+k(y) (xOf| CH3}O] =)
ou dk
u(x y)=[M(xy)dx+k(y) = S=N(xy) = - = k(y)
oy dy
5
Case 2) N(X,y)=§ = u(x,y)=[N(xy)dy+1(x) (yoll thsto] = g)
dl

u(x, y)=[N(x,y)dy +1(x) = a—=M(x,y) > o 7 1(x)



mEx 1 Solve COS(X+ y)dx + (:%y2 +2y +cos(x + y))dy =0.

Step 1 MO 28 A0

[l

HE
M(x,y)=cos(x+y) = %\A:—sin(xw)

N(x,y)=3y* +2y+cos(x+y) = 2—2' =—sin(x+y)

oM  ON
oy  OX




u(x,y)= _[ M (x, y)dx +k(y)= jcos(x +y)dx +k(y)=sin(x+y)+k(y)
k(y)2 ?atI1 16+0d

Z_;:COS(XJFY)JF%:N(X,Y)=3y2+2y+cos(x+y) =N %zgyugy K= yityP i

u(x,y)=sin(x+y)+y> +y* =c

Step 3 A=

Z_:J( = cos(x+y)+cos(x+y)y+3y’y+2yy'=0 = cos(x+y)+(cos(x+y)+3y* +2y)y'=0

= cos(x+ y)dx + (3y2 +2Yy +cos(x + y))dy =0



® Reduction to Exact Form (
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0 is not exact.

— ydx + xdy

mEx 3

1 = notexact

ON _
OX

-1
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FPdx+ FQdy=0 (2&0|&



0 0
Z(FP)=—(F
°(FP)-2 (F0)
H oF oP_oF, -

Case 1) xBto| &40l HEOIX} F(x)7ots & — T _Tp,
oy oy oX OX

2 r y

FP,=F'Q+FQ, = F(;y = |F: +%X (FQZ Us) éz—izé[g—s—z—gj

R(X):%[%—Z—(jj LR = fF= RO = - F(x)=exp([ROx)
otz ©



m Ex. 5 Using Theorem 1 or 2, find an integrating factor and solve the IVP.

(ex+y + yey)dx + (xey —l)dy =0, y(0)=-1 .

+ oP +
P(x,y)=¢""Y +ye = E:ex Y +e¥ +ye! P 0 §
5Q — _ia— QI_|-$_-||]|_I,__ECI>I-IC-;A4
Q(x,y)=xey -1 = —=¢Y y X oy



Step 2 M ZQIX} 16}7]

1(oP  aQ

1

55)=

X+Yy y y _ Y)
y 1(6 +€e’ +Yye e

Qloy ox —
1(0Q OP 1 y Xty Y y —y
[ — = el —e"" —el—ye’|=-1 F*(y)=¢e
P[&x 8yj ex+y+yey( g ) - )
(ex+y)dx+(x—e‘y)dy:0
845



Step 3 Htsl F5t7
ou X X
&:e +y = u=I(e +y)dx=e +xy +k(y)

= 9 =x+k'(y)=x-e7 = k'(y)=—e? = k(y)=e’+c*

u
oy

At u(x,y)=e*+xy+e¥ =c
Step 4 S48] 7517

ZIEXZAHE y0)=-1 = u(0-1)=e’+0+e=3.72

Exdf: u(x,y)=e*+xy+e¥ =3.72
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1.4 Exact ODEs. Integrating Factors
(%-ﬁé)l-ul_hll_ul-x-lkl I-|=|0|x|-)
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PROBLEM SET 1.4

HW: 24




MY o] A
(Linear ODEs)
JJETIE

(ODEs)

RIX ME 0] 2

(Homogeneous Linear ODEs)

H[ XX} MF0] 2384

(Nonhomogeneous Linear ODEs)



® Linear Differential Equation (M3 0|22 Al):
S ALHOIA OI K12 & 4= yoF 19 =849 2HII dEolDI2ed

Ex. Y+p(x)y=r(x): S &0 22 H Al

y+p(x)y=r(x)y?:HI & 0| 22 & Al

- HZ=¥ (Standard Form) : y'+p(x)y = r(x)
el & (Input):r(x)
£ 3 (Output): y(x)

® Homogeneous (X|X}), Nonhomogeneous (H|A|X}) O] 254 Al

y+p(x)y=0 = Ui MX &S0 A

y+p(x)y=r(x)z0 = HBIMX &S0 22 EA



1.5 Linear ODEs. Bernoulli Equation.
Population Dynamics
(MEAHI| I Al B2 =08 Al ol L= 248h

o o o -1 L- i e |
® XX} O| 2L Ao ofitH (H-E2|H)

y+p(x)y=0 =

= Iny|=-[p(x)dx+c* = y=ce




® H[X|x} Ol 2842 off (2T 0| =YIA2 ol S&)

y+p(x)y=r(x) = (py—r)dx+dy=0

P=py-r. Q=1 = T=p=0="F = eHOlEYHAol ot
« MBOIX} {16}7] :i 8_P_@ = id_F_ — F = [pox
Qloy OX F dx
- MFOIX} St of +517]

ejpdx(py —r)dx + ejpdxdy =0

g_sl;:ejpdx = u=yel™”iix) = Z_;JﬁPyefpdx+|'(X)=ejpdx(py—f)

= I'(x):—reIIOdX = I(x):—'[rejpdxdx+c = u:yejpdx—jrejpdxdx:c

= yeJIDdX :J'rejpdxdx+c = y:e‘h“ehrdx+cl h={ p(x)dx



' 1.5 Linear ODEs. Bernoulli Equation.
Population Dynamics

(MY L0 E2L8A. H|250|8E4. 2xtSH)

m Ex. 1 Solve the linear ODE.

y-y=e” y

p=-1 r=e, h:_[pdx:—x

- y=e" “ehrdx + c]= exl[e‘xezxdx + c]= ex[eX + c]: e?X + ce*




® Bernoulli Equation : Y+ p(X)y= g(X)ya
a=0 or 10/H MH
az0 and 1o/ HjMYH

® H| A3 Bernoulli HHPHAIQI AQ: MEO|EHHAlOR b
y+p(x)y=g(x)y* = y'=g(x)y" - p(x)y

U= yl—a = IIQ

= u'=(-a)yy'=@0-a)y*(gy' - py)=[1-a)g-
= u+(l-a)pu=(1-2a)g : uoj B MYO|RuH



B Ex. 4 Logistic Equation (=2|X g Al)

Solve the following Bernoulli egn., known as the logistic egn. (or Verhulst egn.).

y'= Ay - By’ -

2

y'=Ay-By* = y-Ay=-By
a=2 = u=y 2 X&

=  w=-y?y'=—y?(Ay-By?)=—Ay'+B=—Au+B

= U+Au=B (ul 28t SEHOISYHA ) f) H2EP|H AL
p=A r=B = h:jpdx:Ax

= u=the“rdx+c]=eAX[%eAHc}:ceAH% = .-.y:l:B 1 —
u (/A\+ce )

(Verhulst g Al O] i)




' 1.5 Linear ODEs. Bernoulli Equation.
Population Dynamics

(MY L0 E2L8A. H|250|8E4. 2xtSH)

PROBLEM SET 1.5

HW: Example 3




X

<
Mr
i
10

E

K

7
Mr

I . 1

o

o[
<
%0
10
il d

|
10

L

<
Hr
10

ofru

pa

X
Hr

K

K-

—te

d

A XDl o)

F

d

.

>



® 7|4 =M Sl 2 EMot= A= OfL|Ct.

Ofe ZABIN X7|2t 2FI7t HOIE Lo 315 272
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o Exi8ze

f(xy), y(x,)=y,0lA

=J|gt =AY

= Al

X=X,|<a, |y-y,|<bZ Holgl

=0l

f(x,y) JF &

pug

(]

00
=0

0a

I9)



° SUMHE

x7|12F 2H| y'=f(X,y), y(Xo):yo Ol A

X=X|<a, |y—Y,|<b 2 Holgls A&l ZE H (x y)OllA

- f(xy) §%7P%$Wﬂ
vy

-

-\HsK,‘?—sM (4 AFSER| 242) O]
y

= .. 2|0 StLtel S| E =L oo EXY gl HZASH0

2ot O] =7[% =Me &St otLtel ofl & 24| =t

-
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1.7 ExXistence and Uniqueness of
Solutions (ol|2] =X 1} S AUXM)

PROBLEM SET 1.7

HW:




