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Ch. 4 Systems of ODEs. Phase Plane.
Qualitative Methods
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® Systems of Differential Equations (H 20| 247 4

):

£ 7 O|&e| O|X|et+E 4= F 7l O|&e| A0|Z8 Al
Ex. M =apy, +any,, W =apy, tapy, +--+ta,y,,
Vo =0y Y, T ayY,, Vo =Apn)) + Ay, T+ 4a,, Y,

an:anlyl—I_anZyZ+.”+annyn’
® O] E:

Ex. yl::allyl Tdp)s, N y._|:y11 _ Ay :|:a11
Vo =0anY T 45,



® Eigenvalue (18 Z}), Eigenvector (1 QHIE])

A:[aij% FHE nxnHE0lct o], U HEH x200 CHoFH A Ax=Ax
£ 9| 1R 3(Eigenvalue)O| 2t OtH, O] H2l 8 xE A0

)
0x
IIE
ol
=
Qi
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o
N

(H Sot= 1= 8 E(Eigenvector)ct 2.

o B2 A0l CHoltd SHE x=0=2 2 E A Ax=Ax2| ol OICt.

@ Ax=1x = Ax-Ax=0 = (A-AU)x=0

= nH OIKl= x,---x,(BE xS &2)0 28t ==X HE Y H A

0
1l

o BHA Ax=Ax0l x# 02 HE 2J| RlolA= HSHE A-AU2 SHE0| &Y

>

SIXI U=CH o det(A—A1)=0



a, —A ap;

det(A — AT) =

ot ion (SAEHA: 22 —( ) - =
® Characteristic Equation (E8®%H™A): A° —(ay, +a, ) +aya,, —ap,a,, =0
- HE A L7l ESHZAM2
o x71 s Ao|] T OHIEIo| olojo] AZtal k0 ol CH3LY kX &= 7 OHIE] Ol
A o A= L abkvId a=l=Al —=8 A AU Y HICTYA e ST e I
m Ex. 1 Eigenvalue Problem
Find the eigenvalue and eigenvectors of the matrix o

[-4.0 40
1216 1.2



a, —A ap;

det(A - AI)=

Ay — Ap—A

o

=5 OZF EMHIAA e}

A AL IRk SGUHAQ| o
JL siEd Aol T OHIFINnlIM™H ololol AZEal - N Nl ru=Lnd kx . T1O0OHdielol
/T A= Lmm=aHvYId o=—= —=H A~V V]| HIPTY o U0 g

m Ex. 1 Eigenvalue Problem
Find the eigenvalue and eigenvectors of the matrix o

—40 40 w_|%] yo_|1
A= A=-2, 1,=-038 X7 = |, x7=
16 1.2 1 0.8
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B Ex. 1 Mixing Problem Involving Two Tanks

 Tank 7;: pure water 100 gal _Ef%
T,
 Tank 7, : water 100 gal (fertilizer 150 Ib dissolved) S—— &
s 2y

« By circulating liquid at a rate of 2 gal/min and stirring
(to keep the mixture uniform)

y1(9: amount of fertilizer in 73, )5(9: amount of fertilizer in 7,

How long should we let the liquid circulate so that 7; will contain at least half
as much fertilizer as there will be left in 7,? J




B Ex. 1 Mixing Problem Involving Two Tanks

« Tank 7;: pure water 100 gal
 Tank 7, : water 100 gal (fertilizer 150 Ib dissolved)

« By circulating liquid at a rate of 2 gal/min and stirring
(to keep the mixture uniform)

y1(9: amount of fertilizer in 73, )5(9: amount of fertilizer in 7,

How long should we let the liquid circulate so that 7; will contain at least half

as much fertilizer as there will be left in 7,?

Step 1 Setting up the model

1 = = = 2 2 1
y'= 2 KUY - 22 5 = 10072 100" (Y3 7) = y'=-0.02y,+0.02y,
Do o = 2 2 .
v, =24 g - 28 7€ :myl_myz ( &3 Tz) = »,=0.02y,-0.02y,
v A ~0.02 0.02
CYEAY AT 002 0,02



e’ for both y, and y,
v =(ay, +ay)y, +(aya,, —aya,)y, =0

Y, '—(ay, +ay)y, +a,a, —a,a,)y, =0

Step 2 General Solution
Idea: ¢ 0] CiSH X|$StE=2 Al

y=xe" = y'=Axe” = Axe” = Ax=]1x = &2 AQ| N1 27t1} TOHIE| H At

g Al A —(a, +ay)A+(aya,, —a,a,) =0
~-0.02-4  0.02
det(A — A1) = =(-0.02— 1) -0.022 = 2(1+0.04)=0
0.02 -0.02-21

o_ 1 @ |1
= 0uLgr: 4 =0, 4,=-004 1nHIH x"=| | x7=



Step 3 Use of initial conditions

x71=4: »1(0)=0, y,(0)=150

1] 1] [¢+e, 0
y(O)z ol |+, = = = ¢ =15 c¢,=—15

¢ ¢, 150

- -
= y=75 }—75{ e

Ol HHEE 2ot i3 7, 0| Latst H|Z 9| 0|

_ ~0.04¢ _ 004 1 _In3 _
W=15-75e "% =50 = =2 = (=IN3/ -275



m Ex. 2 Electrical Network

L=1%28 C=0259

r’ 000 —e—t Find the currents, ,(t) and I,(t) in the network.
sl WY|(G B ' i
ALAS o Assume all currents and charges to be zero
o1y me o § Ry=4% at +=0, the instant when switch is closed.
it I I
==LV ’



m Ex. 2 Electrical Network

L=1%28 C=0259

r’ 000 —e 1 Find the currents, 1,(¢) and 1,(¢) in the network.
ﬁgq;'q)gﬁf m KZ' ]?Y 1( ) 2( )
P Assume all currents and charges to be zero
o1y me o § Ry=4% at +=0, the instant when switch is closed.
I I b
< [2 0 ’
R2=6%

Step 1 Setting up the mathematical model: Kirchhoffo| MHAl M

AT 2w ['4A(I,~1,)=12 = I,'=—4l, +4l, +12

—

1

QD

rln

AR
b
=

T 6L, +41,—1)+4[Ldt=0 = I,~0.41,'+0.4],=0
= [,'=-1.61+1.21,+4.8

I 40 40 12.0
.. J':AJ_l—g, J: . A: , g:
L, 16 1.2 4.8

all



Step 2 General Solution

=Ax0|B =2

CHRIoHHE Ax

=
=

J'=AJ 0O J=xe™

=
SR

A K

B

-0.8¢



@ N .10 @
Jp:{ cf o} H, JP:{O} o2z A{ }ngﬂ

a, a;
Ol H}SY - —4.0a, +4.0a,+12.0=0 3
= = a,=3, a,=0 . J =
—1.6a, +1.2a,+4.8=0 P10
2| 1| o8 |3 I, =2ce ™ +ce ™% +3
J=¢| le ™ +c e+ = P 08
1 0.8 0 I, =cie” +0.8c,e
=7\=H HE
1,(0)=2¢, +¢c,+3=0 ,=—8e +5e% +3



08 79ae () 1, (¢) 2 IHES IHEX 2 LIEHH A

33 79b= L], — BHOA stLtel J4 [ (¢), 1,(¢)] 2

18 % = ¢t 2 parameter(Tj 722 shs DY S E S Al

L], — BHZ @4 (A—/H)X:O 9| phase plane
(JEH)o[2t &

JSHEHHO M| M= Trajectory(H|X)2} SHCt.
AEoio) Aol HH U YUHO YA
X gpd&ist A ol
= = T ADO



® Conversion of an n th-Order ODE to a System

cn A gogwEs 0 = gy, y e, )0 )

C 17 YN EUHA 20| M

o —

HI

=Y,

Vo =Vs
nE=p =y ="y, =y = '

Vot = Vn

v, =F(t, 3,9,

D)



m Ex. 3 Mass on a Spring

0N CtE EE0 22 X2 Atrilss Z2sols 240 HTEHE HE

M=V, Vo= =X
my''+cy'+ky =0 > .k c

2

det(A—a1)=| ko |=2+Savlc0= 2amol syumam ax
m m
m



4.1 Systems of ODEs as Models
(AE 0| ZYE 4 1)

m=1 c= 2, and k= 0.75
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4.1 Systems of ODEs as Models
(AEY0|ZUE 4 1 F)

PROBLEM SET 4.1

HW: 16




® Systems of ODEs

yllzfl(t!yli”Uyn) y=|: | f=

»'= Lty p,)

v'= Lty )

® Solution Vector (HIE{5}):

Ol Z7tset n7le] g5

OfH T2k a<t<b OA @agnﬁwﬁ

® Initial Conditions

J’1(to): K, Y2(to): K,,

w0 0,(6)=K,

n="nm




® Existence and Uniqueness Theorem

<

100
=l

4

o A7t fy—a<t<t,+a OA X7|ZHS

7tX|HH Of di= & OlLt.

ofl &
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4.2 Basic Theory of Systems of ODEs
(A AD| 24 Alof CHgt 7|2 0] B)

L-H O O O

® Linear System

R T N &1
| A=l o |yl e
Wi :all(t)y1+"'+a1n(t)yn +g1(l‘) a, - a, Y, g,

yn': anl(t)yl T +ann(t)yn + gn(t)

® Homogeneous: y'= Ay

® Nonhomogeneous: y'=Ay+g, g=0




® Existence and Uniqueness in the Linear Case
Mo 2yEAol a, o &7t & (=18 Bt A 12 a<i<f WA

t o A&l ohAL O dHHE0ZLEH2 O UM =7 |=HS

e ER [ R X

® Superposition Principle or Linearity Principle

vy ot y® J1 ofi Zo{ Rl TLZHO| A HAHAM S A 2IHEY Al o] 0|,
aso| Akt A y=cyY +e,y? w3l MM E o 2EE Al o] Bfo|C.



® Basis or Fundamental System:

® General Solution:

Ay O|M RE a,(r) 7} 72t /Ol A 50|H,

y

HEX Al
S o™

oju

ol
—_—r
10

® Fundamental Matrix (7] 2382): n 74| 3 yY, -

® Wronskian: 7| &
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4.2 Basic Theory of Systems of ODEs
(A0 24 Ao ChEt 7|2 0| 2)

L-H O O O™

RN SR
1) (2) (n)
W(y(l) y(n)): V2 V2 W
P
Cf) Section 2.6
Y1 V2
W(yl’ y2): 1 1
1 W
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® How to Graph Solutions in the Phase Plane

yl: Ay (C}) '_

C ORHES £ S AR DB TS (e, D) HA S A,

® 20{dz
- Trajectory (H&), I} 2 = Orbit (H &), Path (A&): y,y, - BHO| oM
- Phase Plane (AtEHMH): y,y, — MWH

- Phase Portrait (AHEH): A

o)

He M y'=Ay o HHSZE MM H=Ch



m Ex. 1 Trajectories in the Phase Plane (Phase Portrait)

'— 3y, + -3 1
N | 1T )2 o y'= Ayz{ }y
Y2’ =21-3); 1 -3

Characteristic Equation:

det(A—/u):‘_s_/1 !

\J

A

y
=N

-2 A o, AQHE H
XV’ =

N
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General Solution :

Cly(l) + Czy(z) = 01{

|

{y
V2

y
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N

Y2

DS
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10 19
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® Dl YAl Critical Point (AR P2/ ol BolE/X| gt
1

Ex. dy,
d)’z _ dt _ _An)i T ap),

dy, ” o apy tagy,

- ® P=P:(00) 2 ®MT Aol H Pi(y,y,) S XILtE HHLS
of HoM Qs MY dy,/ 2 %A E.
dy,

- QX P oA d%y 2 % 0] £/0f ®O|g|X| %L. — Critical Point
1

VS|

=



4.3 Constant-Coefficient Systems.
Phase Plane Method
A5ASE ZHe ARWHA. Agay

® Five Types of Critical Points:

QT 2ol ML 2YO| ufet 57K REOR T,

« Improper Node (H| 2-80tC| &)
 Proper Node (1R 0O(C| M)

- Saddle Point (Qt%tH)

* Center (548 7H)

« Spiral Point (LM A)




m Ex. 1 Improper Node:

T2 HHE Mt 2= AH0| 0T oM €2 Hudee ot 4= 87

- 019X Ol £ JHo] HHE FoiT HoN HAHwo| Iehe 2 &
- 33tgte Yol Istgtat o2t
3 1 8Y)
YAy { 1 - 3} \ 0
1
- 229 FMgeo| Iste ague xV =L ) S ~
M
(t7h B W e It e RO EH O e 00 ) \
(2)(t)

L OQIF Ol YRl HMYEFI Tk x<2>{ 11] _x<z>{‘1}



4.3 Constant-Coefficient Systems.
Phase Plane Method
(M5ASE ZHe UL, Amey

M Ex. 2 Proper Node :

D= HAOo| Yol MMuEteko| 382 7HA| 4,
QAO|Z FO{ Tl Htak dof| CHSI dE ottt o 2 JHX| = H & 0| EXfst= 42
: |:1 O:| (x yll:ylj b2
Y= y. = .
0 1 Yo=Y,
General Solution:
1 0 = cet N1
y == Cl et +Cz et — yl ! P
= Yy =G




4.3 Constant-Coefficient Systems.
Phase Plane Method
(M5ASE ZHe UL, Amey

r

m Ex. 3 Saddle Point:

= o] SojoL X
Lo R| AR Fojnl

1 b2
0 -1[" ¥,'==Y, \
General Solution :
) e’ +c, .
1 =c,e \ /

=  yy,=d

=

= 702l Ltot7t= #H A 0] EX{ota,
= AILHA| B2 2320t 42

ox

JIA

N

S

C £ ZEZD M-I ME ()OI




m Ex. 4 Center:

Vet A4 =2i
NRU A =-2

e M3 MO E O|F0
= N =X ]
' =4y

7 Ol

=

ol
=

i, 2.9

Hl
=1

E Kb —

[, 7QHEH (@)
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4.3 Constant-Coefficient Systems.
Phase Plane Method
(A5AISE 2t AYWHA. HHRY)

General Solution:

1], 1| = ¢,e”" + e
y=c| o2 , e 2i N=aq 2 .
2i —2i y, = 2ic,e® — 2ice »

HXH2aE|7

N'=Vy Yo =4y,
= 4)’1)’1'=_J’2J’2I

1
= 2y12+§yz2 =4

-

A
T

R
-




m Ex. 5 Spiral Point:

>0 E Fg O, AE LM LEdHEe| HHO| YA Z &5 Y25t

o_

(Z2 AAHZRE HOjL HOJX|L) AL

._{—1 1} (5 y1'=—y1+y2j
y_ y, —/ .

-1 - V2 ===V,
‘—1—2 1

P 424+2=0 = A=-1+i
1 -1-A

.
197 A =-1+i2 1, ngHe x=

)
o
£\
S
Il

-4—i%um1%%Eyﬁ”={l}

UHtsl : y = c{ﬂe(m)t + c{ 1}6(“ y
I



4.3 Constant-Coefficient Systems.
Phase Plane Method

AL A= — H 11

(MAHSE ZHe HRUPEAL ATE)

HHaE 7]

=%t# 0|8
W=t =y =yley o =2
2 2 ] E(’” )': -t =7

= y1y1'+yzyz'=—(y1 + Y2 ) "

Hrz ol S jol 2lote] H&EotH —

InF=—t+c* = r=ce’




o DQHUE|7} 7|HE HYHR| &

i E(a, =a, )0l LE BB S (e, =—a,, a,=0)Tt 22 BL,
NQHEISE O|20{7 7|X7} EX|EHCE
cnxnE AT ZENQE A (.47} det(A-A1)=0 o] EE2)E JHX| 1L,

= xte™ +ue’

y(z)): xe” + Axte™ + Jue™ = Ay(z) = Axte” + Aue”  (Ax = Ax)
= x+Au=Au = (A-Alju=x



4.3 Constant-Coefficient Systems.
Phase Plane Method
(A5AISE ZHe ATWHA. AEEY)

B Ex. 6 Degenerate Node

|41
y_—l 2)’




® Ex. 6 Degenerate Node

- 4 1
y= 1 9 y
® Solution

Sl det(A—/II):‘4_/1 :

‘:/12—6/1+9=0 = A=3 x=

3t



4.3 Constant-Coefficient Systems.
Phase Plane Method
(A5ASE ZHe AYWHA. AEeY)

.
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4.3 Constant-Coefficient Systems.
Phase Plane Method
(A2 2= HEHLGEA. JE8EHE)

PROBLEM SET 4.3

HW: 9




® Criteria for Types of Critical Points (YA S 39| THHI|F)
Sl A= y Gy | o A, A, 18
dy Ay

SuwEy det(A_ar)= U

=2 —(a, +a,)l+detA=0
p=a,+a,(187tol &) g=detA=aa,—am, (0830 B)

® Eigenvalue Criteria for Critical Points

Name P=A+A | g=MAy | A= (A — Ay? | Comments on Ay, Ay
(a) Node g >0 A=0 Real, same sign
(b) Saddle point g <0 Real, opposite sign
(¢) Center p=20 g >0 Pure imaginary
(d) Spiral point p#F0 A <0 Complex, not pure

imaginary



® Stable Critical point (24X 2 A|H).

Offif =7hr =1, O Ao RAAE Of= 7hZA B2

UA EZet 2= HH0| 0|22
AZHOM = AAEO OF= Zh7t0] FEot JEi2 J0F U= 87
® Unstable Critical point (228X AA|H™): 2t X 0| Q

® Stable and Attractive Critical point (2+7d =

HEA YAEO[L, BAE 2 A wFel o
>0 &

= 7 o gA™EA 70| B2k B



Name p=2A+ A

(a) Node

(b) Saddle point

(c) Center p=20
(d) Spiral point p#0

g =MAy A= (A — Ay)%? | Comments on Ay, Ay

qg = 0
qg <0

qg =0

A

=0 Real, same sign
Real, opposite sign
Pure imaginary

<0 Complex, not pure

imaginary

Stable and attractive: the second quadrant without the g-axis
Stability also on the positive gq-axis (which corresponds to centers)

Unstable: dark blue region

A>0 \;\.<0

v
N
o

Node

q

Spiral Spiral

A<0/a>0

Q
.
>

point point
Node

Saddle point
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4.4 Criteria for Critical Points. Stability
(2 AIEo]| Chet EHE7|E. eg-8)

B Ex. 2 Free Motions of a Mass on a Spring

What kind of critical point does my"''+cy'+ky = 0 have? o

No damping:
Under damping:
Critical damping:
Overdamping:




® Ex. 2 Free Motions of a Mass on a Spring

What kind of critical point does my"''+cy'+ky = 0 have? o
. 0 1
Y= —klm —-clm y
—A 1
det(A — AT)= Iy SN
—klm —clm-24 m m

No damping: c¢=0, p=0, g > 0, a center

Under damping: & < 4mk p < 0, g > 0, A < 0, a stable and attractive spiral point
Critical damping: & =4mk, p < 0, g > 0, A= 0, a stable and attractive node
Overdamping: &> 4mk, p < 0, g > 0, A> 0, a stable and attractive node
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4.4 Criteria for Critical Points. Stability
(RAE0 Cie BHE7|E. 2H3/8)

PROBLEM SET 4.4

HW: 16




® Qualitative Method (°d/dt)

s

SFX| EQ A Sf{of Ch

Ao SHE 2XMZE +

HF X Al
o

11

10
1o

o| )& ™oz 77| {E AL E7F

- YA
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160
xJ

> y'=Ay +h(y),

101
100
xd

<
ol

<I
P

70

il
e}
100
x

X

apy, T an), +h1(y1’y2)
An)yr tdyy, +h2(y1’y2)

V1

[+ 2k A
Vo

M1 :fl(yl’h)
fz()ﬁ’J’z)

Yo =

(kA

® Linearization

i

o0

i

80

<
KO

-t

10
nl
&J
1160
X

KJ

ol

=
1o

L0

W =apy, tany,

(2t A

y'= Ay,

Ayy, +axy,

Vo =

80



m Ex. 1 Free Undamped Pendulum. Linearization (X} §-H| Zr&| XX} MAF}H

A pendulum consisting of a body of mass m (the bob) and a rod of length L
Determine the locations and types of the critical points.
Assume that the mass of the rod and air resistance are negligible. .

Step 1 Setting up the mathematical model.

0. BEAXN=FH ENAH TSz SHE HP S

O 2H 1mg - FA=2s=EYELLYEC=Z S mgsind

i

Newton2| H28H 2 A2 SJ;E2 5 mle" 1l B

mLO" +mgsind=0 — 0"+ksind=0 (kz—j
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4.5 Qualitative Methods for Nonlinear
Systems (H| @ A7 A0 Clict 3/ dH)

Step 2  Critical points (0,0), (+27,0), (£47,0), ---, Linearization.

n=0,y,=0 = X ‘=
0" +ksin® =0 > T2
Yo'=—ksiny,

y,=0,siny, =0 — LHA: (1z,0), n=0, 1, £2, -

AHE (002 2

Maclaurin == sin y, =y1—€y13 +—m Y

0 1 Nn=y
y'=Ay= y, WetA '
[ k 0} Yo'=—ky

0o
=
0z
30
0g!

p=a+a, =0, q=detA=k=%, A=p2—4q=—4k =

2
0
o
OfA

>
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4.5 Qualitative Methods for Nonlinear
Systems (MIMEARIEAlo] T3t HAI)
Step 3  Critical points (+7,0), (+37,0), (£57,0), ---, Linearization.

AHH (r,0)2 DA

=0-7, y,=(0-7)=0"2 X 0 1
0" +ksin@=0 » Y =Ay= y
) ) ) 1 3 k O
Sln9=SIn(y1—|—7z'):—S|ny1:—y1+gy1 ey

p=0, g=—k(<0) A=p?-dg=2k = YT :GHAF(SHHE

Al
U
J

!
i




® Transformation to a First-Order Equation in the Phase Plane
(AEBHOIN 148 A o 20| Hgh

y = yl’ y': yZE il él- dy
F(y,y',y"):o > F(yl,yz,dyzy j=0
n 1 dyZ dyZ dyl dyZ '

YR T T ey,

0"+ksind=0, 0=y, 0=

gr W2 _ Ay, Ay _ Ay, y, =—ksin@
dt dy dt dy

Y,dy, = —ksin y,dy,

%yzz =kcosy, +C

%m(Ly2)2 —ml’kcos y, = mL’C
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4.5 Qualitative Methods for Nonlinear
Systems (H| 1 HEE’F 2]0] Clict '3/d'H)

PROBLEM SET 4.5

HW: 16




t_

® Nonhomogeneous of Linear Systems (H|X|X} MEAHAZI 0| 2H-HAN) y'=Ay+g, g#0
git) b AB A?)2| BEE 422 t-=2| ol 7k Jo| M AH=0|2t 71
Autsf: y=y" +y®

. y(h): M| Xt AL y'= Ay 9| general solution

- Y H| M AL Al 9| particular solution (212|o] A2

Hl
DOJ
E
e
rlr
(o]
=

® Particular Solution y("’) £ 76l=
« Method of Undetermined Coefficients (O]™d AH|$=8)

« Method of the Variation of Parameter (O} 7f{ HH o= H 2} )



|
S2E O|R0M s M Mgt

m Ex. 1 Find a general solution of

B g o] =0l 1o A&, A, Ate

F

mot
ot

49 FALOI

A~
T

- 6
o
e Cl|:i |: l]]e_m

O] A 4= 20f o|5t0] HMXHZLHAIOl E

ne

MAr g g A2

y(p) =ute ™ +ve (y(p))=ue_2t —2ute ¥ —2ve ¥ = Aute ¥ + Ave ¥ +g
1
O A4 1 —2u=Au = u:a[l} a 2o A=)
o5 . B k o EH
SOl Hl= tu—-2v=Av+ = a=-2, v= (k:O_E /.\_‘|—.)
2 k+4

1 1 1 -2
T O B s R



T SO0 A A

el

t-=29| Of

10

(. Y'= AY)

= Yu+Yu=AYu+g

D=y Yar



m Ex. 2 Solve Ex. 1 by the method of variation of parameters.

(h) e M g
y - e—2t _ e_4t |:CZ:| = Y(l‘)c
P T T s
Y _ 0o 6| _ 2 o2 = E o
Lo 1l e | -6e| 1| -4 -2
u= Y g = — _ - 5 _ y
2 e4l . e4t Ze_zt | 2 _ 86 B 4e
j "2 e A
u= N _
| —4e” 2¢% 42
() = yu = e e -2t ] _ [ 2te ¥ — 207 4 2e7M _
y -2t e—4t . 282t n 2_ - 2te_2t N 26—21 B 26—41
1 2t 1 4t (1 21 - 2 Zt
=q¢| le " +c e M2 e + o
’ lm {— 1} 1 2

|

—-2t—2
—2t+2

s

vy
}e
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4.6 Nonhomogeneous Linear Systems
of ODEs (H|H[X} ME 2L A)

PROBLEM SET 4.6

HW: 19




