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Plasmas as Flu

ds

 Plasma: electrically conducting fluid
* Introducing effects specific to an electrically charged
current-carrying fluid, such as electric and magnetic forces

« Continuity equation

% d*x =[n{v, ydx,dx,1, —[n(v, )dx,dx,], o +---
N__ 30 (n{v,))

u for the average velocity <v>

N _
E"‘V ' (nu) =S S: ionization for a source, recombination for a sink term




« Momentum balance equation: rate of change of momentum density
in a differential element of volume

|E = nq(E +U x é) Lorentz force extended to all the
~ particles of a given species per
o(nmu) —F = nq(E+U>< é) unit volume: a local source rate
ot of momentum density

o(nmu,) 0 _0 _°
. (mn{v,v,)) o (Mn(v,v,)) ox. (mn(v,V3))

The rate of change of x,-directed momentum, averaged over all of the particles

_[ mv, fdvd°x
dt

= j mv,v, f d °vdx,dx,



Pressure tensor: momentum flux

_ _ _ _ _ | direction of
Pii - mn<(vi ui)(vj uj)> - mn(<vivi> uiui) j-directed momentum
nT, O 0 _ S
Off-diagonal elements: viscosity
= 0 nT, O

0 0 @ Magnetic field
= direction

a(nmuz) _ _aplz _ 8Pzz _ 5P32 —m 8(nu1u2) , a(nuzuz) . a(nU3U2)
ot OX,  OX,  OX, 0% OX, OX,

6(nmu )

0
_—Z mZa—Xi(nuiuj)



Momentum balance equation

o(mnu) _

ot

—

—

nq(E +0GxB)—V-P -V (mni)

mV - (nud) =mu(V-nu)+mn(u-V)u

% 0 ou.
mza(nuiuj) = mU,—Z&(nUi)Jr ngui 8—x1

mn(a—u+ (U-V)u

ot

Combining with the continuity equation

j:nq(E+Ux§)—V-5—mSU

In the case, where a plasma is nearly
Maxwellian (or at least nearly isotropic),
the pressure tensor term can be replaced
by the gradient of a scalar pressure, Vp



ds

smas as Flu
» Two-fluid equations
The continuity equation will apply separately to each of the different
species. The momentum balance equation must consider the fact that
particles of one species can collide with particles of another species,

thereby transferring momentum between the different species.

The rate at which momentum per unit

_ — — volume is gained by species « due to
R“ﬂ =M NVeyp (, ﬂ) collisions with species g.
v,p - collision frequency of aon g
ou _ _ - =
mana( 6t“+(ua~V Uaj 'a“a E+UaXB +Z|\
The rate at which momentum per unit
Rﬂa = —Raﬁ volume is gained by species 3 due to

collisions with species a.

m,N,V,, =mn.v_.
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* Plasma resistivity
The acceleration of electrons by an electric field applied along (or in
the absence of) a magnetic field is impeded by collisions with non-
accelerated particles, in particular the ions, which, because of their
much larger mass, are relatively unresponsive to the applied electric
field. Collisions between electrons and ions, acting in this way to limit
the current that can be driven by an electric field, give rise to an
important plasma quantity, namely its electrical resistivity, n

R, =—m,nv, (U, —U.) 0=-neE,+R

el
Homogeneous (nheglecting the electron pressure and velocity gradients along B)
J|| - _nee(ue” _ ui||)

_ meVel _ MV Simplified me<vei>
B =- e Uy =Uy) ==y =my 2, Pl 1= ne’

Momentum gained by electrons due to collisions with ions

Rei :_mene<vei>(ﬁe _Ui) —1mM, e (U — 0 ) me eJ




» Single-fluid magnetohydrodynamics (MHDSs)

A single-fluid model of a fully ionized plasma, in which the plasma is
treated as a single hydrogynamic fluid acted upon by electric and
magnetic forces.

The magnetohydrodynamic (MHD) equation

Hydrogen plasma,
charge neutrality
assumed

p=nM+nm=n(M+m)=nM mass density
o=(n,—n,)e charge density

u

— — ~ (NPT = -0 = mass
(n,MU, +n.mu,)/ p = (MU, +mu,)/(M +m) = U, +(m/M)U, velocity

i — e(niui o nelje) ~ HE(Ui T LTe)



« The magnetohydrodynamic (MHD) equation
on

t Le—1e

ie . —~ o\ multiplied by M and m, respectively
+ V(i) =0 and added together

é%O+V -(pli) =0 Mass continuity equation

a+V- J=0 cCharge continuity equation

—

du. = -3
Mni E = en (E +U; x B) —Vpi+ Rie Equations of motion:

di Isotropic pressure assumed
u — _ —
mn, —=—-en,(E+U,xB)-Vp, + R,

" dt
du o _ __ = - = _ _ _ .
pa =p 5+ U-VU |=0oE+ | xB-Vp Single-fluid equation of motion



el

E+0,xB = pj —Pe
ne
E+UxB=nj+ JxB- VP,
ne

Generalized Ohm'’s law

Ry =mn(v,; )(T; —,) =nn’e*(U; —U,) = nnej

Neglect electron inertia entirely:
valid for phenomena that are
sufficiently slow that electrons
have time to reach dynamical
equilibrium in regard to their
motion along the magnetic field

- -~ 1 oE
VxB= +——
My ) 2 ot
VxE :_8_8
ot Maxwell equation
V-B=0



