3. Capacitance, Electrostatic Energy and Forces

A. Capacitors and Capacitances

1) Capacitors (or Condenser) with dielectric media

dielectric e

E=-VV

| N FIGURE 3—19

1l‘}I.".
Capacitor = a device for storing electric charge (i.e., electric energy)
consisting of two conductors separated by a dielectric

2) Capacitance
= Charge on one conductor / applied voltage (potential difference)

for an isolated conductor for the two conductors

/Q Q
=7 or = V—12 (C/V = F) (3-85, 3-86)
where
Q:f%@:fpﬁwzfd%@ (1)
S S S
Pl
1~w@:—f E-dl (2)
P, or o
Q feE ds
Note) C = = =° = f(e, S, L) (3)
V12 —/E dl
L

. Depends only on material & geometry;

Independent of Q and V = QT as V!
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(e.g. 3-15) Parallel-plate capacitor
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Dielectric
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C = 2 = Q@ = Q/ = eﬁ = €O€T§ = 8.85 erﬁ (pF) (3-87)
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(cf) Series connection

Q= ps
DS
¢ J_ ws C= V= EiiEa
d, . Dy €1 C = dL D, =D, 1 9l
¢ 1 n\: ell}{S
Vv ﬁ\ /Eldl—l-(elEl//eZ)d
S
, D €9 C = hEad — S
J/ \L ? 2 d2 dl/él +d2/€2
- T 1
1 1
oG
1 1 1
= - =t
C C + 3 (4)
Parallel connection
T Q, Q, o= Q _ Q+Q,
v ¢\ % _ C1)/+ Cg)/
l = (] + G, (5)




Notes)

i) For the same charging @ i) For the same applied voltage V
Q Q
/F I T
d €, € €, — €
— V
\\/ I I I L |
—-Q —Q | |
Q = @& (=Q Vi = V, (=V)
ps1 = P (= Q/S) E, = B (=V/d
D, = D, (=q/S) D=¢E < D,=¢E,
ElzD/eo > EQZ D/€ Ps1 < Ps2
Vi=FEd > V,=FEd
B_VH_G_Wm_1 Dy _pe_ @ _ G _ W
E, Vi C, Wi € D, Ps1 o) C W '

(e.g. 3—-16) Cylindrical capacitor of coaxial line with b—a < L

Dielectric, €

J FIGURE 3—21
= QL
"? (3-23)
b / ) f_/l
= = Trer Td_'__)fmt""x
_.—-""'FFH——HI L d
' b Lp';/i P bdr Q b
Vab_ _/‘aE' = _/‘a/r 2mer . (/rdr)_ _%/GT_ B 2mel ln(g)
. _Q  27mel C _  2me 24 .2¢, )
- C Ve ]n(b/a) or J7 In (b/a) log(b/a) (pF/m) (3-90)
(e.g.) Spherical capacitor of two concentric spheres
__Q _ Q
T Vem @1
dre \ R, R,
47'('6 Rl R3
~ (p_n) 6)
(RQ_ Rl)

For R,— oo (Capacitor of a single isolated sphere),

C = 4rme R, (6)
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(cf) Earth capacitor

Owver 100 km

300kV (~ 150 V/m) lonosphere < plasma (e+1i) by solar radiation (UV)

Electrosphere < idonized molecules by cosmic ray

25 to
60 km

Capacitance of Earth—Electrosphere:
6 = C=0.18 (F)

Q= p,5~1.65x<10° (C)
1 Q° 12
= — X =~ X
W= 5 = 7x10% ()
(12 V-100A - hr battery X< 10°%)

Equipotentials under a thundercloud F during passage of a thundercloud
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Maynard Hill's model of E of the atmospheric(earth—electrosphere) capacitor
Electrosphara

55 10 + + + +  + o+ = = = = + + o+ +
B0 km || } / 1
J eleet®osphere
% () lon transport NC ) +
Electric fiald
lines
75k | _ ) I -
km electrospher Equipotential
with ion dri ] \5'
e
_Eair weather
750 -
m
o Equipotential |
Im I~ ¥ Groun ahin Y ¥ Y
- memmm—m—m————— bttt — - - - — —— — - = 5
L | | |
-10 km -5 Cloud 5 10 km
Distance behind storm Zero Distance ahead of storm
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B. Electrostatic Energy and Forces
1) Electric energy stored in a charge distribution
Chap.3-1D.2): Eq.(12) dW = ¢dV with Eqg. (13)
= Work required to bring a charge g from infinity against F
= Electrostatic potential energy stored in E
W, =qV (7)
Energy stored in the assembly of two point charges :

) @,
I/I/Q_ QQ‘/Q_ Q247T€OR12 - Q147T€ R12 _ Ql‘/l

= Wy = (QlV + Q,V, E Q. Ve (3-93)

Energy stored in the assembly of three point charges :
Q N @,
dre Ry, 4me Ry
_ 1 (Q1Q2 n Q1Q3 n QQQS)

R12 R13 RZB

1 Q& @ Q @ Q G
47T€ Q[Ql(Rm R13)+Q2(R12 R23)+Q3(§3+§3H

Wy =W+ Q V= QV,+ Qg(

4me,

1 13
= §(Q1V1+ QVy+ QVy) = Ekz Qr Vi (3-96)
=1

Energy stored in a system of discrete point charges :

W, = %lﬁleVk (J or eV) (3-97)
Energy stored in a continuous distribution of charge :
W, = %/V/VdQ’z %fV/p,UVdU’ (J or eV) (3-101)
(e.g. 3-17)

Assembling a uniform of sphere of charge
Work or energy in bringing up dQp
dW, = VpdQp

Total work or energy required to assemble:

W= [aw,= [ Vidq,

4 b AT zb5 02
= 7TpQ/R“dR: L
0 20me b FIGURE 3—22




2) Electrostatic energy in terms of fields
Gauss's law p,= V « D in (3-101) :

1 1 1
W;—/ (V-D)Vdv:—/v-(VD)dv——/ D v Vdv
24y r2dy 2J ,

S
1 1

:M +—/ D- Edv (3-104)
2Jz 2J y

0 since VR '\, DR % S cR?

.

= integral < R~ '~ 0 as R—> oo
. Electric energy stored in the field :

Wezif D-E’dvzif eE*dv (J) (3-105, 1086)
2Jy 2y

N for a simple medium (D= €eE )
Consequently, electric energy density is
1 1 9 1 9 1 3
= —D-F= —eF"= —¢ F°+ —PF -
we = 5 5 € 5 €o 5 (J/m°) (3-108)
such that W, = / w, dv (3-107)
1%

3) Electrostatic energy stored in capacitors
(e.g. 3—18) Paralllel-plate capacitor

E=V/d in (3-106):

1 V2, 1 (V) _1(5)2_1 )
I/Ve—zfve(d)dv—ze(d)(Sd)—zedV—QC'V (3-109)
/ N\ 5
_ 1 2 V1 v1aQ
W6—20V —2QV—2 c (3-110)

Note) Other way of deriving (3—110):
(7) = dW,=Vdg= %dq during the charging period
Energy stored in the capacitor = Energy stored in E :

1l 1@ 1, 1
W= [ 0= 3G =30 =5ev
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(e.g. 3—-19) Cylindrical capacitor of coaxial line with b—a < L (FIGURE 3—21)

_;/bQ _ifw Q)2
W, = 5 aeE dv = 5 ae SmerL (L27rdr)

_ Q' [tdr _ @ m(g) _ 19
dmel J |, T drel  \ a 2 C
2mel
— C= m = (3-90)

4) Electrostatic forces
Consider an isolated system of charged bodies with constant charges
on them. The electric force on an object in the system can be
determined from W, based on the Principle of Virtual Displacement.

Mechanical work dW done by the system for virtual displacement dl
due to electrostatic force FQ on charged bodies

= Stored electrostatic energy dW,
= AW =Fy-dl=—dW, =—(VW,)-d

= Fo=—-vVW, (N) (3-115)

(e.g. 3-19)
Force on the conducting plates of a charged parallel-plate capacitor :

:—/:(—a}eos zdr
- 9,
W, = %C’VQ = %QV
2
- QZS‘T
(3-115) = (Fy), = — :I::e = — 26328 (3-120)
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