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Kinematics & Dynamics of Particles

1) Kinematics : a branch of dynamics that deals with the
geometry of motion (i.e. acceleration, velocities, and
displacement) apart from consideration of mass and forces.
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Kinematics & Dynamics of Particles (cont'd)

2) Force momentum principle :

f = % E = mv (momentum)

3) Constitutive relations :

p =mv (momentum)
f =k
f, =mg
f. = uN
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Kinematics of Particles

 Particle in moving space

Z AP = displacement vector
ﬁ(t) = position vector

dR(t)
dt

;(t) = velocity vector =

dv(t)
dt

a(t) = acceleration vector =
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Kinematics of Particles (cont’'d)

o Inertial Reference Frame (IRF)
- OXYzU,,U,,U.)
— Non-accelerating and non-rotating
— An isolated particle maintains constant velocity

& f = 71? (p = momentum)
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Kinematics of Particles (cont’'d)

« Any motion can be described by the sum of a single
translation plus a single rotation.

Translation

Rotation
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Kinematics of Particles (cont’'d)

« Finite rotations are not vectors.
: Sequence is important.

1Ko 1 g # 1Y Jpo +1X s,

Z Z
/ Y o
X
Z Z
/ Y Y
X YOO" X X()o"
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Kinematics of Particles (cont’'d)

» Rate of change of rotating constant vector
Z

-

X
[Ref] S. H. Crandall et al., "Dynamics of Mechanical and Electromechanical Systems”, McGraw-Hill,

pp. 51 - 53, 1970.
« Rate of change of rotating and changing vector

da — -
—=wXa

dt

rotating frame, A

dd -
y —=Au_ +Au +Au +Aoxu, + A oxu,+A.oxu,
l
dA 04 - d 0 _
= +ax A —=—1] +WX
dt ot ) dt ot
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Kinematics of Particles (cont’'d)

« Kinematics using intermediate reference frame (irf)

IRF =0XYZ
irf =oxyz
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Kinematics of Particles (cont’'d)

« Motion of P defined in the irf (oxyz):

7 (¢) = position vector = xu_+ yiu  + zii,

0
Let aj be the time differentiation in oxyz.

el

velocity in oxyz :
_or
Vyel = N

acceleration in oxyz :

o*r

= Xl + yu, + zil,

rel

—_—

Clrel —y =xux+yuy+zuz
rel
ﬁ Dong-il “Dan” Cho Nano/Micro Systems & Controls Lab.

5

\
%&&@; This material is intended for students in 4541.844 class in the Spring of 2009. Any other
@\ usage and possession is in violation of copyright laws 10



Kinematics of Particles (cont’'d)

Position of P in QXYZ

R(t)= Ry (1)+7(t)

Velocity of P in QXYZ

dR _dR, +dr :EO
d dt dt

B(t) =
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Kinematics of Particles (cont’'d)

Acceleration of P in OXYZ

o _dv() _d d . _
a(t) = (R )+—(Vrez)+—(w><r)
dt dt
=2 0 _ d d
=R, +|— | +ox |V, +—(@)x7F+ox—(F)
ot dt dt
rel
5 a‘_}rel = - — a — -
=R, + +OXV , +OXT+OX| — | +oOX |XF
8t rel at rel
= _ - . _ . or ) _ o
=R, +a,+OxV _+OXT7+0OX— | +oOxX(OXT)
ot
rel
=R, +a, +2-%17re,)+@x@a‘)x(c?)xf)
Frame Particle Coriolis’ accel. Frame Centripital
irf angular accel. accel.
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Dynamics of Particles

« Dynamics is based on kinematics and

Newton's second law : § = dap

dt

« A reference system in which Newton's second law is valid is

called an inertial system

« All systems moving with constant and linear velocities are

inertial systems.

ﬁ‘ Dong-il “Dan” Cho Nano/Micro Systems & Controls Lab.
%& y This material is intended for students in 4541.844 class in the Spring of 2009. Any other
Swoz usage and possession is in violation of copyright laws 13



Dynamics of Particles (cont'd)

« When a particle is subjected to forces :

Ly g F.F, -
\. _L 1 2
/.//—) Fe Fe=2 R =
= e W n r ; —
F1 e can separate F., = ma,
Fry = Ma,
F., = ma,
[Equation of motion]
* Free body diagram : ~F
[
mgf’F}uE
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Work

2 « The work done by a force on a particle in a
displacement of dr

dU=F-dr =F -dscosa , ds=‘df‘

—_

if F=Fi+F j+Fk
di =dxi +dy j+dzk

Then F.di = Fdx+F,dy+F.dz

. The total work done : U :j F.dr

Now dU =F, -ds (Fcosa=F)
=ma, - ds
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Kinetic Energy

« Total work done by external force

dv
2 - — .2 2 2 {
Wl—2: Jl F-dr :Il Fdrt :Il matdrt =J1 mzdrt
d d
:flzm—vdr =I12m—vva’t=f12 mvdy
dr t dt
I 2 1 2
= —mvy ——my; = T2 _Tl = AT

2
Total work done by external = change in K.E.

dU F-di
Power : P= — =F -y

dt dt
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Conservative Force and Potential Energy

5 ° A conservative force is a force having
the characteristic that the work done
by the force on the particle depends
on the net change in position and not

Pathb  on the actual path followed by the
particle.

Path a

¢ eq.
— gravitational force
— elastic force

— electrostatic force
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Conservative Force and Potential Energy (cont’d)

« Work done to move P from 1 to 2 is
Path a 2 independent of path

2 — 2 ~
Pathb  [ipan ay I A7 = ipamn py £ AV =V =V,

] where Vis the potential depending on position
7, I is a conservative force

« The potential is written as
V(r)= ef f S, F-dr

at SO, V= I/ref
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Conservative Force and Potential Energy (cont’d)

when d 7 is very small,
AV =-]¢ F-di-(-]{ F-dr)

/d;_; jstdr
1 —— F-dF

=—Fdi—-Fdy—Fdz
x ¥y z
Since Vis a function of 7

oV oV oV

dV =—dx+—dy+—dz (exact differential)
Ox oy 0z
or oV oV
F,=——;F =—— F =——
ox oy 0z
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Work-Energy Equation

AK.E.=[ X F-dr
=[(XF O +XFO).dr

_ _
e X F9 _3ll conservative forces

« Y F'9 - non-conservative forces (frictional force),
depend on paths

[ 5P ar = v
« If we specify
I S FO . g7 =W, dissipative work
AKE.=—AV+W
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Work-Energy Equation (cont’'d)

AT +AV =W (workdone)
/\

increase decrease

. work-energy eq.

f W=0then AT +AV =0

The conservation of mechanical energy.
(T T)+ (1, -7) =0
LAV, =1+

K.E. (Max)
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Free Vibration of Particle

» Free-vibration: absence of any imposed external forces
Undamped free vibration:
(1) Translational motion

f
k k% m — m
""""""""""""""""""""" 5. Mg ! '
] T mg mx
M [pt k
] k. spring constant [N/m]
X

The equation of motion: —ko —kx +mg =mx = F
= mx+kx=0

(simple harmonic motion)
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Free Vibration of Particle (cont’'d)

. o)
' X+w x=0

where \/E [rad /s]
m

= natural frequency of the vibration

The solution: , — 4 cos(@,t)+ Bsin(w 1)
=Csin(w t+y)

where (: amplitude
¥ : phase angle

Unknown factors are determined by initial conditions
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Free Vibration of Particle (cont’'d)

| g o
-

A
q 0

= (Csi1
X, 11874 — —wt'+y =0

0=Csin(-ot'+yv) _
L=t

T=2rn/w, =period=1/f,

where f,, : natural frequency [Hz] = @ /27
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Free Vibration of Particle (cont’'d)

(2) Torsional motion

Spring (k
gt @
0 =
| GJ

The equation of motion: [ +k60 =0

_ |k |G
1, \1,

o
—

J: moment of inertia
k,: torsional stiffness
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Free Vibration of Particle (cont’'d)

(3) Simple pendulum: (small oscillation)

siné ~ 6

F=—mgsinf~-mgl

=—mgx/l = mx

. g
XxX+=x=0
)
_ |&
n
[
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Damped Vibration of Particle

X
k ,I X
-— mx
AVAAY, m m — m |—
kx :
-

C b\' X

Friction free

The equation of motion : > ' = —kx — cx = mk

where ¢ = viscous damping constant [Ns/m]
(viscous damping coefficient)

Then mx+cx+kx=0
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Damped Vibration of Particle (cont’d)

Let the solution X = Ce/u
Then 2420w A+w* =0

—ci\/02 —4mk

2m

ﬂ'l,z —

c, =2\Nmk = Zm\/E =2maw, : damping coeff. [N -s/m]
m

C C . . . - -
(=—= : damping ratio [dimensionless |
c, 2mo,
c —4mk
so 4,=—Cow, \/ =—Cw tw ¢
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Damped Vibration of Particle (cont’d)

: A
The general solution: X =c¢,e gy Cze/w

There are three cases:
(1) & >1orc’ —4mk >0 (overdamping):
A, A,are distinct real numbers

- x decays to zero. / No oscillation.

(2) £ =1o0rc’ —4mk =0 (critical damping):

A = A. = - : one real number
1 2 n
____%Z(___c_l_ecays to zero very fast. / No oscillation.
n U.E[S El.l1 D.I15 D.I2 0.17_5 D.IS D.I35 D.Ifl 0.115
t (sec)
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Damped Vibration of Particle (cont’d)

3) ¢ <1lorc’—4mk <0 (underdamping):
ezﬁ "y e i 1—4%,;} o oot 22

X=|¢ |
- @t @t —Cw,t |
:cl’d+ce’d]e " « o2}
) . —Cw,t T
=C-s1n(a)dt+w)e " ol
—_ . _é’a)nt 5 M

N [C € ]sm(a)dt + '7”) ST T 6T T 07 0¥ 0 0F 0t

t (amc)

Where @, = 0, 1-¢? = damped natural frequency
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Forced Vibration of Particles

.

- F@)=F smot
H

%»

m

S

Friction free

—_
7 m
C

The equation of motion:
2 F =—kx—cx+F sinwt =mx

mx +cx+kx = F, sin wt

i.e. X+2lw X+ x =
m
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Forced Vibration of Particles (cont’'d)

e Solution of damped forced vibration:

The equation of motion: ¥ +2lw x+ a)nzx —
m

Solution is the sum of a complementary solution
and a particular solution

X=X, +X,

— _é/a)nt .
x,=Ce ™ sin(w,t +y)
dies down exponentially and is not important

Let: x, = X sin(wf+ @)

then V' (¢#)= Xwcos(wt+¢)=V cos(wt+¢)
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Forced Vibration of Particles (cont’'d)

The solution is:

F /k
X = Z 172
{[1—(0)/0),1)1 +[2§a)/a)n]2}
tan ¢ = 24“(0/(0,12
1-(o/w,)
X I
F /k

1
0 0.5

|
777777777777777777777777

,,,,,,,,,,,,,,,,,,,,,,

{[1_(a)/wn)2f+[zgw/wn]2}m

N AR T CACTEN
dw

Wy Wy

¥

!
1

w/wn

3{@ Dong-il “Dan” Cho
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Forced Vibration of Particles (cont’'d)

Resonance w/on

(1) @ is small, tan$ > 0, ¢ - 0*, x,in phase with driving force
(2) o is large, tan$ < 0, ¢ - 0, ¢ = =, x, leads the driving force
by 90°

3) ® > o,, tanp >+wx, p > /20

o —> 0, tanp >-o, ¢ - /2
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Electric Circuit Analogy

g-charge
L-inductance
C-capacitance
R-resistance
g =i (current)
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