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HEAT TRANSFER
WITH TURBULENT FLOW




Heat Transfer with turbulent flow

Forced-convection heat transfer to a fluid
flowing in turbulent motion in a pipe may be
the commonest heat transfer system in
industry.

£ Although forced convection may be
associated with laminar flow and natural
convection with turbulent flow, these are
cases of secondary importance.

@ Heat-transfer coefficients are higher with
turbulent flow than with laminar flow, and
heat-transfer equipment is usually designed
to take advantage of this fact.
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Heat Transfer with turbulent flow

The use of the Navier-Stokes equation in the analysis of
Isothermal turbulent flow is complicated because of the
fluctuations Iin the velocity motion. The use of the
differential energy equation balance In the analysis of
nonisothermal turbulent flow is difficult for the same reason.

& Heat iIs transferred in most turbulent streams by the

movement of numerous macroscopic elements of fluid
(eddies) between regions at different temperatures.
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The fluctuations in velocity components of turbulent flow
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Friction factors for pipe flow

Fig. 12-8 E@
(pp.169)

Smooth surface

Turbulent flow
f = 0.046Re15

Eq. (12-72)

Surface Rough surface
Roughness

Laminar flow NI

f = 16/Re
Eq. (12-73)
>
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Heat Transfer with turbulent flow

We cannot predict the behavior of these eddies with
time, but even if we could, the expressions describing this
behavior of these eddies would probably be so
complicated that the combined solution of the equations of
energy and momentum would not be possible.
Nevertheless, answers must be found to these problems.

€ In this chapter (Chap 23), we consider some theoretical
developments in turbulent heat transfer which are use to
the engineer, and in the next chapter (Chap 24) we shall
examine some design equations. The theory tells us why

the design equations work and what some of their
limitations are.
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Heat Transfer with turbulent flow

Streamline

i Turbulent
region

} Buffer layer

} Laminar
sublayer
J.'f_
ey Re=5x10° |
B —— Laminar - - T — — Turbulent —
Transition

Heat transfer coefficients are higher with turbulent flow than with laminar flow,
and heat-transfer equipment is usually designed to take advantage of this fact.
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Entrance Effects

Entrance effect in turbulent flow is significant at L/D<60.

£ Once this entrance region has been passed, the heat
transfer coefficients in developed turbulent flow remain
essentially constant.
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Entrance effects in a pipe

Numerous possible combinations of thermal and
hydrodynamic entrance conditions exist. We assume that
the fluid enters with a uniform temperature and that the
pipe wall is at some uniform temperature higher than that
of the entering fluid.

$ Certain flow conditions at the entrance will be
considered, and their effects on the local heat-transfer
coefficients deduced qualitatively from the knowledge we
have gained thus far of hydrodynamic and heat-transfer
theory.
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Entrance effects in a pipe

1. The fluid enters the pipe with a uniform velocity profile
at a rate such that Re<2100. Under these conditions a
laminar boundary layer will build up, starting from the
leading edge, until it fills the pipe at some distance down-

stream.

The heat transfer coefficient will be infinite at the inlet but
will continue to diminish even after the point of developed

flow has been reached.
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Entrance effects in a pipe

2. The fluid enters the pipe in laminar flow with a uniform
velocity profile at a rate such that Re>2100. This condition
can be achieved with a rounded entrance. At the leading
edge a laminar boundary layer in a manner already
described in Chap. 11 with reference to flow past a flat
plate.

This turbulent boundary layer increases in thickness with
Increasing downstream distance until it fills the pipe with a
turbulent core and a Ilaminar sublayer at the wall.
Downstream from this point the system is identical in all
respects with the system that would develop if the flow had
been turbulent from the entrance.
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Entrance effects in a pipe

This flow behavior is reflected in the values of the local heat-
transfer coefficient, which decrease from infinity at the inlet to
some minimum value at the critical point where the laminar
boundary layer changes into a turbulent boundary layer.

Near this point the heat-transfer coefficient increases In
magnitude for a short distance, but then continues to decrease
downstream until the turbulent boundary layers meet at the
center of the pipe.

Experimental values of h, are shown in Fig. 23-1 for air flowing

Into a tube with a bellmouth entrance. The point of minimum h,
moves toward the entrance with increasing values of Re.
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L_ocal coefficients of heat transfer
near the inlet with a bellmouth entrance

L.M.K. Boelter, G. Young, and H.W. Iverson (1948)

Fig. 23-1

(pp.357)
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The point of minimum h, moves toward the
entrance with increasing values of Re.
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Entrance effects in a pipe

3. The fluid enters the pipe In a state of turbulence with a

nonuniform velocity profile at a rate such that Re>2100. The
velocity profile at the entrance may be caused by the presence
of a sudden contration or a pipe bend immediately upstream. A
thermal boundary layer will build up, starting from the beginning
of the heated length, and will fill the pipe at some downstream
point.
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Entrance effects in a pipe

However, this entrance length for nonuniform turbulent flow
usually does not have any significant effect on the local heat-
transfer coefficients beyond 10 pipe diameters, whereas
entrance effects in laminar flow often persist for 50 or more pipe
diameters.

The local heat-transfer coefficient at the beginning of the heated
length is infinite in turbulent flow because of the temperature
discontinuity, just as it is for laminar flow. However, it quickly
falls to some constant value, as described above.
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L_ocal coefficients of heat transfer
near the inlet with a bellmouth entrance

For L/D>5

Type of entrance K
Bellmouth 0.7
Bellmouth with one screen 1.2
Short calming section (L/D=2.8) with sharp-edged entrance ~3
Long calming section (L/D=11.2) with sharp-edged entrance 1.4
45° angle-bend entrance ~5
90° angle-bend entrance ~7
1-in square-edge orifice, located 1 in upstream from entrance ~16
1.4-in square-edge orifice, located 1 in upstream from entrance ~7

Boelter, Young, and Iverson (1948)
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Analogy between Momentum Transfer and Heat Transfer
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5H — P 1/3 _
—/ = Fr valid for Pr > 0.06
§th

Blasius flow (laminar flow)

Re =2%% <5510° (Laminar flow)

y7i

Dircctlon Velocity Tempeﬁature

of flow gradient gradient

[ Hydrodynamic Boundary Layer (HBL)
L e
—>
—» ——» t, — Thermal Boundary Layer (TBL)
— | =0.99At
—> e
—> | Y
—» |
— » | Flat plate
_ |
— X
X0 L X L *2 L X3

V
Pr=—>1HBL>1BL Pr: water = 6.5, air = 0.7, Hg = 0.025

Pr = £< |---HBL < TBL water (350°F) =1
(94
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Analogy between Momentum Transfer and Heat Transfer
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The heat transfer coefficient (h) can
be correlated by friction factor (f)
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The similarity of heat and momentum transport

In 1874, Osborne Reynolds
noted that the similarity of heat,
momentum, and mass transport.

His work has led to useful,
simple equations relating the
friction factor, the heat-transfer
coefficient, and the mass-
transfer coefficient.

Osborne Reynolds
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History of the Analogy theory

Osborne Reynolds(1874) Reynolds analogy
-similarity of heat and momentum transport

Turbulent core

Prandtl (1910) and Taylor (1916)
-improvement (Prandtl-Taylor equation)

Prandtl-Taylor

Murphree (1932) and von Karman(1939)

- extended further Turbulent core
Laminar sublayer
Reichardt (1940) {
Boelter, Martinelli, and Jonassen (1941)
Martinelli (1947) von Karman
Lyon (1951) Turbulent core
Deissler (1954)- variation of viscosity with temperature ransition

Laminar sublayer

t
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Reynolds analogy

Osborne Reynolds stated that in the transport of heat
or momentum between a fluid and a solid surface, two
mechanisms contributed to the transport process:

The natural internal diffusion of the fluid when at rest
The eddies caused by visible motion which mixes the
fluid up and continually brings fresh particles into
contact with the surface.

The first cause is dependent on the nature of the fluid.
The second cause is a function of the velocity of the
fluid past the surface.
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Reynolds analogy

Combination of two causes led to a heat transfer equation
H = At + Bpwvt

where t = different in temperature between surface and fluid
o = density
v = bulk velocity
A and B = constants
H = heat transmitted
per unit of area of surface per unit of time

The resistance R to motion offered by friction in the fluid
R=A'v+ B'pv?

A’ and B’ = constants
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Reynolds analogy

5 not name specifically, led to the supposition
= A'v+ B'pv“ |that A and B were proportional to A’ and B’.

N

Reynolds wrote as Bpv is equivalent to h

H = At + BPVt Various considerations, which Reynolds did
R

and B ’is proportional to f.

h was proportional to f.
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Reynolds analogy

The proportionality of heat and momentum transfer can be
stated in terms of four quantities, which we shall define with
reference to a fluid at a bulk temperature t, flowing through a
pipe and losing heat to the wall of the pipe, which is at
temperature t,. The four quantities are:

(a) Heat flux (fluid —=wall): h(t, - t.) Btu/(h)(ft?)

(b) Momentum flux at wall: z, g. (Ib)(ft/h)/(h)(ft?)

(c) Heat transfer parallel to wall: wC(t, - t5) Btu/(h)

(d) Momentum transfer parallel to wall: wu,, (Ib)(ft/h)/(h)

(2) _ (0)

proportionality Bm) ——

(c) (d)
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Reynolds analogy

The heat flux from the fluid to the pipe wall
The heat trans fer rate parallel to the pipe wall
B The momentum flux at the wall
~ The momentum transport paralle to the pipe wall

h(t, -t,) _ 7.9 _ fulp
wC p(tb _ts) Wub /_\’ngc - 2 (12-67)
h _ (ngc)cp _ (futfplzkp _ fuprp (23_4)
U, u, 2
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Reynolds analogy

Based on intuition

fupr 0

(23-4)

h =

2

Though not actually derived by Reynolds,
the above equation is known as the Reynolds analogy
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Eddy thermal diffusivity and mixing length

Velocities and temperatures
are shown at two planes
separated by a distance
equal to the Prandtl mixing
length £.

Fluid is assumed to be
transported between the

Prandil y planes with a velocity equal
mixing ¢ to the time-average
length magnitude of the fluctuating
J _ velocity component ‘u’y‘ :
Uy
t__> Energy is transported with

the packets of fluid at a rate
per unit area which equals
the mass flux times the
> product of specific heat and
X temperature difference.

oC (e )
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Eddy thermal diffusivity and mixing length

ot du
On turbulent flow, total shear stress T Xy IS related to d—yx

. =£(v+ve) au,

Y0, dy

I 2 dU Eddy

kinematic

dy viscosity

Prandtl
mixing
length
,:]= Supercritical Fluid Process Lab



Eddy thermal diffusivity and mixing length

The fluctuating velocity component at a point u’, and u’, had the same
time-average magnitude, and a relation was given for these quantities in
terms of the Prandtl mixing length:

da,
dy

(12-40)

Therefore the heat flux due to the turbulent motion of the fluid becomes

u} [pC ,[¢(df / dy)| = pC ,¢|d, / dy|df / dy
) v I;ddy
Ve = k?nemgtic
Viscosity
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Eddy thermal diffusivity and mixing length

_ du,
On turbulent flow, total shear stress T th IS related to d—y
_t_ P du, dif
Ty = (V) =—pC,(a+a,)—
Jc y
_ 12 de Eddy ) de Eddy
Ve — I kinematic ae = I thermal
dy viscosity dy diffusivity

Prandtl p—
al Ole = Vg
mixing
length
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Eddy thermal diffusivity and mixing length

The fluid is cooled in a pipe with heat being transferred radially. The
distance y is measured from the wall,

If the molecular transport coefficients o and v are assumed to be
negligible when compared with the turbulent transport coefficients, dy
can be expressed as followings:

_ pCpocedt _ pv, du

d
TTaiA T
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Eddy thermal diffusivity and mixing length

Assume that oce = Ve

du — Cp0c dt (23-10)
q/A
i:1—1; q/ A :1—1 (23-11)
Ts ri (q/A)s ri

From (23-10) and (23-11),

0
q/A

=const  For all radial positions.
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Eddy thermal diffusivity and mixing length

2
Integration yields _ fubp
- ngc 2
du:qu/Tic . O C.7.0.
pTtsYc
u —}/— t, —t
b S (CI/A)S (b s)
N (g
— | =h(t, -t
4] -t
2 2
Ub=C bep (tb_ts) -C bep (23-12)
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Reynolds analogy

fu,pC,
2

(23-4)

h =

One of the major assumption was o and v are negligible compared
with o, and v,. The ratio v/a is equal to the Prandtl number, so for
fluid with Pr=1. Therefore, in this special case, v+ v = a+ a,, and
(23-4) can be obtained without disregarding the molecular transport
terms. It is good for gases, Pr~1

NU = i RePr (23-28)

2
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History of the Analogy theory

Osborne Reynolds(1874) Reynolds analogy
-similarity of heat and momentum transport

Turbulent core

Prandtl (1910) and Taylor (1916)
-improvement (Prandtl-Taylor equation)

Prandtl-Taylor

Murphree (1932) and von Karman(1939)

- extended further Turbulent core
Laminar sublayer
Reichardt (1940) {
Boelter, Martinelli, and Jonassen (1941)
Martinelli (1947) von Karman
Lyon (1951) Turbulent core
Deissler (1954)- variation of viscosity with temperature ransition

Laminar sublayer

t
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Analogy between Momentum Transfer and Heat Transfer

St =
2

f/2

St =
145/ /2 -(Pr—1)
f/2

145 f/2-{Pr—1+In[1+2(Pr—1)]}

St =

St = pr2s
2
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Reynolds Analogy: Pr=1

The heat flux from the fluid to the pipe wall
The heat transfer rate parallel to the pipe wall
B The momentum flux at the wall
~ The momentum transport paralle to the pipe wall

h(t,-t,) 7.0,
wC (t, —t;)  wu,

h _ (ngc)cp _ (qup/Z)Cp _ fuprp

u u 2
b b
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Reynolds Analogy: Pr=1

d (t—ts j
y=0 dy too_tS

d u,
dyu

H,
K

& Pr=

:1’ lL[Cp:k

o0

y=0

u, dy|_, t -t dy
- 7, 2u du,
T 212 pul d
o,V pu, dy |,
h f
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Prandtl-Taylor Analogy: Pr1

Pr=10| Ott! &< Reynolds analogy2 & %Xl 23

@ U0l LHS| turbulent coretl Al = S A=A 28t S =AM H =2 =&
SHZE=IF 2AIE.

@ [FOI X LH2| laminar sublayer= S & 20 AN A
S A0l M= eddy coefficient= 2 AlEl 11, & XK=&

ot SE T HE=(v)e FAE = 8lS.

sRe R0/, O
2 i“&ﬁl#(oc)

o 0
ﬂIR

& Prandtle-Taylor analogy0l A= 0|28t & Z 2=t laminar
sublayerfil M= S8 &A= A& 6t turbulent core il A = Reynolds-

analogy& = A= &,

= 3F0AME EHE Het= ote 4= S M0 e &HE
MNOZ HE g
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Prandtl-Taylor Analogy: Pr1

tb fUZIOC
b p

Turbulentcore : u*=25Iny*+55 T—— Q/A= (t, -t)

2(ub _Ui) ;

K(t; —ts)  kfugp

[ A=
q Z}JU,

(ti _ts)

o 1
duzp) " [ fupC, |
Zluul 2(ub_u|)
o t12
C145,/ /2 (Pr-1):
/ ........................... ;\ °°
Turbulent core \ Laminar sublayer
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von Karman Analogy

Turbulent core : y* > 30

Buffer layer : 5<y* <30 conduction + eddy u*=5+5in(y*/5)
Laminar sublayer : y* <5 conduction onIy

f/2
145/ /2-{Pr-1+In[(L+5Pr)/6]}

T T T

Laminar sublayer

St

Turbulent core Butter layer
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Analogy between Momentum Transfer and Heat Transfer

Stanton number

Reynolds : St f (23-4)
2
Prandtl-Taylor : o _ f/2 (23-25)
1+5,/f /2 (Pr-1)
von Karman : 5t f/2 (23-26)

T 145 /2 -{Pr—1+In[L+5Pr)/6]}

f_
Colburn: St=5F 2/3 (23-27)
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Pr — 1, all equation approaches to Reynolds analogy equation

f/2

Prandtl-Taylor : | St

von Karman :| St=

T 145 /2. (Pr-1)

f/2

f

Colburn:| St=—pr 2

2

1+5,f/2 -{Pr—1+ In[1+g(Pr—l)]}

Reynolds analogy equation
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Colburn Analogy for smooth pipe

Empirical j-factor relation (1933)

St — i Pr—2/3 Colburn analogy

2 or Chilton-Colburn analogy

f =0.046 Re™** (Re >10°) (12-72)

~Nu _O.O46Re‘0'2
Re- Pr 2

Nu = 0.023Re%8 pr¥/® | (23-32)
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Dittus-Boelter equation for smooth pipe
Pr=1

Nu = 0.023Re%8 Prt/3  colburn analogy

Pr=1 Nu = 0.023Re"® | (23-30)

Dittus-Boelter equation
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Turbulent flow parallel to a flat plate
von Karman integral method

Viscous dissipation & conduction in the x and z-direction are neglected.

Heat in by fluid: A, A,
energy balance < Heatout by fluid: A,
Heat in by conduction: A,

y
t
A3
/_\1 - 4 q
2
5, Al 5, ’
X

Fig. 23-5.” 0 Xq X,

Control volume for analysis of heat transfer in turbulent boundary layer
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Turbulent flow parallel to a flat plate
von Karman integral method

Heat-transfer coefficients in the region of the laminar boundary layer on a
flat plate were analyzed in the previous chapter, starting with the basic
differential balances. The problem could also have been solved in a semi-

empirical fashion by what is known as the von Karman integral
method.

In this chapter we are dealing turbulent flow and are unable to use the
Navier-Stokes equations, so we shall use the integral method to obtain an
approximate solution to the problem.

The use of the integral method for isothermal flow has already been
illustrated in Chapter 12. An empirical equation was written for the velocity
distribution in the boundary layer, and force-momentum balance made on a
segment of the layer.
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Turbulent flow parallel to a flat plate
von Karman integral method

Laminar flow

; _Pr® 5, =5xRe™?,  h,=0332%(Re, )’ Pr?
X
th

Turbulent flow (Re>10°)

17 ¢ U7
Y _ (lj , s | Y , 0y =0.376X Re™® (Pr = l)
t.—t, o

(12-96) & (23-33)

1/7
f oy u, r
von Karman’s idea: u—=1—(ﬁj
b

,:]= Supercritical Fluid Process Lab



Turbulent flow parallel to a flat plate
von Karman integral method

Overall energy balance

”pCptu cosadA+_”pCptu COS adA+”pCptu cosadA = ” h, (t, —t, JdA
A Ao As Ay

d (| est-t
h = — ° u.d
X ,OdeX -“O ts—t X\y

y 7 do
A u. ——
5} e ° 72 dx

(23-34)

(23-39)

(23-43)
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Turbulent flow parallel to a flat plate
von Karman integral method

L_ocal heat transfer coefficient

h, =pCUyo-— (23-43)

Bound
e 2 _0.376(Re, )

thickness X

(12-102)

1/5
do _ 0.376£L) (gjx” ®=0.301(Re, )™"° (23-44)

dx U, 0
N st=0.0202(Re, )" (23-45)
pCpuO
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Turbulent flow parallel to a flat plate
von Karman integral method

L_ocal heat transfer coefficient (Pr=1)

1
Nu, =0.0292(Re, }'° Pr’

Local Nusselt number

Nu, =0.0292(Re, )*"” (23-46)

Mean Nusselt number

Nu,, =0.0365(Re, ) (23-47)
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Mean Nusselt number (Pr=1)

Streamline
v i
1 uo
F ' ‘
5 e
X, U DC:):—» Turbulent
—>| [ region
g u, Cro3c=—]| =
— A e e P W St } Buffer layer
—p —v > — T R ¥ T — ¥ T .
li > e — i F—"__l N s W NSO Laminar
> sublayer

T ReX:FET»OO,OOOi

< Laminar — — > -Turbulent ——

Transition L

Nu,, = 0.0365(Re, }*'> (wrong)

HII0IA & Nusselt== BES| AIXE0HA FH H= =
RS MHE JHEolH FEEUII 201 0 A= AEotH et =T
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LLocal Nusselt number (Pr=1)

Streamline

| Turbulent
region

} Buffer layer

} Laminar
sublayer
X >
I i RGX;%OO,OQO. o F -
- —+¥ Laminar - -l- l-l-l Turbulent
Transition
Re,<500,000 || & Re,>500,000

(2219) | Nu,=0.332(Re, )"’ Nu, =0.0292(Re, )""® | (22-46)

Laminar flow Turbulent flow
x must always be the distance from the leading edge of the plate,
Not the distance from the point where turbulence starts. ¥ supercriical Fiuid Process Lab



L_ocal heat transfer coefficient (Pr1)

o Pr"
§th
hX

IOCpuO

n=1/3

=0.0292(Re, ) ° Pr 87

Nu, =0.0292(Re  )"* Pro® | (2s-s0)
Nu,, =0.0365(Re, )*"” Pr®® | (@3-
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LLocal Nusselt number (Pr=1)

Streamline

| Turbulent
region

} Buffer layer

} Laminar
sublayer
X >
I i RGX;%OO,OQO. o F -
- —+¥ Laminar - -l- l-l-l Turbulent
Transition
Re,<500,000 || & Re,>500,000

(22-19) | Nu, =0.332(Re, }'* Pr*® | | Nu, =0.0292(Re )"* Pr®®|(22-50)

Laminar flow Turbulent flow
x must always be the distance from the leading edge of the plate,
Not the distance from the point where turbulence starts. ¥ supercriical Fiuid Process Lab



Other study on local heat transfer coefficient (Pr=1)
Turbulent flow over flat plate

Nu, =0.0292(Re, )" Pr°®
Nu,, =0.0365(Re, )" Pro

Hanna & Myers

Colburn j-factor ~ Nu, =0.0292(Re, )*’* Pr®
Analogy Num _ 0-0365(Re|_)4/5 Pro_33

Zhukauskas & Nu, =0.0292(Re, )"’ Pr®*

Ambrazyavichus Nu,_ = 0.0365(ReL )4/5 P03 0.7 < Pr< 380
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Summary

How to obtain equations for predicting heat-transfer coefficients

1. Combination of momentum, energy, and continuity
equations for laminar flow

2. von Karman integral method for turbulent flow

3. The analogy between heat and momentum transfer for
turbulent flow

4. The dimensional analysis
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Homework

23-1
23-3
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