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The object :
find the stress distribution in an elastic body (or 
find the strain at any point)
due to given body forces and given conditions at the 
boundary of the body

Problem in Elasticity
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 Generalized Hooke’s Law
6 Equations of force and moment equilibrium 
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 Newton-Euler Equations

2( 1) 1
E G
ν +

=
ν : Poisson’s Ratio
G : Shear Modulus
E : Young’s Modulus

Variables and Equations
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6 Relations btw.
Strain and 
Displacement 

6 Equations of 
force and moment
equilibrium 

6 Relations btw. 
Strain and Stress 

, , , , ,x y z xy yz zxε ε ε γ γ γ
6 Strain

, , , , , , , ,x yx zx xy y zy xz yz zσ τ τ τ σ τ τ τ σ
9 Stress 

, ,u v w
3 Displacement 

18 Variables, 18 Equations
Problem of

Variables and Equations
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18 Variables, 18 EquationsProblem of

Variables and Equations
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Variables and Equations
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, , , , ,x y z xy yz zxε ε ε γ γ γ6 Strain

9 Stress 

3 Displacement 

18 Variables

, ,u v w
Given : Body force , ,X Y Z
Find   : Displacement

12

3

18 Equations

3 Variables

3 Equations

If we are interested in finding the displacement 
components in a body, we may reduce the system of 
equations to three equations with three unknown 
displacement components.

Variables and Equations

, : Lame Elastic constantµ λ
:Shear MoldulusG

: Young's ModulusE

u v we
x y z
∂ ∂ ∂

= + +
∂ ∂ ∂

, , : bodyforce in x,y, and z direction repectivelyX Y Z

: Poisson's Ratioν
2 2 2

2
2 2 2x z y

∂ ∂ ∂
∇ = + +

∂ ∂ ∂

x y zσ σ σΘ = + +
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6 Relations between 6 Strain and 3 Displacement : 

Chou, P.C., Elasticity, Van Nostard Company, 1967, p39-41*

, ,u v wknown :

known : , , , , ,x y z xy yz zxε ε ε γ γ γ , ,u v wfind : 

find : , , , , ,x y z xy yz zxε ε ε γ γ γ
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2 22
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this system of equations does not, in general, possess a solution for u,v and w unless the six strain components are 
somehow related.

the strain components must satisfy these expressions in order that solutions for the displacement components exist*

or
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6 Equations of force equilibrium
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, , : bodyforce in x,y, and z direction repectivelyX Y Z
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2 2 2
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2 2 2x z y

∂ ∂ ∂
∇ = + +

∂ ∂ ∂

x y zσ σ σΘ = + +

18 EquationsGiven : Body force , ,X Y Z
, , , , ,x y z xy yz zxσ σ σ τ τ τFind   : Stress

, , , , , , , ,x yx zx xy y zy xz yz zσ τ τ τ σ τ τ τ σ

, ,u v w
, , , , ,x y z xy yz zxε ε ε γ γ γ6 Strain

9 Stress 

3 Displacement 

18 Variables
If we are interested in finding only the stress components 
in a body, we may reduce the system of equations to six 
equations with six unknown stress components.
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0

0

0

yxx zx
x

xy y zy
y

yzxz z
z

F X
x y z

F Y
x y z

F Z
x y z

τσ τ

τ σ τ

ττ σ

∂∂ ∂
= + + + =

∂ ∂ ∂
∂ ∂ ∂

= + + + =
∂ ∂ ∂

∂∂ ∂
= + + + =

∂ ∂ ∂

∑

∑

∑

0

0

0

x yz zy

y xz zx

z xy yx

M

M

M

τ τ

τ τ

τ τ

= − =

= − =

= − =

∑
∑
∑, ,X Y Z

2

1

3

15 Equations

2
2

2
2

2
2

1 0
1

1 0
1

1 0
1

xy

yz

zx

Y X
x y x y

Z Y
y z y z

X Z
z x z x

τ
ν

τ
ν

τ
ν

 ∂ ∂ ∂ Θ
+ +∇ + = ∂ ∂ + ∂ ∂ 

 ∂ ∂ ∂ Θ
+ +∇ + = ∂ ∂ + ∂ ∂ 

∂ ∂ ∂ Θ + +∇ + = ∂ ∂ + ∂ ∂ 

2
2

2

2
2

2

2
2

2

12 0
1 1

12 0
1 1

12 0
1 1

x

y

z

X Y Z X
x y z x x

X Y Z Y
x y z y y

X Y Z Z
x y z z z

ν σ
ν ν

ν σ
ν ν

ν σ
ν ν

 ∂ ∂ ∂ ∂ ∂ Θ
+ + + +∇ + = − ∂ ∂ ∂ ∂ + ∂ 

 ∂ ∂ ∂ ∂ ∂ Θ
+ + + +∇ + = − ∂ ∂ ∂ ∂ + ∂ 

 ∂ ∂ ∂ ∂ ∂ Θ
+ + + +∇ + = − ∂ ∂ ∂ ∂ + ∂ 

, , , , ,x y z xy yz zxσ σ σ τ τ τFind   : Stress
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3 Displacement 
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6 Relations btw. Strain and Displacement
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Compatibility equations 3 independent Equations

18 Variables

18 EquationsIf we are interested in finding only the stress components 
in a body, we may reduce the system of equations to six 
equations with six unknown stress components

, : Lame Elastic constantµ λ
:Shear MoldulusG

: Young's ModulusE

u v we
x y z
∂ ∂ ∂

= + +
∂ ∂ ∂

, , : bodyforce in x,y, and z direction repectivelyX Y Z

: Poisson's Ratioν
2 2 2

2
2 2 2x z y

∂ ∂ ∂
∇ = + +

∂ ∂ ∂

x y zσ σ σΘ = + +

11/ 253



Innovative Ship Design – Elasticity

SDAL@Advanced Ship Design Automation Lab.
http://asdal.snu.ac.kr

Seoul 
National
Univ.

Summary

*Betounes D., Partial Differential Equations for Computational Science, Springer, 1998, p343

Body Surface
dm
dt

= = +∑V F F F

Equation of Motion

Fluid Equation of Motion
Navier Stokes Equation

Formulation of Elasticity 
Problems (Static) in 
displacement components 

Linear Elastic Equation of Motion*  
(also called the Navier equation : 
principal equation for the motion) 

2
2

20 ( ) uX G G u
x

λ ∂
= + + + ∇

∂
( ) : displacementu u x=

: velocity vector
( ( , , ; ), ( , , ; ), ( , , ; ))u x y z t v x y z t w x y z t=

V
V

( ) 2

3x
u u u u Pu v w g u
t x y z x x

µρ ρ µ
 ∂ ∂ ∂ ∂ ∂ ∂

+ + + = − + Θ + ∇ ∂ ∂ ∂ ∂ ∂ ∂ 

2 2
2

2 2( )u uF u
t x

ρ ρ λ µ µ∂ ∂
= + + + ∇

∂ ∂

( , ) : displacementu u x t=

Total 
Derivative of 
Velocity Vector

2

N s: viscosity ,
m

µ ⋅ 
  

du dv dw
dx dy dz

Θ =∇ = + +V

Newtonian fluid

velocity profiley
( )u y

dudt

dy dθ

, xy
du du dv
dy dy dx

τ τ µ
 

∝ = + 
 

, : Lame Elastic constantµ λ

2,
(1 )(1 2 )

E N
m

νλ
ν ν

 =  + −  

ν : Poisson’s Ratio
G : Shear Modulus
E : Young’s Modulus

2, NG
m

µ  =   

xy xy
v u
x y

τ µγ µ
 ∂ ∂

= = + ∂ ∂ 

, x
L u

L x
δε ε ∂

= =
∂

cause motion dm
dt

→ →∑ VF

without motion 'internal change' strain→ → →∑F

dynamics  

static 
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Stress Analysis

Strain Analysis

Stress-Strain Relation

Compatibility Equation

Contents

Transformation of Strain

Transformation of Stress

Generalized Hooke’s Law

three equations with three displacement

six equations with six stress
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Summary : Generalized Hooke’s Law

Material Assumption
Continuous  : Material having the nature of a structureless mass
Homogeneous  : In case the elastic properties are the same throughout the body, i.e., are independent of the location
Isotropic  : In case the elastic properties of the body are the same in all directions about any given point

Idealization of material
Assume that the material is perfectly elastic, i.e., we shall limit our 
attention to the behavior of the material before the elastic limit is 
reached

Generalized Hooke’s Law

 Hooke’s Law  :  “Extension is proportional to force” Eσ ε=
 Generalized Hooke’s Law  :  “each of the six stress components may be expresses as a linear 
function of the six components of strain, and conversely” (six ‘stress-strain’ equations)

36 constants?

the principal 
directions 
and isotropy

reduced to only two independent constants

1 1

2 2

3 3

2
2
2

e
e
e

σ λ µε
σ λ µε
σ λ µε

= +
 = +
 = +

The relation between 
the principal stress components                       and 
the principal strain components 1 2 3, ,ε ε ε

1 2 3, ,σ σ σ

, : Lame Elastic constantµ λ

(1 )(1 2 )
Eνλ

ν ν
=

+ −

ν : Poisson’s Ratio
G : Shear Modulus
E : Young’s Modulus

Gµ =

the principal strains and principal stress 
occur in the same directions1)

1) Gere, J.M., Mechanics of Materials, Sixth Edition, Thomson, 2006, p517

11 12 13 14 15 16x x y z xy yz zxc c c c c cσ ε ε ε γ γ γ= + + + + +

21 22 23 24 25 26y x y z xy yz zxc c c c c cσ ε ε ε γ γ γ= + + + + +

31 32 33 34 35 36z x y z xy yz zxc c c c c cσ ε ε ε γ γ γ= + + + + +

41 42 43 44 45 46xy x y z xy yz zxc c c c c cτ ε ε ε γ γ γ= + + + + +

51 52 53 54 55 56yz x y z xy yz zxc c c c c cτ ε ε ε γ γ γ= + + + + +

61 62 63 64 65 66zx x y z xy yz zxc c c c c cτ ε ε ε γ γ γ= + + + + +
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Summary : Transformation of Stress
stress principal stress

2 2 2
1 1 1 1 1 1 1 1 12 2 2x x y z xy yz zxl m n l m m n n lσ σ σ σ τ τ τ′ = + + + + +

( ) ( ) ( )1 2 1 2 1 2 1 2 1 2 1 2 1 2 1 2 1 2x y x y z xy yz zxl l m m n n l m m l m n n m n l l nτ σ σ σ τ τ τ′ ′ = + + + + + + + +

2 2 2
2 2 2 2 2 2 2 2 22 2 2y x y z xy yz zxl m n l m m n n lσ σ σ σ τ τ τ′ = + + + + +
2 2 2

3 3 3 3 3 3 3 3 32 2 2z x y z xy yz zxl m n l m m n n lσ σ σ σ τ τ τ′ = + + + + +

( ) ( ) ( )2 3 2 3 2 3 2 3 2 3 2 3 2 3 2 3 2 3y z x y z xy yz zxl l m m n n l m m l m n n m n l l nτ σ σ σ τ τ τ′ ′ = + + + + + + + +

( ) ( ) ( )3 1 3 1 3 1 3 1 3 1 3 1 3 1 3 1 3 1z x x y z xy yz zxl l m m n n l m m l m n n m n l l nτ σ σ σ τ τ τ′ ′ = + + + + + + + +

1

2

3

4

5

6

the transformation of stress between arbitrary x,y,z and arbitrary x’,y’,z’ system

the transformation of stress between principal direction 1,2,3 and arbitrary x,y,z
system 

1)2)Gere, J.M., Mechanics of Materials, Sixth Edition, Thomson, 2006, p474,
3) Gere, J.M., Mechanics of Materials, Sixth Edition, Thomson, 2006, p517

2 2 2
' 1 1 1 2 1 3 1 1 12 1 1 23 1 1 312 2 2x l m n l m m n n lσ σ σ σ τ τ τ= + + + + +

-The maximum and minimum 
normal stresses, called the 
principal stress.1)

-Principal planes : the planes on 
which the principal stress act.2)

-An element that is oriented to the 
principal directions of stress has no 
shear stresses acting on its faces3)

2 2 2
' 1 1 1 2 1 3 1 1 12 1 1 23 1 1 312 2 2x l m n l m m n n lσ σ σ σ τ τ τ= + + + + +

1ex.)

redefine 
x, y, z  1,2,3 (principal direction)

2 2 2
' 1 1 1 2 1 3x l m nσ σ σ σ= + +

redefine x’x

2 2 2
1 1 1 2 1 3x l m nσ σ σ σ= + +2 2 2

1 1 1 2 1 3x l m nσ σ σ σ= + +

2 2 2
2 1 2 2 2 3y l m nσ σ σ σ= + +

2 2 2
3 1 3 2 3 3z l m nσ σ σ σ= + +

1 2 1 1 2 2 1 2 3xy l l m m n nτ σ σ σ= + +

2 3 1 2 3 2 2 3 3yz l l m m n nτ σ σ σ= + +

3 1 1 3 1 2 3 1 3zx l l m m n nτ σ σ σ= + +

1

2

3

4

5

6

, , : directionalcosinel m n
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1

2

3

4

5

6

2 2 2
1 1 1 1 1 1 1 1 1x x y z xy yz zxl m n l m m n n lε ε ε ε γ γ γ′ = + + + + +

2 2 2
2 2 2 2 2 2 2 2 2y x y z xy yz zxl m n l m m n n lε ε ε ε γ γ γ′ = + + + + +

2 2 2
3 3 3 3 3 3 3 3 3z x y z xy yz zxl m n l m m n n lε ε ε ε γ γ γ′ = + + + + +

( ) ( ) ( )1 2 1 2 1 2 1 2 1 2 1 2 1 2 1 2 1 22 2 2x y x y z xy yz zxl l m m n n l m m l m n n m n l l nγ ε ε ε γ γ γ′ ′ = + + + + + + + +

( ) ( ) ( )2 3 2 3 2 3 2 3 2 3 2 3 2 3 2 3 2 32 2 2y z x y z xy yz zxl l m m n n l m m l m n n m n l l nγ ε ε ε γ γ γ′ ′ = + + + + + + + +

( ) ( ) ( )3 1 3 1 3 1 3 1 3 1 3 1 3 1 3 1 3 12 2 2z x x y z xy yz zxl l m m n n l m m l m n n m n l l nγ ε ε ε γ γ γ′ ′ = + + + + + + + +

Summary : Transformation of Strain
the transformation of strain between principal direction 1,2,3 and arbitrary x,y,z
system 

1) Gere, J.M., Mechanics of Materials, Sixth Edition, Thomson, 2006, p517

strain principal strain

the transformation of strain between arbitrary x,y,z and arbitrary x’,y’,z’ system

1ex.)

redefine 
x, y, z  1,2,3 (principal direction)

2 2 2
1 1 1 2 1 3 1 1 12 1 1 23 1 1 31x l m n l m m n n lε ε ε ε γ γ γ= + + + + +

1

2

3

4

5

6

2 2 2
1 1 1 2 1 3x l m nε ε ε ε= + +

2 2 2
2 1 2 2 2 3y l m nε ε ε ε= + +
2 2 2

3 1 3 2 3 3z l m nε ε ε ε= + +
1 2 1 1 2 2 1 2 32 2 2xy l l m m n nγ ε ε ε= + +

2 3 1 2 3 2 2 3 32 2 2yz l l m m n nγ ε ε ε= + +

3 1 1 3 1 2 3 1 32 2 2zx l l m m n nγ ε ε ε= + +

redefine x’x

2 2 2
1 1 1 2 1 3x l m nε ε ε ε∴ = + +

2 2 2
1 1 1 2 1 3x l m nε ε ε ε′∴ = + +

- An element that is oriented to 
the principal directions of stress 
has no shear stresses acting on its 
faces. Therefore, the shear strain 
for this element is zero.1)

2 2 2
1 1 1 2 1 3 1 1 12 1 1 23 1 1 31x l m n l m m n n lε ε ε ε γ γ γ= + + + + +

, , : directionalcosinel m n
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Summary : Stress-Strain Relation

stress

strain

principal 
stress

principal
strain

2 2 2
1 1 1 2 1 3x l m nσ σ σ σ= + +

2 2 2
2 1 2 2 2 3y l m nσ σ σ σ= + +
2 2 2

3 1 3 2 3 3z l m nσ σ σ σ= + +

1 2 1 1 2 2 1 2 3xy l l m m n nτ σ σ σ= + +

2 3 1 2 3 2 2 3 3yz l l m m n nτ σ σ σ= + +

3 1 1 3 1 2 3 1 3zx l l m m n nτ σ σ σ= + +

1

2

3

4

5

6

1

2

3

4

5

6

2 2 2
1 1 1 2 1 3x l m nε ε ε ε= + +

2 2 2
2 1 2 2 2 3y l m nε ε ε ε= + +
2 2 2

3 1 3 2 3 3z l m nε ε ε ε= + +
1 2 1 1 2 2 1 2 32 2 2xy l l m m n nγ ε ε ε= + +

2 3 1 2 3 2 2 3 32 2 2yz l l m m n nγ ε ε ε= + +

3 1 1 3 1 2 3 1 32 2 2zx l l m m n nγ ε ε ε= + +

1 1

2 2

3 3

2
2
2

e
e
e

σ λ µε
σ λ µε
σ λ µε

= +
 = +
 = +

2 2 2 2 2 2
1 1 1 1 1 1 2 1 3( ) 2 ( )l m n e l m nλ µ ε ε ε= + + + + +

2 2 2
1 1 1 2 1 3( 2 ) ( 2 ) ( 2 )x l e m e n eσ λ µε λ µε λ µε= + + + + +1 ex.)

1 2 3,e ε ε ε= + +

1 2 3,e ε ε ε= + +

*Wang,C.T., Applied Elasticity ,  McGRAW-HILL, 1953, p21

*Wang,C.T., Applied Elasticity ,  McGRAW-HILL, 1953, p9

2x xeσ λ µε= + , xy xyτ µ γ=
x y ze ε ε ε= + +,

,
yz yz

zx zx

τ µγ

τ µγ

=

=
2

2
y y

z z

e
e

σ λ µε

σ λ µε

= +

= +

Generalized Hooke’s Law for isotropic materials 
referring to any arbitrary cartesian coordinates x,y,z

, : Lame Elastic constantµ λ

ν : Poisson’s Ratio
G : Shear Modulus
E : Young’s Modulus

2

2 2 2
1 1 1 2 1 32 ( )x e l m nσ λ µ ε ε ε= + + +

** 2 2 2
1 1 1since , 1l m n+ + =

*
1 2 3since , x y zε ε ε ε ε ε+ + = + +

2 2 2 2 2 2
1 1 1 1 1 1 2 1 3( ) 2 ( )l m n e l m nλ µ ε ε ε= + + + + + , x y ze ε ε ε= + +
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Summary : Stress-Strain Relation
stress

strain

principal 
stress

principal
strain

2 2 2
1 1 1 2 1 3x l m nσ σ σ σ= + +

2 2 2
2 1 2 2 2 3y l m nσ σ σ σ= + +
2 2 2

3 1 3 2 3 3z l m nσ σ σ σ= + +

1 2 1 1 2 2 1 2 3xy l l m m n nτ σ σ σ= + +

2 3 1 2 3 2 2 3 3yz l l m m n nτ σ σ σ= + +

3 1 1 3 1 2 3 1 3zx l l m m n nτ σ σ σ= + +

1

2

3

4

5

6

1

2

3

4

5

6

2 2 2
1 1 1 2 1 3x l m nε ε ε ε= + +

2 2 2
2 1 2 2 2 3y l m nε ε ε ε= + +
2 2 2

3 1 3 2 3 3z l m nε ε ε ε= + +
1 2 1 1 2 2 1 2 32 2 2xy l l m m n nγ ε ε ε= + +

2 3 1 2 3 2 2 3 32 2 2yz l l m m n nγ ε ε ε= + +

3 1 1 3 1 2 3 1 32 2 2zx l l m m n nγ ε ε ε= + +

1 1

2 2

3 3

2
2
2

e
e
e

σ λ µε
σ λ µε
σ λ µε

= +
 = +
 = +

2x xeσ λ µε= + , xy xyτ µ γ=
x y ze ε ε ε= + +,

,
yz yz

zx zx

τ µγ

τ µγ

=

=
2

2
y y

z z

e
e

σ λ µε

σ λ µε

= +

= +

Generalized Hooke’s Law for isotropic materials referring to any arbitrary 
cartesian coordinates x,y,z

, : Lame Elastic constantµ λ

ν : Poisson’s Ratio
G : Shear Modulus
E : Young’s Modulus

21

1 2 3,e ε ε ε= + +

*Wang,C.T., Applied Elasticity ,  McGRAW-HILL, 1953, p21

*Wang,C.T., Applied Elasticity ,  McGRAW-HILL, 1953, p9

Young’s Modulus ‘E’

Poisson’s ratio ‘ν’

x
y z x E

σε ε νε ν= = − = −

Shear Modulus ‘G’

1
xy xyG

γ τ=

1
x xE

ε σ=

in case of tension

xσ

(3 2 )

2 (3 2 )

2 (3 2 )

x x

y x

z x

λ µε σ
µ λ µ

λε σ
µ λ µ

λε σ
µ λ µ

+
=

+

= −
+

= −
+

xσ

( )
(3 2 ) 2 (3 2 )

( )
(3 2 ) 2 (3 2 )

( )
(3 2 ) 2 (3 2 )

x x y z

y y z x

z z x y

λ µ λε σ σ σ
µ λ µ µ λ µ

λ µ λε σ σ σ
µ λ µ µ λ µ
λ µ λε σ σ σ

µ λ µ µ λ µ

+
= − +

+ +
+

= − +
+ +
+

= − +
+ +

Solving the equations for strain
1 1 1, ,xy xy yz yz zx zxγ τ γ τ γ τ
µ µ µ

= = =

Engineering Constants

Gµ∴ =

(1 )(1 2 )
Eνλ

ν ν
∴ =

+ −
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Problem in Elasticity
The object :
find the stress distribution in an elastic body or 
find the strain at any point 
due to given body forces and given conditions at the boundary of the body

Lh

d
P
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Stress Analysis
9 Stress distribution in an elastic body 

6 Relations between 6 Strain and 3 Displacement 

6 Relations between 6 Strain and 6 Stress 

6 Equations of force and moment equilibrium 

Lh

d
P

Consider an infinitesimal element to construct a 
differential equation

What kind of physical 
law would be applied to 
describe the motion?

dm
dt

=∑V F

How can we categorize 
the forces? Body Surface

dm
dt

= = +∑V F F F

x∆

y∆ z∆

, , , , , , , ,x yx zx xy y zy xz yz zσ τ τ τ σ τ τ τ σ

, ,u v w
, , , , ,x y z xy yz zxε ε ε γ γ γ6 Strain

9 Stress 

3 Displacement 

18 Variables
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Stress Analysis

Lh

d
P

Consider an infinitesimal element to construct a 
differential equation

How can we categorize 
the forces?

dm
dt

=∑V F

x∆

y∆ z∆
body surface= +∑F F F

external constraint= +∑F F F

disturbance control= +∑F F F

(in Multibody Dynamics)

(in Control)

(in Hydrodynamics, Elasticity)
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Stress Analysis

Lh

d
P

Consider an infinitesimal element to construct a 
differential equation

What kind of physical 
law would be applied to 
describe the motion?

dm
dt

=∑V F

How can we categorize 
the forces? Body Surface

dm
dt

= = +∑V F F F

x∆

y∆ z∆

Such forces as the gravitational and centrifugal forces, which are 
distributed over the volume of the body, are called body forces. 
Given in terms of force per unit volume

BodyF

A force such as the hydrostatic pressure, which is distributed 
over the surface of the body, are called surface forces. Given in 
terms of force per unit area

surfaceF , ,X Y Z
x, y, z component of 
surface force

Symbol defined

x, y, z component of 
body force

, ,X Y Z

9 Stress distribution in an elastic body 

6 Relations between 6 Strain and 3 Displacement 

6 Relations between 6 Strain and 6 Stress 

6 Equations of force and moment equilibrium 

, , , , , , , ,x yx zx xy y zy xz yz zσ τ τ τ σ τ τ τ σ

, ,u v w
, , , , ,x y z xy yz zxε ε ε γ γ γ6 Strain

9 Stress 

3 Displacement 

18 Variables
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Stress Analysis
Consider an infinitesimal element to construct a 
differential equation

Body Surface
dm
dt

= = +∑V F F F

Stress : internal force per unit area
defined by its magnitude, direction and the surface upon which it acts

Stress at a point on a surface
σ

τ

Normal stress 
: one normal direction

Shearing stress 
: two tangential direction

Orientation
of the surface

Direction
of the force

x
y

z
xσ

yxτ

zxτIn case of normal stress
(same orientation & direction )

xxσ

In case of Shearing stress yxτ

Lh

d
P

x∆

y∆ z∆

xσ

9 Stress distribution in an elastic body 

6 Relations between 6 Strain and 3 Displacement 

6 Relations between 6 Strain and 6 Stress 

6 Equations of force and moment equilibrium 

, , , , , , , ,x yx zx xy y zy xz yz zσ τ τ τ σ τ τ τ σ

, ,u v w
, , , , ,x y z xy yz zxε ε ε γ γ γ6 Strain

9 Stress 

3 Displacement 

18 Variables

x x
σσ ≠
∂
∂
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Through a point in a body we can construct three orthogonal coordinate planes on which we have nine stress component

Stress Analysis
Consider an infinitesimal element to construct a 
differential equation

Body Surface
dm
dt

= = +∑V F F F

Stress : internal force per unit area
defined by its magnitude, direction and the surface upon which it acts

Stress at a point on a surface
σ

τ

Normal stress 
: one normal direction

Shearing stress 
: two tangential direction

x
y

z
xσ

yxτ

zxτ

yσ

zyτ

yzτ

xzτ
zσ

x
y

z

Lh

d
P

x∆

y∆ z∆

xyτ

9 Stress distribution in an elastic body 

6 Relations between 6 Strain and 3 Displacement 

6 Relations between 6 Strain and 6 Stress 

6 Equations of force and moment  equilibrium 

, , , , , , , ,x yx zx xy y zy xz yz zσ τ τ τ σ τ τ τ σ

, ,u v w
, , , , ,x y z xy yz zxε ε ε γ γ γ6 Strain

9 Stress 

3 Displacement 

18 Variables
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Stress Analysis
Stress Sign convention*

A normal stress is defined as positive if it is a tensile stress, 
i.e., if it is directed away from the surface upon which it acts

A shearing stresses are positive if they are in the positive 
directions of the other two coordinates axes on any surface where 
the tensile stress is in the positive direction of the coordinate axis

If the tensile stress is opposite to the positive axis, the positive 
directions of the shearing stresses are also opposite to the 
positive axes.

*Wang.C.T , Applied Elasticity ,  McGRAW-HILL, 1953, p2
*Kundu P.K., Cohen I.M., Fulid Mechanics, Fourth Edition, Academic Press, p31

x

y

z

yxτ

yyσ

yzτ

xxσ

xyτ

xzτ zxτ

zyτ

zzσ

xxσ

xyτ

xzτ

yxτ
yyσ

yzτ

zxτ

zyτ

zzσ

x

y

z

positive

2
xy

xy
dx

x
τ

τ
∂

−
∂

2
yx

yx
dy

x
τ

τ
∂

−
∂

dy

dz

dx

2
xy

xy
dx

x
τ

τ
∂

+
∂

2
yx

yx
dy

x
τ

τ
∂

+
∂

Point

x

y

z

+

at a point

τ
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Lh

d
P

x∆

y∆ z∆

Through a point in a body we can construct three orthogonal 
coordinate planes on which we have nine stress 
component

Stress Analysis
Consider an infinitesimal element to construct a 
differential equation

Body Surface
dm
dt

= = +∑V F F F

x
y

z xσ

yxτ

zxτ

yσ

xyτ
zyτ

yzτ

xzτ
zσ

at the center point of the element

xσ

1
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Through a point in a body we can construct three orthogonal 
coordinate planes on which we have nine stress 
component

Stress Analysis
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differential equation

Body Surface
dm
dt
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Stress Analysis
Consider an infinitesimal element to construct a 
differential equation

Body Surface
dm
dt

= = +∑V F F F
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Stress Analysis
Consider an infinitesimal element to construct a 
differential equation

Body Surface
dm
dt

= = +∑V F F F
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Net surface force acting on the element in the direction of x
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Stress Analysis
Consider an infinitesimal element to construct a 
differential equation

Body Surface
dm
dt

= = +∑V F F F

Stress for the element
Stress components in the direction of x
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Stress Analysis
Consider an infinitesimal element to construct a 
differential equation

Body Surface
dm
dt

= = +∑V F F F

Stress for the element
Net surface force acting on the element in the direction of x
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Stress Analysis
Consider an infinitesimal element to construct a 
differential equation

Body Surface
dm
dt

= = +∑V F F F
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Stress Analysis
Consider an infinitesimal element to construct a 
differential equation

Body Surface
dm
dt

= = +∑V F F F

Stress for the element
Net force acting on the element in the direction of x
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Stress Analysis
9 Stress distribution in an elastic body 

6 Relations between 6 Strain and 3 Displacement 

6 Relations between 6 Strain and 6 Stress 

6 Equations of force and moment equilibrium 
Consider an infinitesimal element to construct a 
differential equation
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dm
dt

= = +∑V F F F

Newton’s  2nd law for the element
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Stress Analysis
Consider an infinitesimal element to construct a 
differential equation

Body Surface
dm
dt

= = +∑V F F F

Newton’s  2nd law for the element
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Stress Analysis
Consider an infinitesimal element to construct a 
differential equation

Body Surface
dm
dt

= = +∑V F F F
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Stress Analysis
Consider an infinitesimal element to construct a 
differential equation

Body Surface
dm
dt

= = +∑V F F F

Euler’s equation Iω =∑M

Moment about z0-axis
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Equilibrium : under the action of external forces, it is at rest or moving in straight line 
with constant velocity
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Stress Analysis
Consider an infinitesimal element to construct a 
differential equation

Body Surface
dm
dt

= = +∑V F F F

Euler’s equation Iω =∑M

Moment about z0-axis

0 0 0z z zI ω =∑M ( )xy yx x y zτ τ= − ∆ ∆ ∆ in equilibrium

, d
dt
θω =

Equilibrium : under the action of external forces, it is at rest or moving in straight line 
with constant velocity
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9 Stress distribution in an elastic body 

6 Relations between 6 Strain and 3 Displacement 

6 Relations between 6 Strain and 6 Stress 

6 Equations of force and moment equilibrium 

, , , , , , , ,x yx zx xy y zy xz yz zσ τ τ τ σ τ τ τ σ

, ,u v w
, , , , ,x y z xy yz zxε ε ε γ γ γ6 Strain

9 Stress 

3 Displacement 

18 Variables
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Consider an infinitesimal element to construct a 
differential equation

Body Surface
dm
dt

= = +∑V F F F

Euler’s equation Iω =∑M

Moment about z0-axis

0zIω =∑M

, d
dt
θω =

in vector notation

x∆

y∆

x
y

z

2
1
2

xy
xy x y z

x
τ

τ
∂ 

= + ∆ ∆ ∆ ∂ 
F i

3
1
2

yx
yx y x z

x
τ

τ
∂ 

= − − ∆ ∆ ∆ ∂ 
F i

4
1
2

xy
xy x y z

x
τ

τ
∂ 

= − − ∆ ∆ ∆ ∂ 
F

/ 2x∆

/ 2y∆

1
1
2

yx
yx y x z

x
τ

τ
∂ 

= + ∆ ∆ ∆ ∂ 
F i

1r

2r
3r

4r
1

1
2

y= ∆r j

3
1
2

y= − ∆r j

2
1
2

x= ∆r i

4
1
2

x= − ∆r i

1 1 2 2 3 3 4 4= × + × + × + ×r F r F r F r F

Lh

d
P

x∆

y∆ z∆

x

y

z

0yxx zxX
x y z

τσ τ∂∂ ∂
+ + + =

∂ ∂ ∂

0xy y zyY
x y z
τ σ τ∂ ∂ ∂

+ + + =
∂ ∂ ∂

0yzxz zZ
x y z

ττ σ∂∂ ∂
+ + + =

∂ ∂ ∂

in equilibrium 

9 stress and 
3 equations?

9 Stress distribution in an elastic body 

6 Relations between 6 Strain and 3 Displacement 

6 Relations between 6 Strain and 6 Stress 

6 Equations of force and moment equilibrium 

, , , , , , , ,x yx zx xy y zy xz yz zσ τ τ τ σ τ τ τ σ

, ,u v w
, , , , ,x y z xy yz zxε ε ε γ γ γ6 Strain

9 Stress 

3 Displacement 

18 Variables
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Stress Analysis
Consider an infinitesimal element to construct a 
differential equation

Body Surface
dm
dt

= = +∑V F F F

Euler’s equation Iω =∑M

Moment about z0-axis

0zIω =∑M

2 2 2 2

2 2 2 2

yx xy
yx xy

yx xy
yx xy

y y x xx z y z
x x

y y x xx z y z
x x

τ τ
τ τ

τ τ
τ τ

   ∂ ∂   ∆ ∆ ∆ ∆   = × + ∆ ∆ + × + ∆ ∆            ∂ ∂         
   ∂ ∂   ∆ ∆ ∆ ∆   + − × − − ∆ ∆ + − × − − ∆ ∆            ∂ ∂         

j i i j

j i i j

( )xy yx x y zτ τ= − ∆ ∆ ∆ k

, d
dt
θω =

in vector notation

x∆

y∆

x
y

z

2
1
2

xy
xy x y z

x
τ

τ
∂ 

= + ∆ ∆ ∆ ∂ 
F i

3
1
2

yx
yx y x z

x
τ

τ
∂ 

= − − ∆ ∆ ∆ ∂ 
F i

4
1
2

xy
xy x y z

x
τ

τ
∂ 

= − − ∆ ∆ ∆ ∂ 
F

/ 2x∆

/ 2y∆

1
1
2

yx
yx y x z

x
τ

τ
∂ 

= + ∆ ∆ ∆ ∂ 
F i

1r

2r
3r

4r
1

1
2

y= ∆r j

3
1
2

y= − ∆r j

2
1
2

x= ∆r i

4
1
2

x= − ∆r i

1 1 2 2 3 3 4 4= × + × + × + ×r F r F r F r F

2 2 2 2

2 2 2 2

yx xy
yx xy

yx xy
yx xy

y x y z x x y z
x x

y x y z x x y z
x x

τ τ
τ τ

τ τ
τ τ

   ∂ ∂   ∆ ∆ ∆ ∆ ∆ ∆ ∆ ∆
= − + + +         ∂ ∂      
   ∂ ∂   ∆ ∆ ∆ ∆ ∆ ∆ ∆ ∆

+ − − + −         ∂ ∂      

k k

k k

in equilibrium 0ω =

xy yxτ τ∴ =

Lh

d
P

x∆

y∆ z∆

x

y

z

9 Stress distribution in an elastic body 

6 Relations between 6 Strain and 3 Displacement 

6 Relations between 6 Strain and 6 Stress 

6 Equations of force and moment equilibrium 

, , , , , , , ,x yx zx xy y zy xz yz zσ τ τ τ σ τ τ τ σ

, ,u v w
, , , , ,x y z xy yz zxε ε ε γ γ γ6 Strain

9 Stress 

3 Displacement 
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Stress Analysis
Consider an infinitesimal element to construct a 
differential equation

Body Surface
dm
dt

= = +∑V F F F

Euler’s equation

0yxx zxX
x y z

τσ τ∂∂ ∂
+ + + =

∂ ∂ ∂

0xy y zyY
x y z
τ σ τ∂ ∂ ∂

+ + + =
∂ ∂ ∂

0yzxz zZ
x y z

ττ σ∂∂ ∂
+ + + =

∂ ∂ ∂

in equilibrium 

9 stress and 
3 equations?

Iω =∑M

Moment about z0-axis

0 0 0z z zI ω =∑M ( )xy yx x y zτ τ= − ∆ ∆ ∆ in equilibrium

, :angular velocityof rigid bodyd
dt
θω =

Equilibrium : under the action of external forces, it is at rest or moving in straight line 
with constant velocity

0ω =

xy yxτ τ∴ =
C.f.) rotational equilibrium of the element*

( ) ( )0

2 2 2 2

12 12z
m dxdydzI dx dy dx dyρ

= + = +※ Mass moment of inertia

0z zI ω =∑M

( ) ( )2 2

12 xy yx
dxdydz dx dy dxdydzρ ω τ τ+ = −

( )2 2

12 xy yxdx dyρ ω τ τ+ = −

To the center point dx → 0 , dy → 0 

xy yxτ τ∴ = ( ),xz zx yz zyτ τ τ τ= =

0=

xz zx

yz zy

τ τ
τ τ

= 
 = 

*Kundu,P.K., Fluid Mechanics, Academic Press, 2008, pp.88-93

Lh

d
P

x∆

y∆ z∆

x

y

z

9 Stress distribution in an elastic body 

6 Relations between 6 Strain and 3 Displacement 

6 Relations between 6 Strain and 6 Stress 

6 Equations of force and moment equilibrium 

, , , , , , , ,x yx zx xy y zy xz yz zσ τ τ τ σ τ τ τ σ

, ,u v w
, , , , ,x y z xy yz zxε ε ε γ γ γ6 Strain

9 Stress 

3 Displacement 
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Stress Analysis
Consider an infinitesimal element to construct a 
differential equation

Body Surface
dm
dt

= = +∑V F F F

0yxx zxX
x y z

τσ τ∂∂ ∂
+ + + =

∂ ∂ ∂

0xy y zyY
x y z
τ σ τ∂ ∂ ∂

+ + + =
∂ ∂ ∂

0yzxz zZ
x y z

ττ σ∂∂ ∂
+ + + =

∂ ∂ ∂

in equilibrium 

9 stress and 
3 equations?

0xyx zxX
x y z

τσ τ∂∂ ∂
+ + + =

∂ ∂ ∂

0xy y yzY
x y z
τ σ τ∂ ∂ ∂

+ + + =
∂ ∂ ∂

0yzzx zZ
x y z

ττ σ∂∂ ∂
+ + + =

∂ ∂ ∂

in equilibrium 

6 stress and 
3 equations

xy yx

xz zx

yz zy

τ τ

τ τ
τ τ

=

=
=

Lh

d
P

x∆

y∆ z∆

x

y

z

9 Stress distribution in an elastic body 

6 Relations between 6 Strain and 3 Displacement 

6 Relations between 6 Strain and 6 Stress 

6 Equations of force and moment equilibrium 

, , , , , , , ,x yx zx xy y zy xz yz zσ τ τ τ σ τ τ τ σ

, ,u v w
, , , , ,x y z xy yz zxε ε ε γ γ γ6 Strain

9 Stress 

3 Displacement 

18 Variables

So, from now on..

18 Variables, 18 Equations 15 Variables, 15 Equations
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6 Stress distribution in an elastic body 

6 Relations between 6 Strain and 3 Displacement 

6 Relations between 6 Strain and 6 Stress 

3 Equations of force equilibrium 
Specification of Stress at a Point

0xyx zxX
x y z

τσ τ∂∂ ∂
+ + + =

∂ ∂ ∂

0xy y yzY
x y z
τ σ τ∂ ∂ ∂

+ + + =
∂ ∂ ∂

0yzzx zZ
x y z

ττ σ∂∂ ∂
+ + + =

∂ ∂ ∂

in equilibrium 

Stress within a body is completely determined when we 
know the values of the six stress components at each 
point

, ,u v w
, , , , ,x y z xy yz zxε ε ε γ γ γ6 Strain

6 Stress 

3 Displacement 

15 Variables

, , , , ,x y z xy yz zxσ σ σ τ τ τ
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Review
6 Stress distribution in an elastic body 

6 Relations between 6 Strain and 3 Displacement 

6 Relations between 6 Strain and 6 Stress 

3 Equations of force equilibrium 
Specification of Stress at a Point

0xyx zxX
x y z

τσ τ∂∂ ∂
+ + + =

∂ ∂ ∂

0xy y yzY
x y z
τ σ τ∂ ∂ ∂

+ + + =
∂ ∂ ∂

0yzzx zZ
x y z

ττ σ∂∂ ∂
+ + + =

∂ ∂ ∂

Force in equilibrium 

Stress within a body is completely determined when we 
know the values of the six stress components at each 
point

Lh

d
P

x∆

y∆ z∆

x

y

z

x
y

z xσ

yxτ

zxτ

yσ

xyτ
yzτ

xzτ

at the center point of the element

Body Surface
dm
dt

= = +∑V F F F

x∆

y∆
z∆

1
2

x
x x

x
σσ ∂

+ ∆
∂

1
2

x
x x

x
σσ ∂

− ∆
∂

x
y

z

1
2

yx
yx y

x
τ

τ
∂

+ ∆
∂

1
2

yx
yx y

x
τ

τ
∂

− ∆
∂

1
2

zx
zx z

x
ττ ∂

− ∆
∂

1
2

zx
zx z

x
ττ ∂

+ ∆
∂

,
yxx zx

Surface xF x y z
x y z

τσ τ∂ ∂ ∂
= + + ∆ ∆ ∆ ∂ ∂ ∂ 

∑

, ,x Body x Surface x

yxx zx

F F F

X x y z
x y z

τσ τ

= +

∂ ∂ ∂
= + + + ∆ ∆ ∆ ∂ ∂ ∂ 

∑

6 stress and 
3 equations

Moment in equilibrium 

xy yx

xz zx

yz zy

τ τ

τ τ
τ τ

=

=
=

, ,u v w
, , , , ,x y z xy yz zxε ε ε γ γ γ6 Strain

6 Stress 

3 Displacement 

15 Variables

, , , , ,x y z xy yz zxσ σ σ τ τ τ
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Strain Analysis
6 Stress distribution in an elastic body 

6 Relations between 6 Strain and 3 Displacement 

6 Relations between 6 Strain and 6 Stress 

3 Equations of force equilibrium 
Strain Component

A body is said to be strained whenever the relative 
positions of points in the body are altered 

, ,x y z
The coordinates of a particle of material in the body at any point

After strain

, ,x u y v z w+ + +

, ,u v w : displacement , function of x,y,z
( , , ), ( , , ), ( , , )u u x y z v v x y z w w x y z= = =

x

y

xo
y dx

dy
A B

CD
u
v

A′ B′

C′D′

A small rectangular element ABCD

x

y

The element displaced to the position A’B’C’D’

After 
strain

, ,u v w
, , , , ,x y z xy yz zxε ε ε γ γ γ6 Strain

6 Stress 

3 Displacement 

15 Variables

, , , , ,x y z xy yz zxσ σ σ τ τ τ
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Strain Analysis
6 Stress distribution in an elastic body 

6 Relations between 6 Strain and 3 Displacement 

6 Relations between 6 Strain and 6 Stress 

3 Equations of force equilibrium 
Strain Component

A body is said to be strained whenever the relative 
positions of points in the body are altered 

, ,x y z
The coordinates of a particle of material in the body at any point

After strain

, ,x u y v z w+ + +

, ,u v w : displacement , function of x,y,z
( , , ), ( , , ), ( , , )u u x y z v v x y z w w x y z= = =

x

y

The element displaced to the position A’B’C’D’

u
v

A′
B′

C′D′

o
y dx

dy
A B

CD
After 
strain v dx

x
∂
∂

u dx
x
∂
∂

u dy
y
∂
∂

v dy
y
∂
∂

x x

y

o

A′
B′

C′D′

x u+

y v+

, ,u v w
, , , , ,x y z xy yz zxε ε ε γ γ γ6 Strain

6 Stress 

3 Displacement 

15 Variables

, , , , ,x y z xy yz zxσ σ σ τ τ τ
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Strain Analysis
6 Stress distribution in an elastic body 

6 Relations between 6 Strain and 3 Displacement 

6 Relations between 6 Strain and 6 Stress 

3 Equations of force equilibrium 
Strain Component

A body is said to be strained whenever the relative 
positions of points in the body are altered 

, ,x y z
After strain

, ,x u y v z w+ + +
, ,u v w : displacement , function of x,y,z

( , , ), ( , , ), ( , , )u u x y z v v x y z w w x y z= = =

x

y

The element displaced to the position A’B’C’D’

u
v

A′
B′

C′D′

o
y dx

dy
A B

CD

x

y

o

A′
B′

C′D′

v dx
x
∂
∂

u dx
x
∂
∂

u dy
y
∂
∂

v dy
y
∂
∂

x

A A′→

( , ) ( , )x y x u y v→ + +

B B′→

D D′→

( , ) ( , )u vx dx y x dx u dx y v dy
x x
∂ ∂

+ → + + + + +
∂ ∂

Displaced position

( , ) ( , )u vx y dy x u dx y dy v dy
y y
∂ ∂

+ → + + + + +
∂ ∂

x u+

y v+

, ,u v w
, , , , ,x y z xy yz zxε ε ε γ γ γ6 Strain

6 Stress 

3 Displacement 

15 Variables

, , , , ,x y z xy yz zxσ σ σ τ τ τ

x
x x

x
σσ ∂

+ ∆
∂

analogue

uu dx
x
∂

+
∂

xσ

u
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Strain Analysis
6 Stress distribution in an elastic body 

6 Relations between 6 Strain and 3 Displacement 

6 Relations between 6 Strain and 6 Stress 

3 Equations of force equilibrium 
Strain Component

A body is said to be strained whenever the relative 
positions of points in the body are altered 

, ,x y z
After strain

, ,x u y v z w+ + +
, ,u v w : displacement , function of x,y,z

( , , ), ( , , ), ( , , )u u x y z v v x y z w w x y z= = =

The element displaced to the position A’B’C’D’

x

y

o

A′
B′

C′D′

v dx
x
∂
∂

u dx
x
∂
∂

u dy
y
∂
∂

v dy
y
∂
∂

A A′→
( , ) ( , )x y x u y v→ + +

B B′→

( , ) ( , )u vx dx y x dx u dx y v dx
x x
∂ ∂

+ → + + + + +
∂ ∂

Displaced position

u

v

1) Longitudinal strain  : x-direction

2 2u vA B dx dx dx
x x
∂ ∂   ′ ′∴ = + +   ∂ ∂   

2 2

( ) ( ) ( ) ( )u vA B x dx u dx x u y v dx y v
x x
∂ ∂   ′ ′ = + + + − + + + + − +   ∂ ∂   

2 2( ) ( )AB x dx x y y= + − + −

AB dx∴ =

, ,u v w
, , , , ,x y z xy yz zxε ε ε γ γ γ6 Strain

6 Stress 

3 Displacement 

15 Variables

, , , , ,x y z xy yz zxσ σ σ τ τ τ
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Strain Analysis
6 Stress distribution in an elastic body 

6 Relations between 6 Strain and 3 Displacement 

6 Relations between 6 Strain and 6 Stress 

3 Equations of force equilibrium 
Strain Component

A body is said to be strained whenever the relative 
positions of points in the body are altered 

, ,x y z
After strain

, ,x u y v z w+ + +
, ,u v w : displacement , function of x,y,z

( , , ), ( , , ), ( , , )u u x y z v v x y z w w x y z= = =

The element displaced to the position A’B’C’D’

x

y

o

A′
B′

C′D′

v dx
x
∂
∂

u dx
x
∂
∂

u dy
y
∂
∂

v dy
y
∂
∂

A A′→
( , ) ( , )x y x u y v→ + +

B B′→

( , ) ( , )u vx dx y x dx u dx y v dx
x x
∂ ∂

+ → + + + + +
∂ ∂

Displaced position

u

v

1) Longitudinal strain  : x-direction

(1 ) AB A Bε ′ ′+ =

( )
2 2

2(1 ) u vdx dx dx dx
x x

ε ∂ ∂   + = + +   ∂ ∂   

A B AB

AB
ε

′ ′ −
=

2 2

, u vAB dx A B dx dx dx
x x
∂ ∂   ′ ′= = + +   ∂ ∂   

2 2

(1 ) u vdx dx dx dx
x x

ε ∂ ∂   + = + +   ∂ ∂   

, ,u v w
, , , , ,x y z xy yz zxε ε ε γ γ γ6 Strain

6 Stress 

3 Displacement 

15 Variables

, , , , ,x y z xy yz zxσ σ σ τ τ τ
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Strain Analysis
6 Stress distribution in an elastic body 

6 Relations between 6 Strain and 3 Displacement 

6 Relations between 6 Strain and 6 Stress 

3 Equations of force equilibrium 
Strain Component

A body is said to be strained whenever the relative 
positions of points in the body are altered 

, ,x y z
After strain

, ,x u y v z w+ + +
, ,u v w : displacement , function of x,y,z

( , , ), ( , , ), ( , , )u u x y z v v x y z w w x y z= = =

The element displaced to the position A’B’C’D’

x

y

o

A′
B′

C′D′

v dx
x
∂
∂

u dx
x
∂
∂

u dy
y
∂
∂

v dy
y
∂
∂

A A′→
( , ) ( , )x y x u y v→ + +

B B′→

( , ) ( , )u vx dx y x dx u dx y v dx
x x
∂ ∂

+ → + + + + +
∂ ∂

Displaced position

u

v

( )
2 2

2(1 ) u vdx dx dx dx
x x

ε ∂ ∂   + = + +   ∂ ∂   
2 2

2 2 21 2 ( ) 1 2 ( )u u vdx dx
x x x

ε ε
 ∂ ∂ ∂    + + = + + +      ∂ ∂ ∂     

2 2
22 2 u u v

x x x
ε ε ∂ ∂ ∂   + = + +   ∂ ∂ ∂   

x
u
x

ε ∂
∴ =

∂

If we confine our attention to the case 
where the deformation of the body is 
very small

in same way, ,y z
v w
x x

ε ε∂ ∂
= =
∂ ∂

1) Longitudinal strain  : x-direction

, ,u v w
, , , , ,x y z xy yz zxε ε ε γ γ γ6 Strain

6 Stress 

3 Displacement 

15 Variables

, , , , ,x y z xy yz zxσ σ σ τ τ τ
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Strain Analysis
6 Stress distribution in an elastic body 

6 Relations between 6 Strain and 3 Displacement 

6 Relations between 6 Strain and 6 Stress 

3 Equations of force equilibrium 
Strain Component

A body is said to be strained whenever the relative 
positions of points in the body are altered 

, ,x y z
After strain

, ,x u y v z w+ + +
, ,u v w : displacement , function of x,y,z

( , , ), ( , , ), ( , , )u u x y z v v x y z w w x y z= = =

The element displaced to the position A’B’C’D’

x

y

o

A′
B′

C′D′

v dx
x
∂
∂

u dx
x
∂
∂

u dy
y
∂
∂

v dy
y
∂
∂

u

v

2) Shearing strain

1dθ

1 1tand d
u dy
y
dy

θ θ≈
∂
∂=

u dy
y
∂
∂

dy 1dθ

2dθ

1
ud
y

θ ∂
∴ =

∂

, ,u v w
, , , , ,x y z xy yz zxε ε ε γ γ γ6 Strain

6 Stress 

3 Displacement 

15 Variables

, , , , ,x y z xy yz zxσ σ σ τ τ τ

A shearing strain at a point is defined as the change in the value of the 
angle between the two elements originally parallel to the     and     axes at 
that point

xyγ
x y

Euler’s equation

Iω =∑M , :angular velocityof rigid bodyd
dt
θω =

1 : rotation angleθ

recall, 

53/ 253



Innovative Ship Design – Elasticity

SDAL@Advanced Ship Design Automation Lab.
http://asdal.snu.ac.kr

Seoul 
National
Univ.

Strain Analysis
6 Stress distribution in an elastic body 

6 Relations between 6 Strain and 3 Displacement 

6 Relations between 6 Strain and 6 Stress 

3 Equations of force equilibrium 
Strain Component

A body is said to be strained whenever the relative 
positions of points in the body are altered 

, ,x y z
After strain

, ,x u y v z w+ + +
, ,u v w : displacement , function of x,y,z

( , , ), ( , , ), ( , , )u u x y z v v x y z w w x y z= = =

The element displaced to the position A’B’C’D’

x

y
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B′

C′D′

v dx
x
∂
∂

u dx
x
∂
∂

u dy
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∂
∂

v dy
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∂
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u
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2) Shearing strain

1dθ
2dθ

1 1tand d
u dy
y
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θ θ≈
∂
∂=

u dy
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∂
∂

dy
1dθ

1
ud
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θ ∂
∴ =

∂

2 2tand d
v dx
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θ θ≈
∂
∂=

v dx
x
∂
∂
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2dθ
2
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x

θ ∂
∴ =

∂

, ,u v w
, , , , ,x y z xy yz zxε ε ε γ γ γ6 Strain

6 Stress 

3 Displacement 

15 Variables

, , , , ,x y z xy yz zxσ σ σ τ τ τ
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6 Relations between 6 Strain and 6 Stress 

3 Equations of force equilibrium 
Strain Component

A body is said to be strained whenever the relative 
positions of points in the body are altered 

, ,x y z
After strain

, ,x u y v z w+ + +
, ,u v w : displacement , function of x,y,z

( , , ), ( , , ), ( , , )u u x y z v v x y z w w x y z= = =

The element displaced to the position A’B’C’D’

x
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o

A′
B′

C′D′

v dx
x
∂
∂

u dx
x
∂
∂

u dy
y
∂
∂

v dy
y
∂
∂
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v

2) Shearing strain

1dθ

1 2 1 2tan tanxy d d d dγ θ θ θ θ= + ≈ +

A shearing strain at a point is defined as the change in the value of the 
angle between the two elements originally parallel to the     and     axes at 
that point

xyγ
x y

2dθ

xy
u v
y x

γ ∂ ∂
∴ = +

∂ ∂

u vdy dxy x
dy dx

∂ ∂
∂ ∂= +

, ,u v w
, , , , ,x y z xy yz zxε ε ε γ γ γ6 Strain

6 Stress 

3 Displacement 
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, , , , ,x y z xy yz zxσ σ σ τ τ τ
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u dy
y
dy

θ θ≈
∂
∂=

u dy
y
∂
∂
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6 Relations between 6 Strain and 3 Displacement 

6 Relations between 6 Strain and 6 Stress 

3 Equations of force equilibrium 
Strain Component

A body is said to be strained whenever the relative 
positions of points in the body are altered 

, ,x y z
After strain

, ,x u y v z w+ + +
, ,u v w : displacement , function of x,y,z

( , , ), ( , , ), ( , , )u u x y z v v x y z w w x y z= = =

The element displaced to the position A’B’C’D’
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y

o
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B′

C′D′

v dx
x
∂
∂

u dx
x
∂
∂

u dy
y
∂
∂

v dy
y
∂
∂

u
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2) Shearing strain

1dθ
A shearing strain at a point is defined as the change in the value of the 
angle between the two elements originally parallel to the     and     axes at 
that point

xyγ
x y

2dθ

, ,u v w
, , , , ,x y z xy yz zxε ε ε γ γ γ6 Strain

6 Stress 

3 Displacement 

15 Variables

, , , , ,x y z xy yz zxσ σ σ τ τ τ

1 1tand d
u dy
y
dy

θ θ≈
∂
∂=

u dy
y
∂
∂

dy
1dθ

1
ud
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θ ∂
∴ =

∂

2 2tand d
v dx
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θ θ≈
∂
∂=

v dx
x
∂
∂
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vd
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θ ∂
∴ =

∂

1 2 1 2tan tanxy

u vdy dxy xd d d d
dy dx

γ θ θ θ θ

∂ ∂
∂ ∂= + ≈ + = +

in same way, 

xy
u v
y x

γ ∂ ∂
∴ = +

∂ ∂

,yz zx
w v u w
y z z x

γ γ∂ ∂ ∂ ∂
= + = +
∂ ∂ ∂ ∂
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6 Stress distribution in an elastic body 

6 Relations between 6 Strain and 3 Displacement 

6 Relations between 6 Strain and 6 Stress 

3 Equations of force equilibrium 
Strain Component

A body is said to be strained whenever the relative 
positions of points in the body are altered 

, ,x y z
After strain

, ,x u y v z w+ + +
, ,u v w : displacement , function of x,y,z

( , , ), ( , , ), ( , , )u u x y z v v x y z w w x y z= = =
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∂
∂
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∂
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15 Variables

, , , , ,x y z xy yz zxσ σ σ τ τ τ
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Compatibility Equation

!) in case of the displacement components are not to be found,  the compatibility equations must be satisfied

What is the compatibility equations ?

For 6 relations between 6 strain and 3 displacement : 
, ,u v w , ,x y z

( , , )

( , , ) ( , , ), ( , , ),

( , , ), ( , , ),
x y z

xy yz zx x y z

x y z x y z x y z
x y z x y z

ε ε ε

γ γ γ

,

Given : 6 equations 

( , , ), ( , , ), ( , , )u x y z v x y z w x y z

find : 3 unknowns

>

These equations maybe regarded as a system of P.D.E of                 when strain components are given functions of 

There must be some conditions to be imposed on the strain components in order that these six equations will give a set of 
‘single-valued continuous’ solutions for the three displacement components

, , ,

, ,

x y z

xy yz zx

u v w
x y z
u v v w w u
y x z y x z

ε ε ε

γ γ γ

∂ ∂ ∂
= = =
∂ ∂ ∂
∂ ∂ ∂ ∂ ∂ ∂

= + = + = +
∂ ∂ ∂ ∂ ∂ ∂

6 Relations between 6 Strain and 3 
Displacement : 

if we found displacement first, the compatibility equations are not required
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Compatibility Equation

!) in case of the displacement components are not to be found,  the compatibility equations must be satisfied

What is the compatibility equations ?

For 6 relations between 6 strain and 3 displacement : 
, ,u v w , ,x y z

( , , )

( , , ) ( , , ), ( , , ),

( , , ), ( , , ),
x y z

xy yz zx x y z

x y z x y z x y z
x y z x y z

ε ε ε

γ γ γ

,

Given : 6 equations 

( , , ), ( , , ), ( , , )u x y z v x y z w x y z

find : 3 unknowns

>

These equations maybe regarded as a system of P.D.E of                 when strain components are given functions of 

There must be some conditions to be imposed on the strain components in order that these six equations will give a set of 
‘single-valued continuous’ solutions for the three displacement components

, , ,

, ,

x y z

xy yz zx

u v w
x y z
u v v w w u
y x z y x z

ε ε ε

γ γ γ

∂ ∂ ∂
= = =
∂ ∂ ∂
∂ ∂ ∂ ∂ ∂ ∂

= + = + = +
∂ ∂ ∂ ∂ ∂ ∂

6 Relations between 6 Strain and 3 
Displacement : 

if we found displacement first, the compatibility equations are not required

A B

CD

A B

C D

Unstrained Specified Field

A B

C D

Strained

If relations arbitrary 
assigned*

* Fung Y.C., Foundation of Solid Mechanics, Prentich-Hall , 1968, p99-100
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Compatibility Equation

!) in case of the displacement components are not to be found,  the compatibility equations must be satisfied

What is the compatibility equations ?

There must be some conditions to be imposed on the strain components in order that these six equations will give a set of 
‘single-valued continuous’ solutions for the three displacement components

, , ,

, ,

x y z

xy yz zx

u v w
x y z
u v v w w u
y x z y x z

ε ε ε

γ γ γ

∂ ∂ ∂
= = =
∂ ∂ ∂
∂ ∂ ∂ ∂ ∂ ∂

= + = + = +
∂ ∂ ∂ ∂ ∂ ∂

6 Relations between 6 Strain and 3 
Displacement : 

if we found displacement first, the compatibility equations are not required

xy
u v
y x

γ ∂ ∂
= +
∂ ∂

2

x y
∂
∂ ∂ 2 2

xy u v
x y x y y x
γ∂  ∂ ∂ ∂

= + ∂ ∂ ∂ ∂ ∂ ∂ 

from shearing-strain : 

2 2 2
xy u v

x y x y y x y x
γ∂  ∂ ∂ ∂ ∂ = +   ∂ ∂ ∂ ∂ ∂ ∂ ∂ ∂  

x y y x
 ∂ ∂ ∂ ∂ =   ∂ ∂ ∂ ∂  

u,v,w : single-valued 
continuous

2

2

u
y x
∂ ∂
∂ ∂

2

2

u
x y
∂ ∂
∂ ∂
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Compatibility Equation

!) in case of the displacement components are not to be found,  the compatibility equations must be satisfied

What is the compatibility equations ?

There must be some conditions to be imposed on the strain components in order that these six equations will give a set of 
‘single-valued continuous’ solutions for the three displacement components

, , ,

, ,

x y z

xy yz zx

u v w
x y z
u v v w w u
y x z y x z

ε ε ε

γ γ γ

∂ ∂ ∂
= = =
∂ ∂ ∂
∂ ∂ ∂ ∂ ∂ ∂

= + = + = +
∂ ∂ ∂ ∂ ∂ ∂

6 Relations between 6 Strain and 3 
Displacement : 

if we found displacement first, the compatibility equations are not required

xy
u v
y x

γ ∂ ∂
= +
∂ ∂

2

x y
∂
∂ ∂ 2 2

xy u v
x y x y y x
γ∂  ∂ ∂ ∂

= + ∂ ∂ ∂ ∂ ∂ ∂ 

from shearing-strain : 

2 2 2
xy u v

x y x y y x y x
γ∂  ∂ ∂ ∂ ∂ = +   ∂ ∂ ∂ ∂ ∂ ∂ ∂ ∂  

2 2 2

2 2
xy u v

x y y x x y
γ∂ ∂ ∂ ∂ ∂

= +
∂ ∂ ∂ ∂ ∂ ∂

u,v,w : single-valued 
continuous
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Compatibility Equation

!) in case of the displacement components are not to be found,  the compatibility equations must be satisfied

What is the compatibility equations ?

There must be some conditions to be imposed on the strain components in order that these six equations will give a set of 
‘single-valued continuous’ solutions for the three displacement components

, , ,

, ,

x y z

xy yz zx

u v w
x y z
u v v w w u
y x z y x z

ε ε ε

γ γ γ

∂ ∂ ∂
= = =
∂ ∂ ∂
∂ ∂ ∂ ∂ ∂ ∂

= + = + = +
∂ ∂ ∂ ∂ ∂ ∂

6 Relations between 6 Strain and 3 
Displacement : 

if we found displacement first, the compatibility equations are not required

from shearing-strain : 

2 2 2

2 2
xy u v

x y y x x y
γ∂ ∂ ∂ ∂ ∂

= +
∂ ∂ ∂ ∂ ∂ ∂

2 22

2 2
xy yx

x y y x
γ εε∂ ∂∂

= +
∂ ∂ ∂ ∂

2 22

2 2

2 22

2 2

y yzz

x zxz

z y y z

x z z x

ε γε

ε γε

∂ ∂∂
+ =

∂ ∂ ∂ ∂

∂ ∂∂
+ =

∂ ∂ ∂ ∂

in same way,

2 22

2 2
y xyx

y x x y
ε γε ∂ ∂∂

+ =
∂ ∂ ∂ ∂
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Compatibility Equation

!) in case of the displacement components are not to be found,  the compatibility equations must be satisfied

What is the compatibility equations ?

There must be some conditions to be imposed on the strain components in order that these six equations will give a set of 
‘single-valued continuous’ solutions for the three displacement components

, , ,

, ,

x y z

xy yz zx

u v w
x y z
u v v w w u
y x z y x z

ε ε ε

γ γ γ

∂ ∂ ∂
= = =
∂ ∂ ∂
∂ ∂ ∂ ∂ ∂ ∂

= + = + = +
∂ ∂ ∂ ∂ ∂ ∂

6 Relations between 6 Strain and 3 
Displacement : 

if we found displacement first, the compatibility equations are not required

zx
w u
x z

γ ∂ ∂
= +
∂ ∂

xy
u v
y x

γ ∂ ∂
= +
∂ ∂

from shearing-strain : 
2

x z
∂
∂ ∂ 2 2

xy u v
x z x z y x
γ∂  ∂ ∂ ∂

= + ∂ ∂ ∂ ∂ ∂ ∂ 
2 2

zx w u
y x y x x z
γ∂ ∂ ∂ ∂ = + ∂ ∂ ∂ ∂ ∂ ∂ 

2

y x
∂
∂ ∂
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Compatibility Equation

!) in case of the displacement components are not to be found,  the compatibility equations must be satisfied

What is the compatibility equations ?

There must be some conditions to be imposed on the strain components in order that these six equations will give a set of 
‘single-valued continuous’ solutions for the three displacement components

, , ,

, ,

x y z

xy yz zx

u v w
x y z
u v v w w u
y x z y x z

ε ε ε

γ γ γ

∂ ∂ ∂
= = =
∂ ∂ ∂
∂ ∂ ∂ ∂ ∂ ∂

= + = + = +
∂ ∂ ∂ ∂ ∂ ∂

6 Relations between 6 Strain and 3 
Displacement : 

if we found displacement first, the compatibility equations are not required

zx
w u
x z

γ ∂ ∂
= +
∂ ∂

xy
u v
y x

γ ∂ ∂
= +
∂ ∂

2

x z
∂
∂ ∂ 2 2

xy u v
x z x z y x
γ∂  ∂ ∂ ∂

= + ∂ ∂ ∂ ∂ ∂ ∂ 
2 2

zx w u
y x y x x z
γ∂ ∂ ∂ ∂ = + ∂ ∂ ∂ ∂ ∂ ∂ 

2

y x
∂
∂ ∂

+

2 2 2 2
xy zx u v w u

x z y x x z y x y x x z
γ γ∂  ∂ ∂ ∂ ∂ ∂ ∂ ∂ + = + + +  ∂ ∂ ∂ ∂ ∂ ∂ ∂ ∂ ∂ ∂ ∂ ∂  

from shearing-strain : 
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!) in case of the displacement components are not to be found,  the compatibility equations must be satisfied

What is the compatibility equations ?

There must be some conditions to be imposed on the strain components in order that these six equations will give a set of 
‘single-valued continuous’ solutions for the three displacement components

, , ,

, ,

x y z

xy yz zx

u v w
x y z
u v v w w u
y x z y x z

ε ε ε

γ γ γ

∂ ∂ ∂
= = =
∂ ∂ ∂
∂ ∂ ∂ ∂ ∂ ∂

= + = + = +
∂ ∂ ∂ ∂ ∂ ∂

6 Relations between 6 Strain and 3 
Displacement : 

if we found displacement first, the compatibility equations are not required

from shearing-strain : 

2 2 2 2
xy zx u v w u

x z y x x z y x y x x z
γ γ∂  ∂ ∂ ∂ ∂ ∂ ∂ ∂ + = + + +  ∂ ∂ ∂ ∂ ∂ ∂ ∂ ∂ ∂ ∂ ∂ ∂  

2 2 2 2u v w u
x z y x z x y x x y x z

 ∂ ∂ ∂ ∂ ∂ ∂ ∂ ∂     = + + +       ∂ ∂ ∂ ∂ ∂ ∂ ∂ ∂ ∂ ∂ ∂ ∂      

x y y x
 ∂ ∂ ∂ ∂ =   ∂ ∂ ∂ ∂  

u,v,w : single-valued 
continuous

2 u
y z x
∂ ∂
∂ ∂ ∂

2 u
y z x
∂ ∂
∂ ∂ ∂
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Compatibility Equation

!) in case of the displacement components are not to be found,  the compatibility equations must be satisfied

What is the compatibility equations ?

There must be some conditions to be imposed on the strain components in order that these six equations will give a set of 
‘single-valued continuous’ solutions for the three displacement components

, , ,

, ,

x y z

xy yz zx

u v w
x y z
u v v w w u
y x z y x z

ε ε ε

γ γ γ

∂ ∂ ∂
= = =
∂ ∂ ∂
∂ ∂ ∂ ∂ ∂ ∂

= + = + = +
∂ ∂ ∂ ∂ ∂ ∂

6 Relations between 6 Strain and 3 
Displacement : 

if we found displacement first, the compatibility equations are not required

from shearing-strain : 

2 2 2 2
xy zx u v w u

x z y x x z y x y x x z
γ γ∂  ∂ ∂ ∂ ∂ ∂ ∂ ∂ + = + + +  ∂ ∂ ∂ ∂ ∂ ∂ ∂ ∂ ∂ ∂ ∂ ∂  

2 2 2 2u v w u
x z y x z x y x x y x z

 ∂ ∂ ∂ ∂ ∂ ∂ ∂ ∂     = + + +       ∂ ∂ ∂ ∂ ∂ ∂ ∂ ∂ ∂ ∂ ∂ ∂      u,v,w : single-valued 
continuous

2 u
y z x
∂ ∂
∂ ∂ ∂

2

2

v
x z
∂ ∂ 

 ∂ ∂ 

z x x z
∂ ∂ ∂ ∂   =   ∂ ∂ ∂ ∂    2 u

y z x
∂ ∂
∂ ∂ ∂
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Compatibility Equation

!) in case of the displacement components are not to be found,  the compatibility equations must be satisfied

What is the compatibility equations ?

There must be some conditions to be imposed on the strain components in order that these six equations will give a set of 
‘single-valued continuous’ solutions for the three displacement components

, , ,

, ,

x y z

xy yz zx

u v w
x y z
u v v w w u
y x z y x z

ε ε ε

γ γ γ

∂ ∂ ∂
= = =
∂ ∂ ∂
∂ ∂ ∂ ∂ ∂ ∂

= + = + = +
∂ ∂ ∂ ∂ ∂ ∂

6 Relations between 6 Strain and 3 
Displacement : 

if we found displacement first, the compatibility equations are not required

2

2

w
x y
 ∂ ∂
 ∂ ∂ 

from shearing-strain : 

2 2 2 2
xy zx u v w u

x z y x x z y x y x x z
γ γ∂  ∂ ∂ ∂ ∂ ∂ ∂ ∂ + = + + +  ∂ ∂ ∂ ∂ ∂ ∂ ∂ ∂ ∂ ∂ ∂ ∂  

2 2 2 2u v w u
x z y x z x y x x y x z

 ∂ ∂ ∂ ∂ ∂ ∂ ∂ ∂     = + + +       ∂ ∂ ∂ ∂ ∂ ∂ ∂ ∂ ∂ ∂ ∂ ∂      u,v,w : single-valued 
continuous

2 u
y z x
∂ ∂
∂ ∂ ∂

2

2

v
x z
∂ ∂ 

 ∂ ∂ 

2 u
y z x
∂ ∂
∂ ∂ ∂

y x x y
 ∂ ∂ ∂ ∂  =   ∂ ∂ ∂ ∂   

68/ 253



Innovative Ship Design – Elasticity

SDAL@Advanced Ship Design Automation Lab.
http://asdal.snu.ac.kr

Seoul 
National
Univ.

Compatibility Equation

!) in case of the displacement components are not to be found,  the compatibility equations must be satisfied

What is the compatibility equations ?

There must be some conditions to be imposed on the strain components in order that these six equations will give a set of 
‘single-valued continuous’ solutions for the three displacement components

, , ,

, ,

x y z

xy yz zx

u v w
x y z
u v v w w u
y x z y x z

ε ε ε

γ γ γ

∂ ∂ ∂
= = =
∂ ∂ ∂
∂ ∂ ∂ ∂ ∂ ∂

= + = + = +
∂ ∂ ∂ ∂ ∂ ∂

6 Relations between 6 Strain and 3 
Displacement : 

if we found displacement first, the compatibility equations are not required

from shearing-strain : 

2 2 2 2
xy zx u v w u

x z y x x z y x y x x z
γ γ∂  ∂ ∂ ∂ ∂ ∂ ∂ ∂ + = + + +  ∂ ∂ ∂ ∂ ∂ ∂ ∂ ∂ ∂ ∂ ∂ ∂  

2 2 2 2u v w u
x z y x z x y x x y x z

 ∂ ∂ ∂ ∂ ∂ ∂ ∂ ∂     = + + +       ∂ ∂ ∂ ∂ ∂ ∂ ∂ ∂ ∂ ∂ ∂ ∂      
u,v,w : single-valued 

continuous

2 2 2 2 2 2

2 2
xy zx u v w u

x z y x y z x x z x y y z x
γ γ∂  ∂ ∂ ∂ ∂ ∂ ∂ ∂ ∂ ∂ + = + + +  ∂ ∂ ∂ ∂ ∂ ∂ ∂ ∂ ∂ ∂ ∂ ∂ ∂ ∂   
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Compatibility Equation

!) in case of the displacement components are not to be found,  the compatibility equations must be satisfied

What is the compatibility equations ?

There must be some conditions to be imposed on the strain components in order that these six equations will give a set of 
‘single-valued continuous’ solutions for the three displacement components

, , ,

, ,

x y z

xy yz zx

u v w
x y z
u v v w w u
y x z y x z

ε ε ε

γ γ γ

∂ ∂ ∂
= = =
∂ ∂ ∂
∂ ∂ ∂ ∂ ∂ ∂

= + = + = +
∂ ∂ ∂ ∂ ∂ ∂

6 Relations between 6 Strain and 3 
Displacement : 

if we found displacement first, the compatibility equations are not required

from shearing-strain : 
2 2 2 2 2 2

2 2
xy zx u v w u

x z y x y z x x z x y y z x
γ γ∂  ∂ ∂ ∂ ∂ ∂ ∂ ∂ ∂ ∂ + = + + +  ∂ ∂ ∂ ∂ ∂ ∂ ∂ ∂ ∂ ∂ ∂ ∂ ∂ ∂   

222 2

2 22 2 yzxu v w
y z x x z y y z x

γε ∂  ∂∂ ∂ ∂ ∂ ∂
= + + = + ∂ ∂ ∂ ∂ ∂ ∂ ∂ ∂ ∂ 

2 22 2

22xy yzzx x

x z y x y z x
γ γγ ε∂ ∂∂ ∂

+ = +
∂ ∂ ∂ ∂ ∂ ∂ ∂
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Compatibility Equation

!) in case of the displacement components are not to be found,  the compatibility equations must be satisfied

What is the compatibility equations ?

There must be some conditions to be imposed on the strain components in order that these six equations will give a set of 
‘single-valued continuous’ solutions for the three displacement components

, , ,

, ,

x y z

xy yz zx

u v w
x y z
u v v w w u
y x z y x z

ε ε ε

γ γ γ

∂ ∂ ∂
= = =
∂ ∂ ∂
∂ ∂ ∂ ∂ ∂ ∂

= + = + = +
∂ ∂ ∂ ∂ ∂ ∂

6 Relations between 6 Strain and 3 
Displacement : 

if we found displacement first, the compatibility equations are not required

from shearing-strain : 
2 22 2

22xy yzzx x

x z y x y z x
γ γγ ε∂ ∂∂ ∂

+ = +
∂ ∂ ∂ ∂ ∂ ∂ ∂

2

2 yz xyx zx

y z x x y z
γ γε γ∂ ∂ ∂ ∂ ∂

= − + + ∂ ∂ ∂ ∂ ∂ ∂ 
2

2

2

2

y yz xyzx

yz xyz zx

z x y x y z

x y z x y z

ε γ γγ

γ γε γ

∂ ∂ ∂ ∂ ∂
= − + ∂ ∂ ∂ ∂ ∂ ∂ 

∂ ∂ ∂ ∂ ∂
= + − ∂ ∂ ∂ ∂ ∂ ∂ 

in same way,
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Compatibility Equation

!) in case of the displacement components are not to be found,  the compatibility equations must be satisfied

What is the compatibility equations ?

There must be some conditions to be imposed on the strain components in order that these six equations will give a set of 
‘single-valued continuous’ solutions for the three displacement components

, , ,

, ,

x y z

xy yz zx

u v w
x y z
u v v w w u
y x z y x z

ε ε ε

γ γ γ

∂ ∂ ∂
= = =
∂ ∂ ∂
∂ ∂ ∂ ∂ ∂ ∂

= + = + = +
∂ ∂ ∂ ∂ ∂ ∂

6 Relations between 6 Strain and 3 
Displacement : 

if we found displacement first, the compatibility equations are not required

2

2 yz xyx zx

y z x x y z
γ γε γ∂ ∂ ∂ ∂ ∂

= − + + ∂ ∂ ∂ ∂ ∂ ∂ 
2

2

2

2

y yz xyzx

yz xyz zx

z x y x y z

x y z x y z

ε γ γγ

γ γε γ

∂ ∂ ∂ ∂ ∂
= − + ∂ ∂ ∂ ∂ ∂ ∂ 

∂ ∂ ∂ ∂ ∂
= + − ∂ ∂ ∂ ∂ ∂ ∂ 

2 22

2 2

2 22

2 2

y yzz

x zxz

z y y z

x z z x

ε γε

ε γε

∂ ∂∂
+ =

∂ ∂ ∂ ∂

∂ ∂∂
+ =

∂ ∂ ∂ ∂

2 22

2 2
y xyx

y x x y
ε γε ∂ ∂∂

+ =
∂ ∂ ∂ ∂

compatibility equations 

or
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Compatibility Equation

2

2 yz xyx zx

y z x x y z
γ γε γ∂ ∂ ∂ ∂ ∂

= − + + ∂ ∂ ∂ ∂ ∂ ∂ 
2

2

2

2

y yz xyzx

yz xyz zx

z x y x y z

x y z x y z

ε γ γγ

γ γε γ

∂ ∂ ∂ ∂ ∂
= − + ∂ ∂ ∂ ∂ ∂ ∂ 

∂ ∂ ∂ ∂ ∂
= + − ∂ ∂ ∂ ∂ ∂ ∂ 

2 22

2 2

2 22

2 2

y yzz

x zxz

z y y z

x z z x

ε γε

ε γε

∂ ∂∂
+ =

∂ ∂ ∂ ∂

∂ ∂∂
+ =

∂ ∂ ∂ ∂

2 22

2 2
y xyx

y x x y
ε γε ∂ ∂∂

+ =
∂ ∂ ∂ ∂

compatibility equations
six equations?

, , ,

, ,

x y z

xy yz zx

u v w
x y z
u v v w w u
y x z y x z

ε ε ε

γ γ γ

∂ ∂ ∂
= = =
∂ ∂ ∂
∂ ∂ ∂ ∂ ∂ ∂

= + = + = +
∂ ∂ ∂ ∂ ∂ ∂

6 Relations between 6 Strain and 3 
Displacement : 

this system of equations does not, in 
general, possess a solution for u,v and w 
unless the six strain components are 
somehow related….

the strain components must satisfy these 
expressions in order that solutions for the 
displacement components exist….

2

2z
∂
∂

4 44

2 2 2 2 2
y xyx

z y z x z x y
ε γε ∂ ∂∂

+ =
∂ ∂ ∂ ∂ ∂ ∂ ∂ 1

2

2x
∂
∂

4 44

2 2 2 2 2
x zxz

y x y z y z x
ε γε ∂ ∂∂

+ =
∂ ∂ ∂ ∂ ∂ ∂ ∂

2

2y
∂
∂

4 44

2 2 2 2 2
y yzz

x z x y x y z
ε γε∂ ∂∂

+ =
∂ ∂ ∂ ∂ ∂ ∂ ∂ 2

3

4 44 4

2 2 2 2 22 yz xyx zx

y z x y z x y z x y z
γ γε γ∂ ∂∂ ∂

= − + +
∂ ∂ ∂ ∂ ∂ ∂ ∂ ∂ ∂ ∂ ∂

2

y z
∂
∂ ∂

A

4

2 2 2 2 22 yz xyzxz

x y x y z x y z x y z
γ γγε ∂ ∂∂∂

= + −
∂ ∂ ∂ ∂ ∂ ∂ ∂ ∂ ∂ ∂ ∂

2

z x
∂
∂ ∂

4 4 44

2 2 2 2 2 22 y yz xyzx

z x x y z x y z x y z
ε γ γγ∂ ∂ ∂∂

= − +
∂ ∂ ∂ ∂ ∂ ∂ ∂ ∂ ∂ ∂ ∂2

x y
∂
∂ ∂

B

C

=   +   -A

B

C

1 23

=   +   -12 3

=   +   - 123

Although six compatibility equations are 
written, they are equivalent to three 
independent fourth-order equations…

It is usually more convenient, however, to 
use the six second-order equations rather 
than three fourth-order equations.*

A

B

C

2

3

1

equivalent set

Chou, P.C., Elasticity, Van Nostard Company, 1967, p39-41* 73/ 253
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Transformation of Stress
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Specification of Stress At a Point (xy axis)

x

y

Oyxτ

yσ

x

y

O

yxτ

xσ

, ,x y xyσ σ τ at OGiven:

Specification of Stress at a Point

Stress within a body is completely determined when we 
know the values of the six stress components at each 
point

x

y

O x

y

O

xσ ′

x yτ ′ ′

, ,x y x yσ σ τ′ ′ ′ ′ at OFind:

x′

y′

x′

y′

yσ ′

x yτ ′ ′
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α

Specification of Stress At a Point (xy axis)

Direction Cosine
cos cos ,Nx lα = = cos(90 ) cos Ny mα− = =

Area on BC = A

,OCArea Al= ,OBArea Am=

Stress on BC
X : Stress along x axis Y : Stress along y axis

x

y

Oyxτ

yσ

x

y

O

yxτ

xσ

x

y

O x

y

O

xσ ′

x yτ ′ ′

, ,x y xyσ σ τ at OGiven:

, ,x y x yσ σ τ′ ′ ′ ′ at OFind:

x′

y′

x′

y′

yσ ′

x yτ ′ ′

Stress-Strain Relation

x

y

O B

C

dx

dy

y ydσ σ+yx yxdτ τ+
yx yxdτ τ+

N
x′

y′
x xdσ σ+

α

X dX+

Y dY+

X

Y

dh
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α

Specification of Stress At a Point (xy axis)

Direction Cosine
cos cos ,Nx lα = =

x

y

O B

C

dx

dy

y ydσ σ+yx yxdτ τ+
yx yxdτ τ+

N
x′

y′
x xdσ σ+

cos(90 ) cos Ny mα− = =

Area on BC = A

,OCArea Al= ,OBArea Am=

Stress on BC
X : Stress along x axis Y : Stress along y axis

α

X dX+

Y dY+

X

Y

dh

, (1)x xy xy yX l m Y l mσ τ τ σ∴ = + = + 

0dh →Divided by A,

( ) ( ) ( ) 1 0
2y y y xy xyF Y dY A d Am d Al Y Adhσ σ τ τ  = + − + − + − = 

 
∑

( ) ( ) ( ) 1 0
2x x x xy xyF X dX A d Al d Am X Adhσ σ τ τ  = + − + − + − = 

 
∑

Considering the forces for OBC in equilibrium

x

y

Oyxτ

yσ

x

y

O

yxτ

xσ

, ,x y xyσ σ τ at OGiven:

( ) ( ) ( ) 1 0
2y y xy xyY dY d m d l Y dhσ σ τ τ  + − + − + − = 

 

( ) ( ) ( ) 1 0
2x x xy xyX dX d l d m X dhσ σ τ τ  + − + − + − = 

 

Stress-Strain Relation

A
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Specification of Stress At a Point (xy axis)

Direction Cosine
cos cos ,Nx lα = =

x

y

O

x′

y′

cos(90 ) cos Ny mα− = =

Stress on BC
X : Stress along x axis Y : Stress along y axis

α

X

Y

x

y

Oyxτ

yσ

x

y

O

yxτ

xσ

, ,x y xyσ σ τ at OGiven:

, (1)x xy xy yX l m Y l mσ τ τ σ= + = + 

mY+
α

x′ x′

O

y′

X

Y

α

From force equilibrium

Stress-Strain Relation

lXxσ ′ =
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Specification of Stress At a Point (xy axis)

Direction Cosine
cos cos ,Nx lα = =

x

y

O

x′

y′

cos(90 ) cos Ny mα− = =

Stress on BC
X : Stress along x axis Y : Stress along y axis

α

X

Y

x

y

Oyxτ

yσ

x

y

O

yxτ

xσ

, ,x y xyσ σ τ at OGiven:

x′ x′

O

y′
α

X

Y

x lX mYσ ′ = +

x yτ ′ ′ =

X−

α

, (1)x xy xy yX l m Y l mσ τ τ σ= + = + 

From force equilibrium

Stress-Strain Relation

mX−lY
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Specification of Stress At a Point (xy axis)

Direction Cosine
cos cos ,Nx lα = = cos(90 ) cos Ny mα− = =

Stress on BC
X : Stress along x axis Y : Stress along y axis

x

y

Oyxτ

yσ

x

y

O

yxτ

xσ

, ,x y xyσ σ τ at OGiven:

x lX mYσ ′ = + x y lY mXτ ′ ′ = −

Using (1)

x lX mYσ ′ = +

( ) ( )xy y x xyl l m m l mτ σ σ τ= + − +

, (1)x xy xy yX l m Y l mσ τ τ σ= + = + 

From force equilibrium

x′ x′

O

y′

X

Y

X−

α
α

Stress-Strain Relation

2 2 2x y xyl m lmσ σ τ= + +

( ) ( )x xy xy yl l m m l mσ τ τ σ= + + +

x y lY mXτ ′ ′ = −

( ) ( )2 2
xy y xl m lmτ σ σ= − + −

Using (1)
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Specification of Stress At a Point (xy axis)

x

y

Oyxτ

yσ

x

y

O

yxτ

xσ

, ,x y xyσ σ τ at OGiven:

( ) ( )

2 2

2 2

2x x y xy

x y xy y x

l m lm

l m lm

σ σ σ τ

τ τ σ σ

′

′ ′

∴ = + +

= − + −

x

y

O x

y

O

xσ ′

x yτ ′ ′

, ,x y x yσ σ τ′ ′ ′ ′ at OFind:

x′

y′

x′

y′

yσ ′

x yτ ′ ′

, (2)x x ylX mY lY mXσ τ′ ′ ′= + = − 

, (1)x xy xy yX l m Y l mσ τ τ σ= + = + 

From force equilibrium

From relation between           and           axis ,X Y ,x y′ ′

x

y

O B

C

dx

dy

y ydσ σ+yx yxdτ τ+
yx yxdτ τ+

x xdσ σ+

N

α

X dX+

Y dY+

x′

y′ α

X

Y

dh

x′

x′

O

y′

X

Y

X−

α
α

Direction Cosine
cos cos ,Nx lα = = cos(90 ) cos Ny mα− = =

Stress-Strain Relation
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Specification of Stress At a Point (xy axis)

x

y

Oyxτ

yσ

x

y

O

yxτ

xσ

, ,x y xyσ σ τ at OGiven:

x

y

O x

y

O

xσ ′

x yτ ′ ′

, ,x y x yσ σ τ′ ′ ′ ′ at OFind:

x′

y′

x′

y′

yσ ′

x yτ ′ ′

Stress at point O about x’y’ frame expresses in 
terms of stress about xy frame at the same point

( ) ( )

2 2

2 2

2x x y xy

x y xy y x

l m lm

l m lm

σ σ σ τ

τ τ σ σ

′

′ ′

∴ = + +

= − + −

, (2)x x ylX mY lY mXσ τ′ ′ ′= + = − 

, (1)x xy xy yX l m Y l mσ τ τ σ= + = + 

From force equilibrium

From relation between           and           axis ,X Y ,x y′ ′

Direction Cosine
cos cos ,Nx lα = = cos(90 ) cos Ny mα− = =

Extend to 3-Dimension

Stress-Strain Relation
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o

Specification of Stress At a Point (xyz axis)

x

y

z

, , , , ,x y z xy yz zxσ σ σ τ τ τ at OGiven:

o

y

z

x′

y′

z′

x
o x

y

z

x′

y′

z′

X dX+

Y dY+

Z dZ+

o x

y

z

x′

y′

z′

X dX+x xdσ σ+

zx zxdτ τ+

yx yxdτ τ+

, , , , ,x y z x y y z z xσ σ σ τ τ τ′ ′ ′ ′ ′ ′ ′ ′ ′ at OFind:

Stress in x-direction :

a

b

c

a

b

c

a

b

c

a

b

c

1
2

X Adh 
 
 

,X dX on abc+ ∆

,x xd on obcσ σ+ ∆

yx yxd on ocaτ τ+ ∆

zx zxd on oabτ τ+ ∆

Body force  in x-direction :

Area : abc A∆ =

d

b

d

x′

y
α

α

1cos cos x y mα ′= =

o

1cosoca abc Amα∆ = ∆ ⋅ =

In same way,
1

1

cos
cos

obc abc x x Al
oab abc x z An

′∆ = ∆ ⋅ =
′∆ = ∆ ⋅ =

dh

Stress-Strain Relation
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( ) ( ) ( ) ( )1 1 1
1 0
2x x yx yx zx zxX dX d l d m d n X dhσ σ τ τ τ τ  + − + − + − + − = 

 

Specification of Stress At a Point (xyz axis)
, , , , ,x y z xy yz zxσ σ σ τ τ τ at OGiven:

o x

y

z

x′

y′

z′

X dX+x xdσ σ+

zx zxdτ τ+

yx yxdτ τ+

, , , , ,x y z x y y z z xσ σ σ τ τ τ′ ′ ′ ′ ′ ′ ′ ′ ′ at OFind:

Stress in x-direction :

a

b

c

1
2

X Adh 
 
 

,X dX on abc+ ∆

,x xd on obcσ σ+ ∆

,yx yxd on ocaτ τ+ ∆

,zx zxd on oabτ τ+ ∆

Body force  in x-direction :

abc A∆ =

d

1oca Am∆ =

1obc Al∆ =

( ) ( ) ( ) ( )1 1 1
1 0
2x x x yx yx zx zxF X dX A d Al d Am d An X Adhσ σ τ τ τ τ  = + − + − + − + − = 

 
∑

Force Equilibrium Equation in x-direction

1oab An∆ =

0dh →Divided by A,

b

d

x′

y

o
dh

1 1 1x yx zxX l m nσ τ τ∴ = + +

In same way, 2 2 2yx x yzY l m nτ σ τ= + +

3 3 3zx yz xZ l m nτ τ σ= + +
1

2

)
cos

cos

ex
l x x
m y y

′=
′=

Directional Cosine
x y z

x′
y′
z′

1l 1m 1n
2l 2m 2n
3l 3m 3n

Stress-Strain Relation
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Specification of Stress At a Point (xyz axis)
, , , , ,x y z xy yz zxσ σ σ τ τ τ at OGiven: , , , , ,x y z x y y z z xσ σ σ τ τ τ′ ′ ′ ′ ′ ′ ′ ′ ′ at OFind:

o x

y

z

x′

y′

z′

X dX+x xdσ σ+

zx zxdτ τ+

yx yxdτ τ+

a

b

c d

1 1 1

2 2 2

3 3 3

(1)
x yx zx

yx x yz

zx yz x

X l m n

Y l m n

Z l m n

σ τ τ

τ σ τ

τ τ σ

= + +

= + +

= + +



From force equilibrium

1

2

)
cos

cos

ex
l x x
m y y

′=
′=

Directional Cosine
x y z

x′
y′
z′

1l 1m 1n
2l 2m 2n
3l 3m 3n

o x

y

z

x′

y′

z′

X dX+

Y dY+

Z dZ+
a

b

c
X

Y

Z

From relation between                 and       axis , ,X Y Z x′

1 1 1 1x l X m Y n Zσ ′∴ = + +

x′

α

β

γ
o

In same way, 

1

1

cos cos cos
cos cos cos

x X Y Z
X xx Y yx Z zx

σ α β γ′ = + +

′ ′ ′= + +

2 2 2x y l X m Y n Zτ ′ ′ = + +

Stress-Strain Relation
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Specification of Stress At a Point (xyz axis)
, , , , ,x y z xy yz zxσ σ σ τ τ τ at OGiven: , , , , ,x y z x y y z z xσ σ σ τ τ τ′ ′ ′ ′ ′ ′ ′ ′ ′ at OFind:

o x

y

z

x′

y′

z′

X dX+x xdσ σ+

zx zxdτ τ+

yx yxdτ τ+

a

b

c d

1 1 1

2 2 2

3 3 3

(1)
x yx zx

yx x yz

zx yz x

X l m n

Y l m n

Z l m n

σ τ τ

τ σ τ

τ τ σ

= + +

= + +

= + +



From force equilibrium

1

2

)
cos

cos

ex
l x x
m y y

′=
′=

Directional Cosine
x y z

x′
y′
z′

1l 1m 1n
2l 2m 2n
3l 3m 3n

o x

y

z

x′

y′

z′

X dX+

Y dY+

Z dZ+
a

b

c

From relation between                 and       axis , ,X Y Z x′

1 1 1 1x l X m Y n Zσ ′ = + +

X

Y

Z

x′

α

β

γ
o

2 2 2x y l X m Y n Zτ ′ ′ = + +

1 1 1 1

1 2 2 2

1 3 3 3

( )

( )

( )

x x yx zx

yx x yz

zx yz x

l l m n
m l m n
n l m n

σ σ τ τ

τ σ τ

τ τ σ

′ = + +

+ + +

+ + +

Using (1)

2 2 2
1 1 1 1 1 1 1 1 12 2 2x x y z xy yz zyl m n l m m n n lσ σ σ σ τ τ τ′∴ = + + + + +

( ) ( ) ( )1 2 1 2 1 2 1 2 1 2 1 2 1 2 1 2 1 2x y x y z xy yz zxl l m m n n l m m l m n n m n l l nτ σ σ σ τ τ τ′ ′ = + + + + + + + +

( )
( )
( )

2 1 1 1

2 1 1 1

2 1 1 1

x y x xy zx

xy y yz

zx yz z

l l m n

m l m n

n l m n

τ σ τ τ

τ σ τ

τ τ σ

′ ′ = + +

+ + +

+ + +

Stress at point O about x’y’z’ frame expresses in terms of stress about xyz frame at the same point

Stress-Strain Relation
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Specification of Stress At a Point (xyz axis)
, , , , ,x y z xy yz zxσ σ σ τ τ τ at OGiven: , , , , ,x y z x y y z z xσ σ σ τ τ τ′ ′ ′ ′ ′ ′ ′ ′ ′ at OFind:

1 1 1

2 2 2

3 3 3

(1)
x yx zx

yx x yz

zx yz x

X l m n

Y l m n

Z l m n

σ τ τ

τ σ τ

τ τ σ

= + +

= + +

= + +



From force equilibrium

1

2

)
cos

cos

ex
l x x
m y y

′=
′=

Directional Cosine
x y z

x′
y′
z′

1l 1m 1n
2l 2m 2n
3l 3m 3n

From relation between                 and       axis , ,X Y Z x′

1 1 1 1x l X m Y n Zσ ′ = + + 2 2 2 (2)x y l X m Y n Zτ ′ ′ = + + 

2 2 2
1 1 1 1 1 1 1 1 12 2 2x x y z xy yz zyl m n l m m n n lσ σ σ σ τ τ τ′∴ = + + + + +

( ) ( ) ( )1 2 1 2 1 2 1 2 1 2 1 2 1 2 1 2 1 2x y x y z xy yz zxl l m m n n l m m l m n n m n l l nτ σ σ σ τ τ τ′ ′ = + + + + + + + +

Stress at point O about x’y’z’ frame expresses in terms of stress about xyz frame at the same point

o x

y

z

x′

y′

z′

X dX+

Y dY+

Z dZ+
a

b

c

2 2 2
2 2 2 2 2 2 2 2 22 2 2y x y z xy yz xzl m n l m m n n lσ σ σ σ τ τ τ′ = + + + + +
2 2 2

3 3 3 3 3 3 3 3 32 2 2z x y z xy yz zxl m n l m m n n lσ σ σ σ τ τ τ′ = + + + + +

( ) ( ) ( )2 3 2 3 2 3 2 3 2 3 2 3 2 3 2 3 2 3y z x y z xy yz zxl l m m n n l m m l m n n m n l l nτ σ σ σ τ τ τ′ ′ = + + + + + + + +

( ) ( ) ( )3 1 3 1 3 1 3 1 3 1 3 1 3 1 3 1 3 1z x x y z xy yz zxl l m m n n l m m l m n n m n l l nτ σ σ σ τ τ τ′ ′ = + + + + + + + +

In same way, 
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Specification of Stress At a Point (xyz axis)
, , , , ,x y z xy yz zxσ σ σ τ τ τ at OGiven: , , , , ,x y z x y y z z xσ σ σ τ τ τ′ ′ ′ ′ ′ ′ ′ ′ ′ at OFind:

1

2

)
cos

cos

ex
l x x
m y y

′=
′=

Directional Cosine
x y z

x′
y′
z′

1l 1m 1n
2l 2m 2n
3l 3m 3n

2 2 2
1 1 1 1 1 1 1 1 12 2 2x x y z xy yz zxl m n l m m n n lσ σ σ σ τ τ τ′ = + + + + +

( ) ( ) ( )1 2 1 2 1 2 1 2 1 2 1 2 1 2 1 2 1 2x y x y z xy yz zxl l m m n n l m m l m n n m n l l nτ σ σ σ τ τ τ′ ′ = + + + + + + + +

2 2 2
2 2 2 2 2 2 2 2 22 2 2y x y z xy yz zxl m n l m m n n lσ σ σ σ τ τ τ′ = + + + + +

2 2 2
3 3 3 3 3 3 3 3 32 2 2z x y z xy yz zxl m n l m m n n lσ σ σ σ τ τ τ′ = + + + + +

( ) ( ) ( )2 3 2 3 2 3 2 3 2 3 2 3 2 3 2 3 2 3y z x y z xy yz zxl l m m n n l m m l m n n m n l l nτ σ σ σ τ τ τ′ ′ = + + + + + + + +

( ) ( ) ( )3 1 3 1 3 1 3 1 3 1 3 1 3 1 3 1 3 1z x x y z xy yz zxl l m m n n l m m l m n n m n l l nτ σ σ σ τ τ τ′ ′ = + + + + + + + +

Stress at point O about x’y’z’ frame expresses in terms of stress about xyz frame at the same point
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Specification of Stress At a Point (xyz axis)

1

2

)
cos

cos

ex
l x x
m y y

′=
′=

Directional Cosine

x y z

x′

y′

z′

1 1cosl α= 1 1cosm β= 1 1cosn γ=

2 2cosl α= 2 2cosm β= 2 2cosn γ=

3 3cosl α=
3 3cosm β= 3 3cosn γ=

Property of Directional Cosine

x

y

z

1α

1β

1γ

a

1 2 3( , , )a a a=a

1( ,0,0)a

2(0, ,0)a

3(0,0, )a
1 1

2 1

3 1

cos

cos

cos

a

a

a

α

β

γ

=

=

=

a

a

a

x′

cos

cos

cos

x x

x y

x z

′=

′=

′=

a

a

a

1

1

1

l

m

n

=

=

=

a

a

a

1 1

1 2

1 3

/

/

/

l a

m a

n a

=

=

=

a

a

a

1 2 3 1 1 1
1 ( , , ) ( , , )a a a l m n= =

a
a a

Unit tangent vector of 

Length of Unit 

Tangent vector :
1=a

a
2 2 2

1 1 1 1l m n∴ + + =

In same way,

2 2 2
2 2 2 1l m n+ + =
2 2 2
3 3 3 1l m n+ + =

1 2 3 2 2 2
1 ( , , ) ( , , )b b b l m n= =

b
b b

x′

Unit tangent vector of        : y′

1 2 3 3 3 3
1 ( , , ) ( , , )c c c l m n= =

c
c cUnit tangent vector of        : z′

Since x’,y’,z’ are orthogonal

1 2 1 2 1 2 0l l m m n n+ + =

2 3 2 3 2 3 0l l m m n n+ + =

3 1 3 1 3 1 0l l m m n n+ + =

1 1 1 2 2 2( , , ) ( , , ) 0l m n l m n =

2 2 2 3 3 3( , , ) ( , , ) 0l m n l m n =

3 3 3 1 1 1( , , ) ( , , ) 0l m n l m n =
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Specification of Stress At a Point (xyz axis)

1

2

)
cos

cos

ex
l x x
m y y

′=
′=

Directional Cosine

x y z

x′

y′

z′

1 1cosl α= 1 1cosm β= 1 1cosn γ=

2 2cosl α= 2 2cosm β= 2 2cosn γ=

3 3cosl α=
3 3cosm β= 3 3cosn γ=

Property of Directional Cosine

x′

y′

z′

1α

3α

2α

a

1 2 3( , , )a a a=a   

1( ,0,0)a

2(0, ,0)a

3(0,0, )a
1 1

2 2

3 3

cos

cos

cos

a

a

a

α

α

α

=

=

=

a

a

a







x

cos

cos

cos

xx

xy

xz

′=

′=

′=

a

a

a







1

2

3

l

l

l

=

=

=

a

a

a







1 1

1 2

1 3

/

/

/

l a

m a

n a

=

=

=

a

a

a







In reverse

1 2 3 1 2 3
1 ( , , ) ( , , )a a a l l l= =

a
a a


  

 

Unit tangent vector of 

Length of Unit 

Tangent vector :
1=a

a
2 2 2

1 2 3 1l l l∴ + + =

In same way,

2 2 2
1 2 3 1m m m+ + =

2 2 2
1 2 3 1n n n+ + =

x

1 2 3 1 2 3
1 ( , , ) ( , , )b b b m m m= =

b
b b



  

 

Unit tangent vector of        : y

1 2 3 1 2 3
1 ( , , ) ( , , )c c c n n n= =

c
c c


  

 

Unit tangent vector of        : z

Since x,y,z are orthogonal

1 1 2 2 3 3 0l m l m l m+ + =

1 1 2 2 3 3 0m n m n m n+ + =

1 1 2 2 3 3 0n l n l n l+ + =

1 2 3 1 2 3( , , ) ( , , ) 0l l l m m m =

1 2 3 1 2 3( , , ) ( , , ) 0m m m n n n =

1 2 3 1 2 3( , , ) ( , , ) 0n n n l l l =
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Specification of Stress At a Point (xyz axis)
, , , , ,x y z xy yz zxσ σ σ τ τ τ at OGiven: , , , , ,x y z x y y z z xσ σ σ τ τ τ′ ′ ′ ′ ′ ′ ′ ′ ′ at OFind:

Directional Cosine
x y z

x′
y′
z′

1l 1m 1n
2l 2m 2n
3l 3m 3n

2 2 2
1 1 1 1 1 1 1 1 12 2 2x x y z xy yz zxl m n l m m n n lσ σ σ σ τ τ τ′ = + + + + +

( ) ( ) ( )1 2 1 2 1 2 1 2 1 2 1 2 1 2 1 2 1 2x y x y z xy yz zxl l m m n n l m m l m n n m n l l nτ σ σ σ τ τ τ′ ′ = + + + + + + + +

2 2 2
2 2 2 2 2 2 2 2 22 2 2y x y z xy yz zxl m n l m m n n lσ σ σ σ τ τ τ′ = + + + + +
2 2 2

3 3 3 3 3 3 3 3 32 2 2z x y z xy yz zxl m n l m m n n lσ σ σ σ τ τ τ′ = + + + + +

( ) ( ) ( )2 3 2 3 2 3 2 3 2 3 2 3 2 3 2 3 2 3y z x y z xy yz zxl l m m n n l m m l m n n m n l l nτ σ σ σ τ τ τ′ ′ = + + + + + + + +

( ) ( ) ( )3 1 3 1 3 1 3 1 3 1 3 1 3 1 3 1 3 1z x x y z xy yz zxl l m m n n l m m l m n n m n l l nτ σ σ σ τ τ τ′ ′ = + + + + + + + +

Stress at point O about x’y’z’ frame expresses in terms of stress about xyz frame at the same point

2 2 2
1 1 1
2 2 2
2 2 2
2 2 2
3 3 3

1 2 1 2 1 2

2 3 2 3 2 3

3 1 3 1 3 1

1

1

1
0
0

0

l m n
l m n
l m n
l l m m n n
l l m m n n
l l m m n n

+ + =

+ + =

+ + =
+ + =
+ + =
+ + =

2 2 2
1 2 3

2 2 2
1 2 3
2 2 2
1 2 3

1 1 2 2 3 3

1 1 2 2 3 3

1 1 2 2 3 3

1

1

1
0

0
0

l l l

m m m

n n n
l m l m l m
m n m n m n
n l n l n l

+ + =

+ + =

+ + =
+ + =
+ + =
+ + =

The quantity                       is invariant with respect to orthogonal 
transformations of coordinates 

Invariant Equation
2 2 2

1 1 1 1 1 1 1 1 1

2 2 2
2 2 2 2 2 2 2 2 2

2 2 2
3 3 3 3 3 3 3 3 3

2 2 2

2 2 2

2 2 2

x y z x y z xy yz zy

x y z xy yz xz

x y z xy yz zx

l m n l m m n n l

l m n l m m n n l

l m n l m m n n l

σ σ σ σ σ σ τ τ τ

σ σ σ τ τ τ

σ σ σ τ τ τ

′ ′ ′+ + = + + + + +

+ + + + + +

+ + + + + +

( ) ( ) ( ) ( ) ( ) ( )1 1 1 2 0 2 0 2 0x y z xy yz xz

x y z

σ σ σ τ τ τ

σ σ σ

= + + + + +

= + +

x y zσ σ σ+ +
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Transformation Equations for Plane Stress

2 2 2
1 1 1 1 1 1 1 1 12 2 2x x y z xy yz zyl m n l m m n n lσ σ σ σ τ τ τ′ = + + + + +

( ) ( ) ( )1 2 1 2 1 2 1 2 1 2 1 2 1 2 1 2 1 2x y x y z xy yz zxl l m m n n l m m l m n n m n l l nτ σ σ σ τ τ τ′ ′ = + + + + + + + +

Plane Stress :                    and        are independent of     and the other components are zero

the body force X and Y are independent of       and  Z  is zero

, , ,x y xy yxσ σ τ τ z

z

Directional Cosine
x y z

x′
y′
z′

1l 1m 1n
2l 2m 2n
3l 3m 3n

x

y

O

x′

y′ α

1

1

2

2

cos cos
cos cos cos(90 ) sin
cos cos
cos cos(90 ) sin

xx l
yx m
yy m
xy l

α
β α α
α

α α

′ = =
′ = = = − =
′ = =
′ = = + = −

β

α

2 2
1 1 1 12x x y xyl m l mσ σ σ τ′ = + +

( )1 2 1 2 1 2 1 2x y x y xyl l m m l m m lτ σ σ τ′ ′ = + + +

2 2cos sin 2 sin cosx y xyσ α σ α τ α α= + +
2 2cos sin sin cos (cos sin )x y xyσ α α σ α α α α τ= − + + −
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Transformation Equations for Plane Stress
Plane Stress :                    and        are independent of     and the other components are zero

the body force X and Y are independent of       and  Z  is zero

, , ,x y xy yxσ σ τ τ z

z
2 2

1 1 1 12x x y xyl m l mσ σ σ τ′ = + +

( )1 2 1 2 1 2 1 2x y x y xyl l m m l m m lτ σ σ τ′ ′ = + + +

2 2cos sin 2 sin cosx y xyσ α σ α τ α α= + +
2 2cos sin sin cos (cos sin )x y xyσ α α σ α α α α τ= − + + −

2 2cos sin 2 sin cosx x y xyσ σ α σ α τ α α′ = + +

22 2 2
2 tan sin 1 cos sintan 2 2

1 tan cos cos sinsin1
cos

α α α αα
α α α αα

α

 = = = − −   −  
 

2 2 2 2

2

2

cos 2 cos cos sin sin
cos sin cos (1 cos )

1 2cos
1cos (1 cos 2 )
2

α α α α α

α α α α

α

α α

= −

= − = − −

= − +

= +
( ) ( )1 cos 2 1 cos 2

sin 2
2 2x y xy

α α
σ σ τ α

+ −
= + +

cos 2 sin 2
2 2

x y x y
xy

σ σ σ σ
α τ α

+ −
= + +

sin 2 sin cos cos sin 2sin cos
1sin cos sin 2
2

α α α α α α α

α α α

= + =

=

2 2 2 2

2

2

cos 2 cos cos sin sin
cos sin (1 sin ) sin
1 2sin
1sin (1 cos 2 )
2

α α α α α

α α α α

α

α α

= −

= − = − −

= −

= −( ) ( )2 2cos sin sin cosx y xy y xτ τ α α σ σ α α′ ′ = − + −

( )1 cos 2 1 cos 2 sin 2
2 2 2

x y
xy

σ σα ατ α
−+ − = − − 

 

( )
sin 2 cos 2

2
x y

xy

σ σ
α τ α

−
= − +
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Transformation Equations for Plane Stress
Plane Stress :                    and        are independent of     and the other components are zero

the body force X and Y are independent of       and  Z  is zero

, , ,x y xy yxσ σ τ τ z

z
2 2

1 1 1 12x x y xyl m l mσ σ σ τ′ = + +

( )1 2 1 2 1 2 1 2x y x y xyl l m m l m m lτ σ σ τ′ ′ = + + +

2 2cos sin 2 sin cosx y xyσ α σ α τ α α= + +
2 2cos sin sin cos (cos sin )x y xyσ α α σ α α α α τ= − + + −

cos 2 sin 2
2 2

x y x y
x xy

σ σ σ σ
σ α τ α′

+ −
= + +

( )
sin 2 cos 2

2
x y

x y xy

σ σ
τ α τ α′ ′

−
= − +

Transformation Equations for Plane Stress

Stress in beam of rectangular cross section*
(a) Simple beam with points A,B,C,D, and E
(b) Normal and shear stresses acting on 

stress elements at point A,B,C,D, and E
(c) Principal stress at point A,B,C,D, and E

*Gere J.M., Mechanics of materials, 6th Edition, International Student Edition, 2006, p557

Stress at point O about x’y’z’ frame expresses in 
terms of stress about xyz frame at the same point
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Principal Direction & Principle Stress
Plane Stress :                    and        are independent of     and the other components are zero

the body force X and Y are independent of       and  Z  is zero

, , ,x y xy yxσ σ τ τ z

z

cos 2 sin 2
2 2

x y x y
x xy

σ σ σ σ
σ α τ α′

+ −
= + +

( )
sin 2 cos 2

2
x y

x y xy

σ σ
τ α τ α′ ′

−
= − +

Transformation Equations for Plane Stress

( ) ( ) 2 22cos sin 2 cos 2 2cos sin 2 (cos sin )x
y x xy y x xy

σ σ σ α α τ α σ σ α α τ α α
α

′∂
= − + = − + −

∂

2 2

22cos sin
cos sin

xy

x y

τα α
α α σ σ

=
− −

From the differential calculus, we could obtain Min. or Max value in condition  ' 0xσ
α

∂
=

∂

principal angle

* James M.Gere, Mechanics of materials, 6th Edition, International Student Edition, 2006, p474-476

principal stress* : the maximum and minimum normal stresses, called the principal stresses, 
can be found from the transformation equation for the normal stress

( ) 2 22cos sin 2 (cos sin ) 0y x xyσ σ α α τ α α∴ − + − =

2

22 tan
1 tan

xy

x y

τα
α σ σ
=

− −

2
tan 2 xy

x y

τ
α

σ σ
=

−

21 arctan
2

xy

x y

τ
α

σ σ
 

=   − 
xσ ′ is maximum or minimum at
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Principal Direction & Principle Stress
Plane Stress :                    and        are independent of     and the other components are zero

the body force X and Y are independent of       and  Z  is zero

, , ,x y xy yxσ σ τ τ z

z

cos 2 sin 2
2 2

x y x y
x xy

σ σ σ σ
σ α τ α′

+ −
= + +

( )
sin 2 cos 2

2
x y

x y xy

σ σ
τ α τ α′ ′

−
= − +

Transformation Equations for Plane Stress

From the differential calculus, we could obtain min. or max value in condition  

2α

2
x yσ σ−

xyτ

cos 2 , sin 2
2

x y xy

R R
σ σ τ

α α
−

= =

' 0xσ
α

∂
=

∂

* James M.Gere, Mechanics of materials, 6th Edition, International Student Edition, 2006, p474-476

principal stress* : the maximum and minimum normal stresses, called the principal stresses, 
can be found from the transformation equation for the normal stress

2
tan 2 xy

x y

τ
α

σ σ
=

−
Principal Angle

21 arctan
2

xy

x y

τ
α

σ σ
 

=   − 
, xσ ′ is maximum or minimum at

2
2

2
x y

xyR
σ σ

τ
− 

= + 
 

At principal angle

2
2

2
2

cos 2 sin 2
2 2

1
2 2 2 2 2

2 2

x y x y
x xy

x y x y x y xy x y x y
xy xy

x y x y
xy

R R R

σ σ σ σ
σ α τ α

σ σ σ σ σ σ τ σ σ σ σ
τ τ

σ σ σ σ
τ

′

+ −
= + +

 + − − + − 
 = + ⋅ + ⋅ = + + 
   

+ − 
= + + 
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Principal Direction & Principle Stress
Plane Stress :                    and        are independent of     and the other components are zero

the body force X and Y are independent of       and  Z  is zero

, , ,x y xy yxσ σ τ τ z

z

cos 2 sin 2
2 2

x y x y
x xy

σ σ σ σ
σ α τ α′

+ −
= + +

( )
sin 2 cos 2

2
x y

x y xy

σ σ
τ α τ α′ ′

−
= − +

Transformation Equations for Plane Stress

From

2α

2
x yσ σ−

xyτ

' 0xσ
α

∂
=

∂

* James M.Gere, Mechanics of materials, 6th Edition, International Student Edition, 2006, p474-476

principal stress* : the maximum and minimum normal stresses, called the principal stresses, 
can be found from the transformation equation for the normal stress

2
tan 2 xy

x y

τ
α

σ σ
→ =

−
Principal Angle

21 arctan
2

xy

x y

τ
α

σ σ
 

=   − 
, xσ ′ is maximum or minimum at

2
2

2
x y

xyR
σ σ

τ
− 

= + 
 

At principal angle
2

2

2 2
x y x y

x xy

σ σ σ σ
σ τ′

+ − 
= + + 

 

2
2

1 max 2 2
x y x y

xy

σ σ σ σ
σ σ τ

+ − 
= = + + 

 

1 2 x yσ σ σ σ+ = +

2
2

2 min 2 2
x y x y

xy

σ σ σ σ
σ σ τ

+ − 
= = − + 

 

2 1x yσ σ σ σ= + −

Magnitude of Principal Stress

(min)

Recall, invariant relation

Magnitude of Principal Stress

(max)
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Principal Direction & Principle Stress
Plane Stress :                    and        are independent of     and the other components are zero

the body force X and Y are independent of       and  Z  is zero

, , ,x y xy yxσ σ τ τ z

z

cos 2 sin 2
2 2

x y x y
x xy

σ σ σ σ
σ α τ α′

+ −
= + +

( )
sin 2 cos 2

2
x y

x y xy

σ σ
τ α τ α′ ′

−
= − +

Transformation Equations for Plane Stress

* James M.Gere, Mechanics of materials, 6th Edition, International Student Edition, 2006, p474-476

 Shearing Stress in principal stress condition

in condition of principal stress

From the differential calculus, we could obtain Min. or Max value in condition  ' 0xσ
α

∂
=

∂

principal stress* : the maximum and minimum normal stresses, called the principal stresses, 
can be found from the transformation equation for the normal stress

( )
0

2 2
x y xy x y

x y xyR R
σ σ τ σ σ

τ τ′ ′

− −
= − ⋅ + ⋅ =

2α

2
x yσ σ−

xyτ

cos 2 , sin 2
2

x y xy

R R
σ σ τ

α α
−

= =

2
tan 2 xy

x y

τ
α

σ σ
=

−
Principal Angle

21 arctan
2

xy

x y

τ
α

σ σ
 

=   − 
, xσ ′ is maximum or minimum at

2
2

2
x y

xyR
σ σ

τ
− 

= + 
 

At principal angle

0x yτ ′ ′ =
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Principal Direction & Principle Stress
Plane Stress :                    and        are independent of     and the other components are zero

the body force X and Y are independent of       and  Z  is zero

, , ,x y xy yxσ σ τ τ z

z

cos 2 sin 2
2 2

x y x y
x xy

σ σ σ σ
σ α τ α′

+ −
= + +

( )
sin 2 cos 2

2
x y

x y xy

σ σ
τ α τ α′ ′

−
= − +

Transformation Equations for Plane Stress

* James M.Gere, Mechanics of materials, 6th Edition, International Student Edition, 2006, p474-476

From the differential calculus, we could obtain Min. or Max value in condition  ' 0xσ
α

∂
=

∂

principal stress* : the maximum and minimum normal stresses, called the principal stresses, 
can be found from the transformation equation for the normal stress

2α

2
x yσ σ−

xyτ

cos 2 , sin 2
2

x y xy

R R
σ σ τ

α α
−

= =

2
tan 2 xy

x y

τ
α

σ σ
=

−
Principal Angle

21 arctan
2

xy

x y

τ
α

σ σ
 

=   − 
, xσ ′ is maximum or minimum at

2
2

2
x y

xyR
σ σ

τ
− 

= + 
 

At principal angle

in condition of principal stress0x yτ ′ ′ =

2
2

1 max 2 2
x y x y

xy

σ σ σ σ
σ σ τ

+ − 
= = + + 

 
2

2
2 min 2 2

x y x y
xy

σ σ σ σ
σ σ τ

+ − 
= = − + 

 
Magnitude of Principal Stress(min)

Magnitude of Principal Stress(max)
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Specification of Strain at a Point

Given the three longitudinal strain components and the three shearing components 
at a point, it can be shown that the elongation in any direction and the distortion 
of the angle between any two perpendicular directions can be calculated
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B
A
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yz

zx

v u
x y
w v
y z
u w
z x
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∂ ∂
= +
∂ ∂
∂ ∂
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∂ ∂
∂ ∂

= +
∂ ∂

x

y

z

u
x
v
x
w
x

ε

ε

ε

∂
=
∂
∂

=
∂
∂

=
∂Specification of Strain at a Point

B′

A′

dx
dy

u
v

x
y u du+

v dv+

A dx A
u

dx

displacement of point A:

displacement of point B: ,u du v dv+ +

( , ) ( , )A x y A x u y v′= → = + +

( , ) ( , )B x dx y dy B x dx u du y dy v dv′= + + → = + + + + + +

, ?du dv

1) x-direction
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Specification of Strain at a Point

Given the three longitudinal strain components and the three shearing components 
at a point, it can be shown that the elongation in any direction and the distortion 
of the angle between any two perpendicular directions can be calculated
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∂
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∂Specification of Strain at a Point

B′

A′

dx
dy

u
v

x
y u du+

v dv+

A dx A
u

dx
u dx
x
∂
∂

displacement of point A:

displacement of point B: ,u du v dv+ +

( , ) ( , )A x y A x u y v′= → = + +

( , ) ( , )B x dx y dy B x dx u du y dy v dv′= + + → = + + + + + +

, ?du dv

1) x-direction

dy
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Specification of Strain at a Point

Given the three longitudinal strain components and the three shearing components 
at a point, it can be shown that the elongation in any direction and the distortion 
of the angle between any two perpendicular directions can be calculated
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∂Specification of Strain at a Point

B′

A′

dx
dy

u
v

x
y u du+

v dv+

A dx

dy

A
u

dx
u dx
x
∂
∂

u dx
x
∂
∂

displacement of point A:

displacement of point B: ,u du v dv+ +

( , ) ( , )A x y A x u y v′= → = + +

( , ) ( , )B x dx y dy B x dx u du y dy v dv′= + + → = + + + + + +

, ?du dv

1) x-direction
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Specification of Strain at a Point

Given the three longitudinal strain components and the three shearing components 
at a point, it can be shown that the elongation in any direction and the distortion 
of the angle between any two perpendicular directions can be calculated
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∂Specification of Strain at a Point
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x
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A dx
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A
u

dx
u dx
x
∂
∂

u dx
x
∂
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u udu dx dy
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∂ ∂
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∂ ∂

displacement of point A:

displacement of point B: ,u du v dv+ +

( , ) ( , )A x y A x u y v′= → = + +

( , ) ( , )B x dx y dy B x dx u du y dy v dv′= + + → = + + + + + +

, ?du dv

1) x-direction
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Specification of Strain at a Point

Given the three longitudinal strain components and the three shearing components 
at a point, it can be shown that the elongation in any direction and the distortion 
of the angle between any two perpendicular directions can be calculated
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∂ ∂

displacement of point A:

displacement of point B: ,u du v dv+ +

( , ) ( , )A x y A x u y v′= → = + +

( , ) ( , )B x dx y dy B x dx u du y dy v dv′= + + → = + + + + + +

, ?du dv

2) y-direction
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Specification of Strain at a Point

Given the three longitudinal strain components and the three shearing components 
at a point, it can be shown that the elongation in any direction and the distortion 
of the angle between any two perpendicular directions can be calculated

x

y

o

B
A

xy

yz

zx

v u
x y
w v
y z
u w
z x

γ

γ

γ

∂ ∂
= +
∂ ∂
∂ ∂

= +
∂ ∂
∂ ∂

= +
∂ ∂

x

y

z

u
x
v
x
w
x

ε

ε

ε

∂
=
∂
∂

=
∂
∂

=
∂Specification of Strain at a Point
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displacement of point A:

displacement of point B: ,u du v dv+ +

( , ) ( , )A x y A x u y v′= → = + +

( , ) ( , )B x dx y dy B x dx u du y dy v dv′= + + → = + + + + + +

, ?du dv

2) y-direction
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Specification of Strain at a Point

Given the three longitudinal strain components and the three shearing components 
at a point, it can be shown that the elongation in any direction and the distortion 
of the angle between any two perpendicular directions can be calculated
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displacement of point A:

displacement of point B: ,u du v dv+ +

( , ) ( , )A x y A x u y v′= → = + +

( , ) ( , )B x dx y dy B x dx u du y dy v dv′= + + → = + + + + + +

, ?du dv

2) y-direction
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Specification of Strain at a Point

Given the three longitudinal strain components and the three shearing components 
at a point, it can be shown that the elongation in any direction and the distortion 
of the angle between any two perpendicular directions can be calculated
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∂Specification of Strain at a Point
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displacement of point A:

displacement of point B: ,u du v dv+ +

( , ) ( , )A x y A x u y v′= → = + +

( , ) ( , )B x dx y dy B x dx u du y dy v dv′= + + → = + + + + + +

, ?du dv

2) y-direction
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Specification of Strain at a Point

Given the three longitudinal strain components and the three shearing components 
at a point, it can be shown that the elongation in any direction and the distortion 
of the angle between any two perpendicular directions can be calculated
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displacement of point A:

displacement of point B: ,u du v dv+ +

( , ) ( , )A x y A x u y v′= → = + +

( , ) ( , )B x dx y dy B x dx u du y dy v dv′= + + → = + + + + + +

, ?du dv

2) y-direction
1) x-direction
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Specification of Strain at a Point

Given the three longitudinal strain components and the three shearing components 
at a point, it can be shown that the elongation in any direction and the distortion 
of the angle between any two perpendicular directions can be calculated
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∂Specification of Strain at a Point
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Specification of Strain at a Point

Given the three longitudinal strain components and the three shearing components 
at a point, it can be shown that the elongation in any direction and the distortion 
of the angle between any two perpendicular directions can be calculated
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∂Specification of Strain at a Point
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Specification of Strain at a Point

Given the three longitudinal strain components and the three shearing components 
at a point, it can be shown that the elongation in any direction and the distortion 
of the angle between any two perpendicular directions can be calculated
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∂Specification of Strain at a Point
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Let      be the longitudinal strain in the direction   AB :ε

( )1dL dLε′∴ = +

( , ) ( , )A x y A x u y v′= → = + +
( , ) ( , )B x dx y dy B x dx u du y dy v dv′= + + → = + + + + + +

( )22( )dL A B′ ′ ′=From

L.H.S : ( ) ( )22 2 2 2( ) 1 1 2dL dL dLε ε ε′ = + = + +
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∂ ∂ ∂ ∂

= + + + + +
∂ ∂ ∂ ∂

u udu dx dy
x y
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Specification of Strain at a Point

Given the three longitudinal strain components and the three shearing components 
at a point, it can be shown that the elongation in any direction and the distortion 
of the angle between any two perpendicular directions can be calculated
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∂Specification of Strain at a Point

Let      be the longitudinal strain in the direction   AB :ε
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∂ ∂ ∂ ∂
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B

A dx

dydL

dy

v dy
y
∂
∂

v dx
x
∂
∂

u dx
x
∂
∂

u dy
y
∂
∂

A′
dx

B′

dL′

Stress-Strain Relation

113/ 253



Innovative Ship Design – Elasticity

SDAL@Advanced Ship Design Automation Lab.
http://asdal.snu.ac.kr

Seoul 
National
Univ.

Specification of Strain at a Point

Given the three longitudinal strain components and the three shearing components 
at a point, it can be shown that the elongation in any direction and the distortion 
of the angle between any two perpendicular directions can be calculated
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∂Specification of Strain at a Point

Let      be the longitudinal strain in the direction   AB :ε

( )22( )dL A B′ ′ ′=From

( )2 2 2 21 2 ( ) ( )u u v vdL dx dx dy dy dx dy
x y x y

ε ε ∂ ∂ ∂ ∂
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∂ ∂ ∂ ∂
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∂ ∂ ∂ ∂
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∂ ∂ ∂ ∂
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Specification of Strain at a Point

Given the three longitudinal strain components and the three shearing components 
at a point, it can be shown that the elongation in any direction and the distortion 
of the angle between any two perpendicular directions can be calculated
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∂Specification of Strain at a Point

Let      be the longitudinal strain in the direction   AB :ε

( )22( )dL A B′ ′ ′=From

( )2 2 2 21 2 ( ) ( )u u v vdL dx dx dy dy dx dy
x y x y

ε ε ∂ ∂ ∂ ∂
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Specification of Strain at a Point

Given the three longitudinal strain components and the three shearing components 
at a point, it can be shown that the elongation in any direction and the distortion 
of the angle between any two perpendicular directions can be calculated
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∂Specification of Strain at a Point

Let      be the longitudinal strain in the direction   AB :ε

( )22( )dL A B′ ′ ′=From
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Specification of Strain at a Point

Given the three longitudinal strain components and the three shearing components 
at a point, it can be shown that the elongation in any direction and the distortion 
of the angle between any two perpendicular directions can be calculated
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∂Specification of Strain at a Point

Let      be the longitudinal strain in the direction   AB :ε

directional cosine : cos cos , cos cosl xx m yxα β′ ′= = = =
2 2

x xy yl lm mε ε γ ε= + +

B

A dx

dydL

x

y x′
y′

α
β

2 2
x x y xyl m lmε ε ε γ′ = + +

If we denote by      and      the direction of the new coordinate axesx y′ ′

Strain at point O about x’y’ frame expresses in 
terms of stress about xy frame at the same point

( ) ( )

2 2

2 2

2x x y xy

x y xy y x

l m lm

l m lm

σ σ σ τ

τ τ σ σ′ ′

′∴ = + +

= − + −

Stress at point O about x’y’ frame expresses in 
terms of stress about xy frame at the same point

c.f.)
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Specification of Strain at a Point

Given the three longitudinal strain components and the three shearing components 
at a point, it can be shown that the elongation in any direction and the distortion 
of the angle between any two perpendicular directions can be calculated
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∂Specification of Strain at a Point

To find shearing strain when referring to these new directions, let us consider
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Specification of Strain at a Point

Given the three longitudinal strain components and the three shearing components 
at a point, it can be shown that the elongation in any direction and the distortion 
of the angle between any two perpendicular directions can be calculated
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∂Specification of Strain at a Point

To find shearing strain when referring to these new directions, let us consider 
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We find that the directional cosines           of 1 1,l m O A′ ′ ′ ′
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Specification of Strain at a Point

Given the three longitudinal strain components and the three shearing components 
at a point, it can be shown that the elongation in any direction and the distortion 
of the angle between any two perpendicular directions can be calculated
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∂Specification of Strain at a Point

To find shearing strain when referring to these new directions, let us consider 

x

y

O

x′

y′

A

1dx

1dy

O′

A′

β

B

A dx

dydL

dy

v dy
y
∂
∂

v dx
x
∂
∂

u dx
x
∂
∂

u dy
y
∂
∂

A′
dx

B′

dL′

recall,

v

u

( )1dL dLε′ = +

1dL

We find that the directional cosines           of 1 1,l m O A′ ′ ′ ′

1

2

dL OA

dL OB

=

=
1

1

cos
cos

xx l
yx m
′ =
′ =

1

2

x OA

y OB

ε ε ε
ε ε ε

′

′

= =
= =

2

2

cos
cos

xy l
yy m
′ =
′ =

Stress-Strain Relation

120/ 253



Innovative Ship Design – Elasticity

SDAL@Advanced Ship Design Automation Lab.
http://asdal.snu.ac.kr

Seoul 
National
Univ.

Specification of Strain at a Point

Given the three longitudinal strain components and the three shearing components 
at a point, it can be shown that the elongation in any direction and the distortion 
of the angle between any two perpendicular directions can be calculated
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∂Specification of Strain at a Point

To find shearing strain when referring to these new directions, let us consider 
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Specification of Strain at a Point

Given the three longitudinal strain components and the three shearing components 
at a point, it can be shown that the elongation in any direction and the distortion 
of the angle between any two perpendicular directions can be calculated

xy

yz

zx

v u
x y
w v
y z
u w
z x

γ

γ

γ

∂ ∂
= +
∂ ∂
∂ ∂

= +
∂ ∂
∂ ∂

= +
∂ ∂

x

y

z

u
x
v
x
w
x

ε

ε

ε

∂
=
∂
∂

=
∂
∂

=
∂Specification of Strain at a Point

To find shearing strain when referring to these new directions, let us consider 
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Specification of Strain at a Point

Given the three longitudinal strain components and the three shearing components 
at a point, it can be shown that the elongation in any direction and the distortion 
of the angle between any two perpendicular directions can be calculated
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∂Specification of Strain at a Point

To find shearing strain when referring to these new directions, let us consider 
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Specification of Strain at a Point

Given the three longitudinal strain components and the three shearing components 
at a point, it can be shown that the elongation in any direction and the distortion 
of the angle between any two perpendicular directions can be calculated
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∂Specification of Strain at a Point

To find shearing strain when referring to these new directions, let us consider 
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Specification of Strain at a Point

Given the three longitudinal strain components and the three shearing components 
at a point, it can be shown that the elongation in any direction and the distortion 
of the angle between any two perpendicular directions can be calculated
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To find shearing strain when referring to these new directions, let us consider 
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Specification of Strain at a Point

Given the three longitudinal strain components and the three shearing components 
at a point, it can be shown that the elongation in any direction and the distortion 
of the angle between any two perpendicular directions can be calculated
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∂Specification of Strain at a Point

To find shearing strain when referring to these new directions, let us consider 
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Specification of Strain at a Point

Given the three longitudinal strain components and the three shearing components 
at a point, it can be shown that the elongation in any direction and the distortion 
of the angle between any two perpendicular directions can be calculated
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∂Specification of Strain at a Point

To find shearing strain when referring to these new directions, let us consider 
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Specification of Strain at a Point

Given the three longitudinal strain components and the three shearing components 
at a point, it can be shown that the elongation in any direction and the distortion 
of the angle between any two perpendicular directions can be calculated
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To find shearing strain when referring to these new directions, let us consider 
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Specification of Strain at a Point

Given the three longitudinal strain components and the three shearing components 
at a point, it can be shown that the elongation in any direction and the distortion 
of the angle between any two perpendicular directions can be calculated
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∂Specification of Strain at a Point

To find shearing strain when referring to these new directions, let us consider 
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Specification of Strain at a Point

Given the three longitudinal strain components and the three shearing components 
at a point, it can be shown that the elongation in any direction and the distortion 
of the angle between any two perpendicular directions can be calculated
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∂Specification of Strain at a Point

To find shearing strain when referring to these new directions, let us consider 
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Specification of Strain at a Point

Given the three longitudinal strain components and the three shearing components 
at a point, it can be shown that the elongation in any direction and the distortion 
of the angle between any two perpendicular directions can be calculated
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∂Specification of Strain at a Point

To find shearing strain when referring to these new directions, let us consider 
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Specification of Strain at a Point

Given the three longitudinal strain components and the three shearing components 
at a point, it can be shown that the elongation in any direction and the distortion 
of the angle between any two perpendicular directions can be calculated
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∂Specification of Strain at a Point

1 2 1 2cos l l m mα ′ ′ ′ ′= +
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Specification of Strain at a Point

Given the three longitudinal strain components and the three shearing components 
at a point, it can be shown that the elongation in any direction and the distortion 
of the angle between any two perpendicular directions can be calculated
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∂Specification of Strain at a Point

1 2 1 2cos l l m mα ′ ′ ′ ′= +

·    : angle between O’A’ and O’B’α
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Specification of Strain at a Point

Given the three longitudinal strain components and the three shearing components 
at a point, it can be shown that the elongation in any direction and the distortion 
of the angle between any two perpendicular directions can be calculated
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∂Specification of Strain at a Point

1 2 1 2cos l l m mα ′ ′ ′ ′= +

·    : angle between O’A’ and O’B’α
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Specification of Strain at a Point

Given the three longitudinal strain components and the three shearing components 
at a point, it can be shown that the elongation in any direction and the distortion 
of the angle between any two perpendicular directions can be calculated
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∂Specification of Strain at a Point

1 2 1 2cos l l m mα ′ ′ ′ ′= +

·    : angle between O’A’ and O’B’α
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Specification of Strain at a Point

Given the three longitudinal strain components and the three shearing components 
at a point, it can be shown that the elongation in any direction and the distortion 
of the angle between any two perpendicular directions can be calculated
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∂Specification of Strain at a Point

1 2 1 2cos l l m mα ′ ′ ′ ′= +

·    : angle between O’A’ and O’B’α
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Specification of Strain at a Point

Given the three longitudinal strain components and the three shearing components 
at a point, it can be shown that the elongation in any direction and the distortion 
of the angle between any two perpendicular directions can be calculated

xy

yz

zx

v u
x y
w v
y z
u w
z x

γ

γ

γ

∂ ∂
= +
∂ ∂
∂ ∂

= +
∂ ∂
∂ ∂

= +
∂ ∂

x

y

z

u
x
v
x
w
x

ε

ε

ε

∂
=
∂
∂

=
∂
∂

=
∂Specification of Strain at a Point

1 2 1 2cos l l m mα ′ ′ ′ ′= +

·    : angle between O’A’ and O’B’α
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Specification of Strain at a Point

Given the three longitudinal strain components and the three shearing components 
at a point, it can be shown that the elongation in any direction and the distortion 
of the angle between any two perpendicular directions can be calculated
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∂Specification of Strain at a Point

1 2 1 2cos l l m mα ′ ′ ′ ′= +

·    : angle between O’A’ and O’B’α
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Specification of Strain at a Point

Given the three longitudinal strain components and the three shearing components 
at a point, it can be shown that the elongation in any direction and the distortion 
of the angle between any two perpendicular directions can be calculated
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∂Specification of Strain at a Point

1 2 1 2cos l l m mα ′ ′ ′ ′= +

·    : angle between O’A’ and O’B’α

1 2 1 2 1 2 2 1 2 1 1 2

1 2 1 2 1 1 2 2 1 2 1 2

1 1 1 1

1 1 1 1

u u u u u u u ul l m l l m m m
x x x y x y y y

v v v v v v v vl l m l l m m m
x x y x y x y y

ε ε ε ε

ε ε ε ε

∂ ∂ ∂ ∂ ∂ ∂ ∂ ∂      = − + − + + − + + − + +      ∂ ∂ ∂ ∂ ∂ ∂ ∂ ∂      
      ∂ ∂ ∂ ∂ ∂ ∂ ∂ ∂

+ + − + + − + + − + − +      ∂ ∂ ∂ ∂ ∂ ∂ ∂ ∂      

1

2

x OA

y OB

ε ε ε
ε ε ε

′

′

= =
= =

1 2 1 2 1 2 2 1 2 2

1 2 2 1 1 2 1 2

1 1 1 1 1

1

v v v v v vm m m m
y y y y y y

v v v v v vm m
y y y y y y

ε ε ε ε ε ε

ε ε ε ε ε ε

       ∂ ∂ ∂ ∂ ∂ ∂
− + − + = − + − − + + − +       ∂ ∂ ∂ ∂ ∂ ∂       

 ∂ ∂ ∂ ∂ ∂ ∂
= − + − + − + − + ∂ ∂ ∂ ∂ ∂ ∂ 

1 2 1 2 1 2 1 21 1 1 2v v vm m m m
y y y

ε ε ε ε
    ∂ ∂ ∂

∴ − + − + ≈ − − +    ∂ ∂ ∂    

Stress-Strain Relation

2( )o εsince ~

139/ 253



Innovative Ship Design – Elasticity

SDAL@Advanced Ship Design Automation Lab.
http://asdal.snu.ac.kr

Seoul 
National
Univ.

Specification of Strain at a Point

Given the three longitudinal strain components and the three shearing components 
at a point, it can be shown that the elongation in any direction and the distortion 
of the angle between any two perpendicular directions can be calculated

xy

yz

zx

v u
x y
w v
y z
u w
z x

γ

γ

γ

∂ ∂
= +
∂ ∂
∂ ∂

= +
∂ ∂
∂ ∂

= +
∂ ∂

x

y

z

u
x
v
x
w
x

ε

ε

ε

∂
=
∂
∂

=
∂
∂

=
∂Specification of Strain at a Point

1 2 1 2cos l l m mα ′ ′ ′ ′= +

·    : angle between O’A’ and O’B’α

1 2 1 2 1 2 2 1 2 1 1 2

1 2 1 2 1 1 2 2 1 2 1 2

1 1 1 1

1 1 1 1

u u u u u u u ul l m l l m m m
x x x y x y y y

v v v v v v v vl l m l l m m m
x x y x y x y y

ε ε ε ε

ε ε ε ε

∂ ∂ ∂ ∂ ∂ ∂ ∂ ∂      = − + − + + − + + − + +      ∂ ∂ ∂ ∂ ∂ ∂ ∂ ∂      
      ∂ ∂ ∂ ∂ ∂ ∂ ∂ ∂

+ + − + + − + + − + − +      ∂ ∂ ∂ ∂ ∂ ∂ ∂ ∂      

1

2

x OA

y OB

ε ε ε
ε ε ε

′

′

= =
= =

1 2 1 2 1 2 1 21 1 1 2v v vm m m m
y y y

ε ε ε ε
    ∂ ∂ ∂
− + − + = − − +    ∂ ∂ ∂    

1 2 2 1 21 v v vl m l m
y x x

ε
 ∂ ∂ ∂
− + ≈ ∂ ∂ ∂ 

1 2 1 1 21 v v vm l m l
y x x

ε
 ∂ ∂ ∂
− + ≈ ∂ ∂ ∂ 

1 2 0u um m
y y
∂ ∂

≈
∂ ∂ 1 2 0v vl l

x x
∂ ∂

≈
∂ ∂

1 2 1 1 21 u u ul m l m
x y y

ε ∂ ∂ ∂ − + ≈ ∂ ∂ ∂ 

1 2 2 1 21 u u um l m l
x y y

ε ∂ ∂ ∂ − + ≈ ∂ ∂ ∂ 

1 2 1 2 1 2 1 21 1 1 2u u ul l l l
x x x

ε ε ε ε∂ ∂ ∂    − + − + ≈ − − +    ∂ ∂ ∂    

2( )o ε

1 2 1 2 1 2 1 2 1 2 1 2 1 2 1 21 2 1 2u u u v v vl l m l l m m l l m m m
x y y x x y

ε ε ε ε
 ∂ ∂ ∂ ∂ ∂ ∂ ≈ − − + + + + + + − − +  ∂ ∂ ∂ ∂ ∂ ∂   

1 2 1 2 1 2 1 2 1 2 1 21 2 1 2u u v u v vl l m l l m m m
x y x y x y

ε ε ε ε
     ∂ ∂ ∂ ∂ ∂ ∂ = − − + + + + + + − − +      ∂ ∂ ∂ ∂ ∂ ∂       

( ) ( )1 2 1 2 1 2 1 2 1 2 1 21 2 1 2x xy xy yl l m l l m m mε ε ε γ γ ε ε ε= − − + + + + − − +

Stress-Strain Relation
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Specification of Strain at a Point

Given the three longitudinal strain components and the three shearing components 
at a point, it can be shown that the elongation in any direction and the distortion 
of the angle between any two perpendicular directions can be calculated

xy

yz

zx

v u
x y
w v
y z
u w
z x

γ

γ

γ

∂ ∂
= +
∂ ∂
∂ ∂

= +
∂ ∂
∂ ∂

= +
∂ ∂

x

y

z

u
x
v
x
w
x

ε

ε

ε

∂
=
∂
∂

=
∂
∂

=
∂Specification of Strain at a Point

1 2 1 2cos l l m mα ′ ′ ′ ′= +

·    : angle between O’A’ and O’B’α

1

2

x OA

y OB

ε ε ε
ε ε ε

′

′

= =
= =

( )( ) ( ) ( )1 2 1 2 1 2 1 2 1 2 1 2 2 11 2 x y xyl l m m l l m m l m l mε ε ε ε γ= + − − + + + +

( ) ( )1 2 1 2 1 2 1 2 1 2 1 21 2 1 2x xy xy yl l m l l m m mε ε ε γ γ ε ε ε= − − + + + + − − +

( ) ( ) ( )1 2 1 2 1 2 1 2 1 2 1 2 1 2 1 21 2 1 2x xy yl l l l m l l m m m m mε ε ε γ ε ε ε= − − + + + + − − +

Stress-Strain Relation
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Specification of Strain at a Point

Given the three longitudinal strain components and the three shearing components 
at a point, it can be shown that the elongation in any direction and the distortion 
of the angle between any two perpendicular directions can be calculated

xy

yz

zx

v u
x y
w v
y z
u w
z x

γ

γ

γ

∂ ∂
= +
∂ ∂
∂ ∂

= +
∂ ∂
∂ ∂

= +
∂ ∂

x

y

z

u
x
v
x
w
x

ε

ε

ε

∂
=
∂
∂

=
∂
∂

=
∂Specification of Strain at a Point

1 2 1 2cos l l m mα ′ ′ ′ ′= +

·    : angle between O’A’ and O’B’α

1

2

x OA

y OB

ε ε ε
ε ε ε

′

′

= =
= =

x

y

O

x′

y′

A
B

1dx

1dy

2dy

2dx
O′

A′

B′

α
β

θ

2dL

( )( ) ( ) ( )1 2 1 2 1 2 1 2 1 2 1 2 2 11 2 x y xyl l m m l l m m l m l mε ε ε ε γ= + − − + + + +

From the definition of shearing strain, 
2x y
πγ α′ ′ = −

For small shearing strain, the angle            is small 
2
π α−

sin cos
2 2x y
π πγ α α α′ ′

 = − ≈ − = 
 

( )( ) ( ) ( )1 2 1 2 1 2 1 2 1 2 1 2 2 11 2x y x y xyl l m m l l m m l m l mγ ε ε ε ε γ′ ′∴ = + − − + + + +

Stress-Strain Relation
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Specification of Strain at a Point

Given the three longitudinal strain components and the three shearing components 
at a point, it can be shown that the elongation in any direction and the distortion 
of the angle between any two perpendicular directions can be calculated

xy

yz

zx

v u
x y
w v
y z
u w
z x

γ

γ

γ

∂ ∂
= +
∂ ∂
∂ ∂

= +
∂ ∂
∂ ∂

= +
∂ ∂

x

y

z

u
x
v
x
w
x

ε

ε

ε

∂
=
∂
∂

=
∂
∂

=
∂Specification of Strain at a Point

1

2

x OA

y OB

ε ε ε
ε ε ε

′

′

= =
= =

x

y

O

x′

y′

A
B

1dx

1dy

2dy

2dx
O′

A′

B′

α
β

θ

2dL

( )( ) ( ) ( )1 2 1 2 1 2 1 2 1 2 1 2 2 11 2x y x y xyl l m m l l m m l m l mγ ε ε ε ε γ′ ′ = + − − + + + +

cos( ) cos 0
2

AOB π
∠ = =

·    : angle between OA and OBAOB∠

( )
( ) ( )

1 2 1 2

cos( ) cos

cos )cos( sin )sin(
cos cos sin sin

AOB xOB xOA

xOB xOA xOB xOA
xy xx xx xy

l l m m

∠ = ∠ −∠

= ∠ ∠ + ∠ ∠

′ ′ ′ ′= +
= +

and 

1 2 1 2 0l l m m∴ + =

( ) ( )1 2 1 2 1 2 2 12x y x y xyl l m m l m l mγ ε ε γ′ ′∴ = + + +

Strain at point O about x’y’ frame expresses in 
terms of stress about xy frame at the same point

Stress-Strain Relation
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Specification of Strain at a Point

Given the three longitudinal strain components and the three shearing components 
at a point, it can be shown that the elongation in any direction and the distortion 
of the angle between any two perpendicular directions can be calculated

xy

yz

zx

v u
x y
w v
y z
u w
z x

γ

γ

γ

∂ ∂
= +
∂ ∂
∂ ∂

= +
∂ ∂
∂ ∂

= +
∂ ∂

x

y

z

u
x
v
x
w
x

ε

ε

ε

∂
=
∂
∂

=
∂
∂

=
∂Specification of Strain at a Point

For 3 dimensional frame, , , , , ,x y z xy yz zxε ε ε γ γ λ at OGiven: , , , , ,x y z x y y z z xε ε ε γ γ γ′ ′ ′ ′ ′ ′ ′ ′ ′ at OFind:

Directional Cosine
x y z

x′
y′
z′

1l 1m 1n
2l 2m 2n
3l 3m 3n

Strain at point O about x’y’z’ frame expresses in terms of strain about xyz frame at the same point

2 2 2
1 1 1 1 1 1 1 1 1x x y z xy yz zxl m n l m m n n lε ε ε ε γ γ γ′ = + + + + +

2 2 2
2 2 2 2 2 2 2 2 2y x y z xy yz zxl m n l m m n n lε ε ε ε γ γ γ′ = + + + + +
2 2 2

3 3 3 3 3 3 3 3 3z x y z xy yz zxl m n l m m n n lε ε ε ε γ γ γ′ = + + + + +

( ) ( ) ( )1 2 1 2 1 2 1 2 1 2 1 2 1 2 1 2 1 22 2 2x y x y z xy yz zxl l m m n n l m m l m n n m n l l nγ ε ε ε γ γ γ′ ′ = + + + + + + + +

( ) ( ) ( )2 3 2 3 2 3 2 3 2 3 2 3 2 3 2 3 2 32 2 2y z x y z xy yz zxl l m m n n l m m l m n n m n l l nγ ε ε ε γ γ γ′ ′ = + + + + + + + +

( ) ( ) ( )3 1 3 1 3 1 3 1 3 1 3 1 3 1 3 1 3 12 2 2z x x y z xy yz zxl l m m n n l m m l m n n m n l l nγ ε ε ε γ γ γ′ ′ = + + + + + + + +

In same way, for 3 dimensional frame

Stress-Strain Relation 1

2

x OA

y OB

ε ε ε
ε ε ε

′

′

= =
= =
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Specification of Strain at a Point

Given the three longitudinal strain components and the three shearing components 
at a point, it can be shown that the elongation in any direction and the distortion 
of the angle between any two perpendicular directions can be calculated

xy

yz

zx

v u
x y
w v
y z
u w
z x

γ

γ

γ

∂ ∂
= +
∂ ∂
∂ ∂

= +
∂ ∂
∂ ∂

= +
∂ ∂

x

y

z

u
x
v
x
w
x

ε

ε

ε

∂
=
∂
∂

=
∂
∂

=
∂Specification of Strain at a Point

1

2

x OA

y OB

ε ε ε
ε ε ε

′

′

= =
= =

Directional Cosine
x y z

x′
y′
z′

1l 1m 1n
2l 2m 2n
3l 3m 3n

2 2 2
1 2 3

2 2 2
1 2 3
2 2 2
1 2 3

1 1 2 2 3 3

1 1 2 2 3 3

1 1 2 2 3 3

1

1

1
0

0
0

l l l

m m m

n n n
l m l m l m
m n m n m n
n l n l n l

+ + =

+ + =

+ + =
+ + =
+ + =
+ + =

Strain at point O about x’y’ frame expresses in terms of strain 
about xy frame at the same point

The quantity                       is invariant with respect to orthogonal 
transformations of coordinates 

2 2 2
1 1 1 1 1 1 1 1 1

2 2 2
2 2 2 2 2 2 2 2 2

2 2 2
3 3 3 3 3 3 3 3 3

x y z x y z xy yz zx

x y z xy yz zx

x y z xy yz zx

l m n l m m n n l

l m n l m m n n l

l m n l m m n n l

ε ε ε ε ε ε γ γ γ

ε ε ε γ γ γ

ε ε ε γ γ γ

′ ′ ′+ + = + + + + +

+ + + + + +

+ + + + + +

(1) (1) (1) (0) (0) (0)x y z xy yz zy

x y z

ε ε ε γ γ γ

ε ε ε

= + + + + +

= + +

x y zε ε ε+ +

Stress-Strain Relation

2 2 2
1 1 1 1 1 1 1 1 1x x y z xy yz zxl m n l m m n n lε ε ε ε γ γ γ′ = + + + + +

2 2 2
2 2 2 2 2 2 2 2 2y x y z xy yz zxl m n l m m n n lε ε ε ε γ γ γ′ = + + + + +
2 2 2

3 3 3 3 3 3 3 3 3z x y z xy yz zxl m n l m m n n lε ε ε ε γ γ γ′ = + + + + +
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Specification of Strain at a Point
Plane Strain :                    and        are independent of     and the other components are zero

the body force X and Y are independent of       and  Z  is zero

, , ,x y xy yxε ε γ γ z

z

Stress-Strain Relation

2 2
1 1 1 1x x y xyl m l mε ε ε γ′ = + +

2 2
2 2 2 2y x y xyl m l mε ε ε γ′ = + +

( )1 2 1 2 1 2 1 22 2x y x y xyl l m m l m m lγ ε ε γ′ ′ = + + +

Directional Cosine

x

y

O

x′

y′
α

1

1

2

2

cos cos
cos cos cos(90 ) sin
cos cos
cos cos(90 ) sin

xx l
yx m
yy m
xy l

α
β α α
α

α α

′ = =
′ = = = − =
′ = =
′ = = + = −

β

α

2 2 2
1 1 1 1 1 1 1 1 1x x y z xy yz zxl m n l m m n n lε ε ε ε γ γ γ′ = + + + + +

2 2 2
2 2 2 2 2 2 2 2 2y x y z xy yz zxl m n l m m n n lε ε ε ε γ γ γ′ = + + + + +
2 2 2

3 3 3 3 3 3 3 3 3z x y z xy yz zxl m n l m m n n lε ε ε ε γ γ γ′ = + + + + +

( ) ( ) ( )1 2 1 2 1 2 1 2 1 2 1 2 1 2 1 2 1 22 2 2x y x y z xy yz zxl l m m n n l m m l m n n m n l l nγ ε ε ε γ γ γ′ ′ = + + + + + + + +

( ) ( ) ( )2 3 2 3 2 3 2 3 2 3 2 3 2 3 2 3 2 32 2 2y z x y z xy yz zxl l m m n n l m m l m n n m n l l nγ ε ε ε γ γ γ′ ′ = + + + + + + + +

( ) ( ) ( )3 1 3 1 3 1 3 1 3 1 3 1 3 1 3 1 3 12 2 2z x x y z xy yz zxl l m m n n l m m l m n n m n l l nγ ε ε ε γ γ γ′ ′ = + + + + + + + +
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Specification of Strain at a Point
Plane Strain :                    and        are independent of     and the other components are zero

the body force X and Y are independent of       and  Z  is zero

, , ,x y xy yxε ε γ γ z

z

Stress-Strain Relation

2 2cos sin sin cosx y xyε α ε α γ α α= + +
2 22 cos sin 2 sin cos (cos sin )x y xyε α α ε α α α α γ= − + + −

2 2
1 1 1 1x x y xyl m l mε ε ε γ′ = + +

2 2
1 1 1 1x x y xyl m l mε ε ε γ′ = + +

2 2
2 2 2 2y x y xyl m l mε ε ε γ′ = + +

( )1 2 1 2 1 2 1 22 2x y x y xyl l m m l m m lγ ε ε γ′ ′ = + + +

Directional Cosine

x

y

O

x′

y′
α

1

1

2

2

cos cos
cos cos cos(90 ) sin
cos cos
cos cos(90 ) sin

xx l
yx m
yy m
xy l

α
β α α
α

α α

′ = =
′ = = = − =
′ = =
′ = = + = −

β

α

( )1 2 1 2 1 2 1 22 2x y x y xyl l m m l m m lγ ε ε γ′ ′ = + + +
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Specification of Strain at a Point
Plane Strain :                    and        are independent of     and the other components are zero

the body force X and Y are independent of       and  Z  is zero

, , ,x y xy yxε ε γ γ z

z

Stress-Strain Relation

2 2

2 2

cos sin sin cos

2 cos sin 2 sin cos (cos sin )
x x y xy

x y x y xy

ε ε α ε α γ α α

γ ε α α ε α α α α γ
′

′ ′

 = + +


= − + + −

2 2
1 1 1 12x x y xyl m l mσ σ σ τ′ = + +

( )1 2 1 2 1 2 1 2x y x y xyl l m m l m m lτ σ σ τ′ ′ = + + +

2 2cos sin 2 sin cosx y xyσ α σ α τ α α= + +

2 2cos sin sin cos (cos sin )x y xyσ α α σ α α α α τ= − + + −

Recall, principal stress)

in condition of principal stress0x yτ ′ ′ =

2
2

max,min 2 2
x y x y

xy

σ σ σ σ
σ τ

+ − 
= ± + 

 

Principal Stress

At principal angle

Min. or Max value in condition  ' 0xσ
α

∂
=

∂

let                ,2γ γ=

2 2

2 2 cos sin 2 sin cos

2(cos sin )
x y x y

xy

γ ε α α ε α α

α α γ
′ ′ = − +

+ −

2 2

2 cos sin 2 sin cos

(cos sin )
x y x y

xy

γ ε α α ε α α

α α γ
′ ′ = − +

+ −

2 2

cos sin sin cos

(cos sin )
x y x y

xy

γ ε α α ε α α

α α γ
′ ′ = − +

+ −
21 arctan

2
xy

x y

τ
α

σ σ
 

=   − 

2 2

2 2

cos sin sin cos

cos sin sin cos (cos sin )
x x y xy

x y x y xy

ε ε α ε α γ α α

γ ε α α ε α α α α γ
′

′ ′

 = + +∴
= − + + −
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Specification of Strain at a Point
Plane Strain :                    and        are independent of     and the other components are zero

the body force X and Y are independent of       and  Z  is zero

, , ,x y xy yxε ε γ γ z

z

Stress-Strain Relation

2 2

2 2

cos sin sin cos

2 cos sin 2 sin cos (cos sin )
x x y xy

x y x y xy

ε ε α ε α γ α α

γ ε α α ε α α α α γ
′

′ ′

 = + +


= − + + −

2 2
1 1 1 12x x y xyl m l mσ σ σ τ′ = + +

( )1 2 1 2 1 2 1 2x y x y xyl l m m l m m lτ σ σ τ′ ′ = + + +

2 2cos sin 2 sin cosx y xyσ α σ α τ α α= + +

2 2cos sin sin cos (cos sin )x y xyσ α α σ α α α α τ= − + + −

Recall, principal stress)

in condition of principal stress0x yτ ′ ′ =

2
2

max,min 2 2
x y x y

xy

σ σ σ σ
σ τ

+ − 
= ± + 

 

Principal Stress

At principal angle

Min. or Max value in condition  ' 0xσ
α

∂
=

∂

let                ,2γ γ=

21 arctan
2

xy

x y

τ
α

σ σ
 

=   − 

2 2

2 2

cos sin sin cos

cos sin sin cos (cos sin )
x x y xy

x y x y xy

ε ε α ε α γ α α

γ ε α α ε α α α α γ
′

′ ′

= + +

= − + + −

same in format

in condition of principal strain0x yγ ′ ′ =

2
2

max,min 2 2
x y x y

xy

ε ε ε ε
ε γ

+ − 
= ± + 

 

Principal Strain

At principal angle

Min. or Max value in condition  ' 0xε
α

∂
=

∂
21 arctan

2
xy

x y

γ
α

ε ε
 

=   − 

where              ,2γ γ=
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Generalized Hooke’s Law
6 Stress distribution in an elastic body 

6 Relations between 6 Strain and 3 Displacement 

6 Relations between 6 Strain and 6 Stress 

3 Equations of force equilibrium 

Material Assumption
Continuous  : Material having the nature of a structureless mass
Homogeneous  : In case the elastic properties are the same throughout the body, i.e., are independent of the location
Isotropic  : In case the elastic properties of the body are the same in all directions about any given point

Idealization of material
Assume that the material is perfectly elastic, i.e., we shall limit our 
attention to the behavior of the material before the elastic limit is 
reached

Generalized Hooke’s Law

 Hooke’s Law  :  “Extension is proportional to force” Eσ ε=
 Generalized Hooke’s Law  :  “each of the six stress components may be expresses as a linear 
function of the six components of strain, and conversely” (six ‘stress-strain’ equations)

36 constants?

the principal 
directions 
and isotropy

reduced to only two independent constants

, ,u v w
, , , , ,x y z xy yz zxε ε ε γ γ γ6 Strain

6 Stress 

3 Displacement 

15 Variables

, , , , ,x y z xy yz zxσ σ σ τ τ τ

1 1

2 2

3 3

2
2
2

e
e
e

σ λ µε
σ λ µε
σ λ µε

= +
 = +
 = +

The relation between 
the principal stress components                       and 
the principal strain components 1 2 3, ,ε ε ε

1 2 3, ,σ σ σ

, : Lame Elastic constantµ λ

(1 )(1 2 )
Eνλ

ν ν
=

+ −

ν : Poisson’s Ratio
G : Shear Modulus
E : Young’s Modulus

, Gµ =
the principal strains and principal stress 
occur in the same directions1)

1) Gere, J.M., Mechanics of Materials, Sixth Edition, Thomson, 2006, p517

11 12 13 14 15 16x x y z xy yz zxc c c c c cσ ε ε ε γ γ γ= + + + + +

21 22 23 24 25 26y x y z xy yz zxc c c c c cσ ε ε ε γ γ γ= + + + + +

31 32 33 34 35 36z x y z xy yz zxc c c c c cσ ε ε ε γ γ γ= + + + + +

41 42 43 44 45 46xy x y z xy yz zxc c c c c cτ ε ε ε γ γ γ= + + + + +

51 52 53 54 55 56yz x y z xy yz zxc c c c c cτ ε ε ε γ γ γ= + + + + +

61 62 63 64 65 66zx x y z xy yz zxc c c c c cτ ε ε ε γ γ γ= + + + + +
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Generalized Hooke’s Law
6 Stress distribution in an elastic body 

6 Relations between 6 Strain and 3 Displacement 

6 Relations between 6 Strain and 6 Stress 

3 Equations of force equilibrium 
Isotropic : In case the elastic properties of the body are the same in all 

directions about any given point

 Generalized Hooke’s Law :  “each of the six stress 
components may be expresses as a linear function of the 
six components of strain, and conversely” (six ‘stress-
strain’ equations)

stress

strain

principal stress

same direction

Generalized Hooke’s Law 
the principal directions and isotropy

1 1

2 2

3 3

2
2
2

e
e
e

σ λ µε
σ λ µε
σ λ µε

= +
 = +
 = +

, , : constant of Lameλ µ 

1 2 3,e ε ε ε= + +

relation for arbitrary system of 
cartesian coordinate axes?

Directional Cosine

1 2 3
x
y
z

1l 1m 1n
2l 2m 2n
3l 3m 3n

arbitrary system 
of coordinates

principal 
directions

2 2 2
1 1 1 2 1 3x l m nσ σ σ σ= + + 1 2 1 1 2 2 1 2 3xy l l m m n nτ σ σ σ= + +

2 2 2
1 2 3

2 2 2
1 2 3
2 2 2
1 2 3

1 1 2 2 3 3

1 1 2 2 3 3

1 1 2 2 3 3

1

1

1
0

0
0

l l l

m m m

n n n
l m l m l m
m n m n m n
n l n l n l

+ + =

+ + =

+ + =
+ + =
+ + =
+ + =

2 2 2
1 1 1 2 1 3x l m nε ε ε ε= + + 1 2 1 1 2 2 1 2 32 2 2xy l l m m n nγ ε ε ε= + +

2 2 2
1 1 1 2 1 32 ( )x e l m nσ λ µ ε ε ε= + + +

1 2 1 1 2 2 1 2 32 ( )xy l l m m n nτ µ ε ε ε= + +
where , x y ze ε ε ε= + +

2x xeσ λ µε= +

xy xyτ µ γ=
where , x y ze ε ε ε= + +

, ,u v w
, , , , ,x y z xy yz zxε ε ε γ γ γ6 Strain

6 Stress 

3 Displacement 

15 Variables

, , , , ,x y z xy yz zxσ σ σ τ τ τ

principal strain

the translation of stress between principal direction 1,2,3 and arbitrary x,y,z

the translation of strain between principal direction 1,2,3 and arbitrary x,y,z

2 2 2
1 2 3

2 2 2
1 2 3
2 2 2
1 2 3

1 1 2 2 3 3

1 1 2 2 3 3

1 1 2 2 3 3

1

1

1
0

0
0

l l l

m m m

n n n
l m l m l m
m n m n m n
n l n l n l

+ + =

+ + =

+ + =
+ + =
+ + =
+ + =

, x y ze ε ε ε= + +
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 Generalized Hooke’s Law  :  “each of the six stress 
components may be expresses as a linear function of the 
six components of strain, and conversely” (six ‘stress-
strain’ equations)

11 12 13 14 15 16x x y z xy yz zxc c c c c cσ ε ε ε γ γ γ= + + + + +

21 22 23 24 25 26y x y z xy yz zxc c c c c cσ ε ε ε γ γ γ= + + + + +

31 32 33 34 35 36z x y z xy yz zxc c c c c cσ ε ε ε γ γ γ= + + + + +

41 42 43 44 45 46xy x y z xy yz zxc c c c c cτ ε ε ε γ γ γ= + + + + +

51 52 53 54 55 56yz x y z xy yz zxc c c c c cτ ε ε ε γ γ γ= + + + + +

61 62 63 64 65 66zx x y z xy yz zxc c c c c cτ ε ε ε γ γ γ= + + + + +

stress

strain

principal stress

relation?We shall show that the directions of the principal stresses
coincides with the directions of the principal strains

Let 1,2,3 be the principal direction of strain

the shearing-strain components referring 
to these directions are therefore zero

recall,

in condition of principal strain0x yγ ′ ′ =

2
2

max,min 2 2
x y x y

xy

ε ε ε ε
ε γ

+ − 
= ± + 

 

Principal Strain

where              2γ γ=

12 41 1 42 2 43 3 44 12 45 23 46 31c c c c c cτ ε ε ε γ γ γ= + + + + +

12 41 1 42 2 43 3c c cτ ε ε ε= + +

, ,u v w
, , , , ,x y z xy yz zxε ε ε γ γ γ6 Strain

6 Stress 

3 Displacement 

15 Variables

, , , , ,x y z xy yz zxσ σ σ τ τ τ

principal strain
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 Generalized Hooke’s Law  :  “each of the six stress 
components may be expresses as a linear function of the 
six components of strain, and conversely” (six ‘stress-
strain’ equations)

stress

strain

principal stress

relation?We shall show that the directions of the principal stresses
coincides with the directions of the principal strains

Let 1,2,3 be the principal direction of strain

12 41 1 42 2 43 3c c cτ ε ε ε= + +

Introduce new frame system 1’,2’,3’

Rotating 90˚

In 2-axis

1

2

3 1′

2′

3′

, ,u v w
, , , , ,x y z xy yz zxε ε ε γ γ γ6 Strain

6 Stress 

3 Displacement 

15 Variables

, , , , ,x y z xy yz zxσ σ σ τ τ τ

principal strain
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directions about any given point

 Generalized Hooke’s Law  :  “each of the six stress 
components may be expresses as a linear function of the 
six components of strain, and conversely” (six ‘stress-
strain’ equations)

stress

strain

principal stress

relation?We shall show that the directions of the principal stresses
coincides with the directions of the principal strains

Let 1,2,3 be the principal direction of strain

12 41 1 42 2 43 3c c cτ ε ε ε= + +

Introduce new frame system 1’,2’,3’

1

2

3
1′

2′
3′

Directional Cosine

1 2 3
1′
2′
3′

1l 1m 1n
2l 2m 2n
3l 3m 3n

1 3 2cos180 1, cos0 1l n m= = ° = − = ° =

2 3 1 3 1 2 cos90 0l l m m n n= = = = = = ° =

, ,u v w
, , , , ,x y z xy yz zxε ε ε γ γ γ6 Strain

6 Stress 

3 Displacement 

15 Variables

, , , , ,x y z xy yz zxσ σ σ τ τ τ

principal strain
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components may be expresses as a linear function of the 
six components of strain, and conversely” (six ‘stress-
strain’ equations)

stress

strain

principal stress

relation?We shall show that the directions of the principal stresses
coincides with the directions of the principal strains

Let 1,2,3 be the principal direction of strain

12 41 1 42 2 43 3c c cτ ε ε ε= + +

1

2

3
1′

2′
3′

Directional Cosine

1 2 3
1′
2′
3′

1l 1m 1n
2l 2m 2n
3l 3m 3n

1 3 2cos180 1, cos0 1l n m= = ° = − = ° =

2 3 1 3 1 2 cos90 0l l m m n n= = = = = = ° =

For isotropic materials the elastic constant such 
as                 and        should not be changed with 
the direction

41 42 43, ,c c c

Since 1’2’3 coordinates 
axes are also in the 
principal direction of strain

1 2 41 1 42 2 43 3c c cτ ε ε ε′ ′ ′ ′ ′= + +

, ,u v w
, , , , ,x y z xy yz zxε ε ε γ γ γ6 Strain

6 Stress 

3 Displacement 

15 Variables

, , , , ,x y z xy yz zxσ σ σ τ τ τ

principal strain
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 Generalized Hooke’s Law  :  “each of the six stress 
components may be expresses as a linear function of the 
six components of strain, and conversely” (six ‘stress-
strain’ equations)

stress

strain

principal stress

relation?We shall show that the directions of the principal stresses
coincides with the directions of the principal strains

1

2

3

1′
2′ 3′

Directional Cosine

1 2 3
1′
2′
3′

1 1l = − 1 0m = 1 0n =

2 0l = 2 1m = 2 0n =

3 0l = 3 0m = 3 1n −

12 41 1 42 2 43 3

1 2 41 1 42 2 43 3

c c c
c c c

τ ε ε ε
τ ε ε ε′ ′ ′ ′ ′

= + + 
= + + 

isotropic material
 same 41 42 43, ,c c c

From the Transformation Equations for Stress 
( ) ( ) ( )1 2 1 2 1 2 1 2 1 2 1 2 1 2 1 2 1 2x y x y z xy yz zxl l m m n n l m m l m n n m n l l nτ σ σ σ τ τ τ′ ′ = + + + + + + + +

( ) ( ) ( )1 2 1 2 1 1 2 2 1 2 3 1 2 1 2 12 1 2 1 2 23 1 2 1 2 31l l m m n n l m m l m n n m n l l nτ σ σ σ τ τ τ′ ′ = + + + + + + + +

( ) ( ) ( )1 2 1 2 3 12 23 31( 1) 0 0 1 0 0 ( 1) 1 0 0 0 0 0 1 0 0 ( 1) 0τ σ σ σ τ τ τ′ ′ = − ⋅ ⋅ + ⋅ ⋅ + ⋅ ⋅ + − ⋅ + ⋅ + ⋅ + ⋅ + ⋅ + − ⋅

1 2 12τ τ′ ′ = −

Let 1,2,3 be the principal direction of strain

, ,u v w
, , , , ,x y z xy yz zxε ε ε γ γ γ6 Strain

6 Stress 

3 Displacement 

15 Variables

, , , , ,x y z xy yz zxσ σ σ τ τ τ

principal strain
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 Generalized Hooke’s Law  :  “each of the six stress 
components may be expresses as a linear function of the 
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stress

strain

principal stress

relation?We shall show that the directions of the principal stresses
coincides with the directions of the principal strains

1

2

3

1′
2′ 3′

Directional Cosine

1 2 3
1′
2′
3′

1 1l = − 1 0m = 1 0n =

2 0l = 2 1m = 2 0n =

3 0l = 3 0m = 3 1n −

12 41 1 42 2 43 3

1 2 41 1 42 2 43 3

c c c
c c c

τ ε ε ε
τ ε ε ε′ ′ ′ ′ ′

= + + 
= + + 

isotropic material
 same 41 42 43, ,c c c

From the Transformation Equations for Stress 

1 2 12τ τ′ ′ = −
From the Transformation Equations for Strain 

2 2 2
1 1 1 1 1 1 1 1 1x x y z xy yz zxl m n l m m n n lε ε ε ε γ γ γ′ = + + + + +

2 2 2
2 2 2 2 2 2 2 2 2y x y z xy yz zxl m n l m m n n lε ε ε ε γ γ γ′ = + + + + +
2 2 2

3 3 3 3 3 3 3 3 3z x y z xy yz zxl m n l m m n n lε ε ε ε γ γ γ′ = + + + + +

Let 1,2,3 be the principal direction of strain

, ,u v w
, , , , ,x y z xy yz zxε ε ε γ γ γ6 Strain

6 Stress 

3 Displacement 

15 Variables

, , , , ,x y z xy yz zxσ σ σ τ τ τ

principal strain

158/ 253



Innovative Ship Design – Elasticity

SDAL@Advanced Ship Design Automation Lab.
http://asdal.snu.ac.kr

Seoul 
National
Univ.

Generalized Hooke’s Law
6 Stress distribution in an elastic body 

6 Relations between 6 Strain and 3 Displacement 

6 Relations between 6 Strain and 6 Stress 

3 Equations of force equilibrium 
Isotropic : In case the elastic properties of the body are the same in all 

directions about any given point
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strain’ equations)

stress

strain

principal stress

relation?We shall show that the directions of the principal stresses
coincides with the directions of the principal strains

1

2

3

1′
2′ 3′

Directional Cosine

1 2 3
1′
2′
3′

1 1l = − 1 0m = 1 0n =

2 0l = 2 1m = 2 0n =

3 0l = 3 0m = 3 1n −

12 41 1 42 2 43 3

1 2 41 1 42 2 43 3

c c c
c c c

τ ε ε ε
τ ε ε ε′ ′ ′ ′ ′

= + + 
= + + 

isotropic material
 same 41 42 43, ,c c c

From the Transformation Equations for Stress 

1 2 12τ τ′ ′ = −
From the Transformation Equations for Strain 

2 2 2
1 1 2 3 12 23 31( 1) 0 0 ( 1) 0 0 0 0 ( 1)ε ε ε ε γ γ γ′ = − ⋅ + ⋅ + ⋅ + − ⋅ ⋅ + ⋅ ⋅ + ⋅ − ⋅

2 2 2
2 1 2 3 12 23 310 1 0 0 1 1 0 0 0ε ε ε ε γ γ γ′ = ⋅ + ⋅ + ⋅ + ⋅ ⋅ + ⋅ ⋅ + ⋅ ⋅

2 2 2
3 1 2 3 12 23 310 0 ( 1) 0 0 0 ( 1) ( 1) 0ε ε ε ε γ γ γ′ = ⋅ + ⋅ + − ⋅ + ⋅ ⋅ + ⋅ − ⋅ + − ⋅ ⋅

Let 1,2,3 be the principal direction of strain

, ,u v w
, , , , ,x y z xy yz zxε ε ε γ γ γ6 Strain

6 Stress 

3 Displacement 

15 Variables

, , , , ,x y z xy yz zxσ σ σ τ τ τ

principal strain
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directions about any given point

 Generalized Hooke’s Law  :  “each of the six stress 
components may be expresses as a linear function of the 
six components of strain, and conversely” (six ‘stress-
strain’ equations)

stress

strain

principal stress

relation?We shall show that the directions of the principal stresses
coincides with the directions of the principal strains

1

2

3

1′
2′ 3′

Directional Cosine

1 2 3
1′
2′
3′

1 1l = − 1 0m = 1 0n =

2 0l = 2 1m = 2 0n =

3 0l = 3 0m = 3 1n −

12 41 1 42 2 43 3

1 2 41 1 42 2 43 3

c c c
c c c

τ ε ε ε
τ ε ε ε′ ′ ′ ′ ′

= + + 
= + + 

isotropic material
 same 41 42 43, ,c c c

From the Transformation Equations for Stress 

1 2 12τ τ′ ′ = −
From the Transformation Equations for Strain 

2
1 1 1( 1)ε ε ε′ = − ⋅ =

2
2 2 21ε ε ε′ = ⋅ =

2
3 3 3( 1)ε ε ε′ = − ⋅ =

Let 1,2,3 be the principal direction of strain

, ,u v w
, , , , ,x y z xy yz zxε ε ε γ γ γ6 Strain

6 Stress 

3 Displacement 

15 Variables

, , , , ,x y z xy yz zxσ σ σ τ τ τ

principal strain
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components may be expresses as a linear function of the 
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strain’ equations)

stress

strain

principal stress

relation?We shall show that the directions of the principal stresses
coincides with the directions of the principal strains

1

2

3

1′
2′ 3′

Directional Cosine

1 2 3
1′
2′
3′

1 1l = − 1 0m = 1 0n =

2 0l = 2 1m = 2 0n =

3 0l = 3 0m = 3 1n −

12 41 1 42 2 43 3

1 2 41 1 42 2 43 3

c c c
c c c

τ ε ε ε
τ ε ε ε′ ′ ′ ′ ′

= + + 
= + + 

isotropic material
 same 41 42 43, ,c c c

From the Transformation 
Equations for Stress )1 2 12τ τ′ ′ = −

From the 
Transformation 
Equations for Strain 

2
1 1 1

2
2 2 2

2
3 3 3

( 1)

1

( 1)

ε ε ε

ε ε ε

ε ε ε

′

′

′

= − ⋅ =


= ⋅ = 
= − ⋅ = 

12 41 1 42 2 43 3

12 41 1 42 2 43 3

c c c
c c c

τ ε ε ε
τ ε ε ε
= + +

− = + +

Let 1,2,3 be the principal direction of strain

, ,u v w
, , , , ,x y z xy yz zxε ε ε γ γ γ6 Strain

6 Stress 

3 Displacement 

15 Variables

, , , , ,x y z xy yz zxσ σ σ τ τ τ

principal strain
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3 Equations of force equilibrium 
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 Generalized Hooke’s Law  :  “each of the six stress 
components may be expresses as a linear function of the 
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strain’ equations)

stress

strain

principal stress

relation?We shall show that the directions of the principal stresses
coincides with the directions of the principal strains

1

2

3

1′
2′ 3′

Directional Cosine

1 2 3
1′
2′
3′

1 1l = − 1 0m = 1 0n =

2 0l = 2 1m = 2 0n =

3 0l = 3 0m = 3 1n −

12 41 1 42 2 43 3

1 2 41 1 42 2 43 3

c c c
c c c

τ ε ε ε
τ ε ε ε′ ′ ′ ′ ′

= + + 
= + + 

isotropic material
 same 41 42 43, ,c c c

 the Transformation Equations for Stress / Strain 

12 41 1 42 2 43 3

12 41 1 42 2 43 3

c c c
c c c

τ ε ε ε
τ ε ε ε
= + +

− = + + 12 12τ τ∴ = − 12 0τ =

In same way, 23 310 , 0τ τ= =

Let 1,2,3 be the principal direction of strain

, ,u v w
, , , , ,x y z xy yz zxε ε ε γ γ γ6 Strain

6 Stress 

3 Displacement 

15 Variables

, , , , ,x y z xy yz zxσ σ σ τ τ τ

principal strain
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directions about any given point

 Generalized Hooke’s Law  :  “each of the six stress 
components may be expresses as a linear function of the 
six components of strain, and conversely” (six ‘stress-
strain’ equations)

stress

strain

principal stress

relation?We shall show that the directions of the principal stresses
coincides with the directions of the principal strains

1

2

3

1′
2′ 3′

Directional Cosine

1 2 3
1′
2′
3′

1 1l = − 1 0m = 1 0n =

2 0l = 2 1m = 2 0n =

3 0l = 3 0m = 3 1n −

12 41 1 42 2 43 3

1 2 41 1 42 2 43 3

c c c
c c c

τ ε ε ε
τ ε ε ε′ ′ ′ ′ ′

= + + 
= + + 

isotropic material
 same 41 42 43, ,c c c

 the Transformation Equations for Stress / Strain 

12 41 1 42 2 43 3

12 41 1 42 2 43 3

c c c
c c c

τ ε ε ε
τ ε ε ε
= + +

− = + + 12 12τ τ∴ = − 12 0τ =

In same way, 23 310 , 0τ τ= =

The shearing stress components referred to 1,2,3 coordinate 
system are zero

Let 1,2,3 be the principal direction of strain

1,2,3 are also the principal direction of stress
In other word

, ,u v w
, , , , ,x y z xy yz zxε ε ε γ γ γ6 Strain

6 Stress 

3 Displacement 

15 Variables

, , , , ,x y z xy yz zxσ σ σ τ τ τ

principal strain
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 Generalized Hooke’s Law  :  “each of the six stress 
components may be expresses as a linear function of the 
six components of strain, and conversely” (six ‘stress-
strain’ equations)

stress

strain

principal stress

relation?We shall show that the directions of the principal stresses
coincides with the directions of the principal strains

1

2

3

1′
2′ 3′

Directional Cosine

1 2 3
1′
2′
3′

1 1l = − 1 0m = 1 0n =

2 0l = 2 1m = 2 0n =

3 0l = 3 0m = 3 1n −

12 41 1 42 2 43 3

1 2 41 1 42 2 43 3

c c c
c c c

τ ε ε ε
τ ε ε ε′ ′ ′ ′ ′

= + + 
= + + 

isotropic material
 same 41 42 43, ,c c c

 the Transformation Equations for Stress / Strain 

12 41 1 42 2 43 3

12 41 1 42 2 43 3

c c c
c c c

τ ε ε ε
τ ε ε ε
= + +

− = + + 12 12τ τ∴ = − 12 0τ =

In same way, 23 310 , 0τ τ= =

The shearing stress components referred to 1,2,3 coordinate 
system are zero

Let 1,2,3 be the principal direction of strain

1,2,3 are also the principal direction of stress
In other word

same direction

, ,u v w
, , , , ,x y z xy yz zxε ε ε γ γ γ6 Strain

6 Stress 

3 Displacement 

15 Variables

, , , , ,x y z xy yz zxσ σ σ τ τ τ

principal strain

164/ 253



Innovative Ship Design – Elasticity

SDAL@Advanced Ship Design Automation Lab.
http://asdal.snu.ac.kr

Seoul 
National
Univ.

Generalized Hooke’s Law
6 Stress distribution in an elastic body 

6 Relations between 6 Strain and 3 Displacement 

6 Relations between 6 Strain and 6 Stress 
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 Generalized Hooke’s Law :  “each of the six stress 
components may be expresses as a linear function of the 
six components of strain, and conversely” (six ‘stress-
strain’ equations)

36 constants? isotropic

reduced to only two independent constants

11 12 13 14 15 16x x y z xy yz zxc c c c c cσ ε ε ε γ γ γ= + + + + +

21 22 23 24 25 26y x y z xy yz zxc c c c c cσ ε ε ε γ γ γ= + + + + +

31 32 33 34 35 36z x y z xy yz zxc c c c c cσ ε ε ε γ γ γ= + + + + +

41 42 43 44 45 46xy x y z xy yz zxc c c c c cτ ε ε ε γ γ γ= + + + + +

51 52 53 54 55 56yz x y z xy yz zxc c c c c cτ ε ε ε γ γ γ= + + + + +

61 62 63 64 65 66zx x y z xy yz zxc c c c c cτ ε ε ε γ γ γ= + + + + +

To show this, we should introduce 
principal stress and principal strain

stress

strain

principal stress

principal strain

relation? same direction

Generalized Hooke’s Law 

Referring to the principal directions

1 11 1 12 2 13 3

2 21 1 22 2 23 3

3 31 1 32 2 33 3

c c c
c c c
c c c

σ ε ε ε
σ ε ε ε
σ ε ε ε

= + +
 = + +
 = + +

ijc : the elastic property of the material relating              
the stress in the    direction to
the strain in the    direction

i
j

, ,u v w
, , , , ,x y z xy yz zxε ε ε γ γ γ6 Strain

6 Stress 

3 Displacement 

15 Variables

, , , , ,x y z xy yz zxσ σ σ τ τ τ
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Generalized Hooke’s Law
6 Stress distribution in an elastic body 

6 Relations between 6 Strain and 3 Displacement 

6 Relations between 6 Strain and 6 Stress 

3 Equations of force equilibrium 
Isotropic : In case the elastic properties of the body are the same in all 

directions about any given point

 Generalized Hooke’s Law :  “each of the six stress 
components may be expresses as a linear function of the 
six components of strain, and conversely” (six ‘stress-
strain’ equations)

36 constants? isotropic

reduced to only two independent constants

11 12 13 14 15 16x x y z xy yz zxc c c c c cσ ε ε ε γ γ γ= + + + + +

21 22 23 24 25 26y x y z xy yz zxc c c c c cσ ε ε ε γ γ γ= + + + + +

31 32 33 34 35 36z x y z xy yz zxc c c c c cσ ε ε ε γ γ γ= + + + + +

41 42 43 44 45 46xy x y z xy yz zxc c c c c cτ ε ε ε γ γ γ= + + + + +

51 52 53 54 55 56yz x y z xy yz zxc c c c c cτ ε ε ε γ γ γ= + + + + +

61 62 63 64 65 66zx x y z xy yz zxc c c c c cτ ε ε ε γ γ γ= + + + + +

To show this, we should introduce 
principal stress and principal strain

stress

strain

principal stress

relation? same direction

Generalized Hooke’s Law 

1 11 1 12 2 13 3

2 21 1 22 2 23 3

3 31 1 32 2 33 3

c c c
c c c
c c c

σ ε ε ε
σ ε ε ε
σ ε ε ε

= + +
 = + +
 = + +

ijc : the elastic property of the material relating              
the stress in the    direction to
the strain in the    direction

i
j

Referring to the principal directions

From the consideration of isotropy,

1εthe effect of an extension     on 1σ

2ε 2σthe effect of       on

3ε 3σthe effect of       on

||

||

same

same

, ,u v w
, , , , ,x y z xy yz zxε ε ε γ γ γ6 Strain

6 Stress 

3 Displacement 

15 Variables

, , , , ,x y z xy yz zxσ σ σ τ τ τ

principal strain
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Generalized Hooke’s Law
6 Stress distribution in an elastic body 

6 Relations between 6 Strain and 3 Displacement 

6 Relations between 6 Strain and 6 Stress 

3 Equations of force equilibrium 
Isotropic : In case the elastic properties of the body are the same in all 

directions about any given point

 Generalized Hooke’s Law :  “each of the six stress 
components may be expresses as a linear function of the 
six components of strain, and conversely” (six ‘stress-
strain’ equations)

36 constants? isotropic

reduced to only two independent constants

11 12 13 14 15 16x x y z xy yz zxc c c c c cσ ε ε ε γ γ γ= + + + + +

21 22 23 24 25 26y x y z xy yz zxc c c c c cσ ε ε ε γ γ γ= + + + + +

31 32 33 34 35 36z x y z xy yz zxc c c c c cσ ε ε ε γ γ γ= + + + + +

41 42 43 44 45 46xy x y z xy yz zxc c c c c cτ ε ε ε γ γ γ= + + + + +

51 52 53 54 55 56yz x y z xy yz zxc c c c c cτ ε ε ε γ γ γ= + + + + +

61 62 63 64 65 66zx x y z xy yz zxc c c c c cτ ε ε ε γ γ γ= + + + + +

To show this, we should introduce 
principal stress and principal strain

stress

strain

principal stress

relation? same direction

Generalized Hooke’s Law 

1 11 1 12 2 13 3

2 21 1 22 2 23 3

3 31 1 32 2 33 3

c c c
c c c
c c c

σ ε ε ε
σ ε ε ε
σ ε ε ε

= + +
 = + +
 = + +

ijc : the elastic property of the material relating              
the stress in the    direction to
the strain in the    direction

i
j

From the consideration of isotropy,

Referring to the principal directions

1εthe effect of an extension     on 1σ

2ε 2σthe effect of       on

3ε 3σthe effect of       on

||

||

same

same

means, 11 22 33c c c= =

, ,u v w
, , , , ,x y z xy yz zxε ε ε γ γ γ6 Strain

6 Stress 

3 Displacement 

15 Variables

, , , , ,x y z xy yz zxσ σ σ τ τ τ

principal strain
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Generalized Hooke’s Law
6 Stress distribution in an elastic body 

6 Relations between 6 Strain and 3 Displacement 

6 Relations between 6 Strain and 6 Stress 

3 Equations of force equilibrium 
Isotropic : In case the elastic properties of the body are the same in all 

directions about any given point

 Generalized Hooke’s Law :  “each of the six stress 
components may be expresses as a linear function of the 
six components of strain, and conversely” (six ‘stress-
strain’ equations)

36 constants? isotropic

reduced to only two independent constants

11 12 13 14 15 16x x y z xy yz zxc c c c c cσ ε ε ε γ γ γ= + + + + +

21 22 23 24 25 26y x y z xy yz zxc c c c c cσ ε ε ε γ γ γ= + + + + +

31 32 33 34 35 36z x y z xy yz zxc c c c c cσ ε ε ε γ γ γ= + + + + +

41 42 43 44 45 46xy x y z xy yz zxc c c c c cτ ε ε ε γ γ γ= + + + + +

51 52 53 54 55 56yz x y z xy yz zxc c c c c cτ ε ε ε γ γ γ= + + + + +

61 62 63 64 65 66zx x y z xy yz zxc c c c c cτ ε ε ε γ γ γ= + + + + +

To show this, we should introduce 
principal stress and principal strain

stress

strain

principal stress

relation? same direction

Generalized Hooke’s Law 

1 11 1 12 2 13 3

2 21 1 22 2 23 3

3 31 1 32 2 33 3

c c c
c c c
c c c

σ ε ε ε
σ ε ε ε
σ ε ε ε

= + +
 = + +
 = + +

ijc : the elastic property of the material relating              
the stress in the    direction to
the strain in the    direction

i
j

From the consideration of isotropy,

Referring to the principal directions

11 22 33c c c= =
isotropy

the effect  on      of       and       must be indistinguishable3ε1σ 2ε

1σ

2ε

3ε

means equal effect

12 13c c∴ =
similarly, 21 23 31 32,c c c c= =

, ,u v w
, , , , ,x y z xy yz zxε ε ε γ γ γ6 Strain

6 Stress 

3 Displacement 

15 Variables

, , , , ,x y z xy yz zxσ σ σ τ τ τ

principal strain
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Generalized Hooke’s Law
6 Stress distribution in an elastic body 

6 Relations between 6 Strain and 3 Displacement 

6 Relations between 6 Strain and 6 Stress 

3 Equations of force equilibrium 
Isotropic : In case the elastic properties of the body are the same in all 

directions about any given point

 Generalized Hooke’s Law :  “each of the six stress 
components may be expresses as a linear function of the 
six components of strain, and conversely” (six ‘stress-
strain’ equations)

36 constants? isotropic

reduced to only two independent constants

11 12 13 14 15 16x x y z xy yz zxc c c c c cσ ε ε ε γ γ γ= + + + + +

21 22 23 24 25 26y x y z xy yz zxc c c c c cσ ε ε ε γ γ γ= + + + + +

31 32 33 34 35 36z x y z xy yz zxc c c c c cσ ε ε ε γ γ γ= + + + + +

41 42 43 44 45 46xy x y z xy yz zxc c c c c cτ ε ε ε γ γ γ= + + + + +

51 52 53 54 55 56yz x y z xy yz zxc c c c c cτ ε ε ε γ γ γ= + + + + +

61 62 63 64 65 66zx x y z xy yz zxc c c c c cτ ε ε ε γ γ γ= + + + + +

To show this, we should introduce 
principal stress and principal strain

stress

strain

principal stress

relation? same direction

Generalized Hooke’s Law 

1 11 1 12 2 13 3

2 21 1 22 2 23 3

3 31 1 32 2 33 3

c c c
c c c
c c c

σ ε ε ε
σ ε ε ε
σ ε ε ε

= + +
 = + +
 = + +

ijc : the elastic property of the material relating              
the stress in the    direction to
the strain in the    direction

i
j

From the consideration of isotropy,

Referring to the principal directions

11 22 33c c c= =
isotropy

1σ
2ε

3ε

12 13 21 23 31 32, ,c c c c c c= = =

2 3 1ε ε σ
moreover, 
the effect of        or       on 
must be identical to
the effect of        or       on 1 3 2ε ε σ1ε

3σ

2ε

12 13 21 23 31 32c c c c c c∴ = = = = =

, ,u v w
, , , , ,x y z xy yz zxε ε ε γ γ γ6 Strain

6 Stress 

3 Displacement 

15 Variables

, , , , ,x y z xy yz zxσ σ σ τ τ τ

principal strain
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Generalized Hooke’s Law
6 Stress distribution in an elastic body 

6 Relations between 6 Strain and 3 Displacement 

6 Relations between 6 Strain and 6 Stress 

3 Equations of force equilibrium 
Isotropic : In case the elastic properties of the body are the same in all 

directions about any given point

 Generalized Hooke’s Law :  “each of the six stress 
components may be expresses as a linear function of the 
six components of strain, and conversely” (six ‘stress-
strain’ equations)

36 constants? isotropic

reduced to only two independent constants

11 12 13 14 15 16x x y z xy yz zxc c c c c cσ ε ε ε γ γ γ= + + + + +

21 22 23 24 25 26y x y z xy yz zxc c c c c cσ ε ε ε γ γ γ= + + + + +

31 32 33 34 35 36z x y z xy yz zxc c c c c cσ ε ε ε γ γ γ= + + + + +

41 42 43 44 45 46xy x y z xy yz zxc c c c c cτ ε ε ε γ γ γ= + + + + +

51 52 53 54 55 56yz x y z xy yz zxc c c c c cτ ε ε ε γ γ γ= + + + + +

61 62 63 64 65 66zx x y z xy yz zxc c c c c cτ ε ε ε γ γ γ= + + + + +

To show this, we should introduce 
principal stress and principal strain

stress

strain

principal stress

relation? same direction

Generalized Hooke’s Law 

1 11 1 12 2 13 3

2 21 1 22 2 23 3

3 31 1 32 2 33 3

c c c
c c c
c c c

σ ε ε ε
σ ε ε ε
σ ε ε ε

= + +
 = + +
 = + +

From the consideration of isotropy,

Referring to the principal directions

11 22 33c c c= =

12 13 21 23 31 32c c c c c c= = = = =

For the principal axes, we need to be concerned only with two elastic constants

1 1 2 3

2 2 3 1

3 3 1 2

( )
( )
( )

a b
a b
a b

σ ε ε ε
σ ε ε ε
σ ε ε ε

= + +
 = + +
 = + +

1 11 1 12 2 13 3

2 21 1 22 2 23 3

3 31 1 32 2 33 3

c c c
c c c
c c c

σ ε ε ε
σ ε ε ε
σ ε ε ε

= + +
 = + +
 = + +

a b

, ,u v w
, , , , ,x y z xy yz zxε ε ε γ γ γ6 Strain

6 Stress 

3 Displacement 

15 Variables

, , , , ,x y z xy yz zxσ σ σ τ τ τ

principal strain
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Generalized Hooke’s Law
6 Stress distribution in an elastic body 

6 Relations between 6 Strain and 3 Displacement 

6 Relations between 6 Strain and 6 Stress 

3 Equations of force equilibrium 
Isotropic : In case the elastic properties of the body are the same in all 

directions about any given point

 Generalized Hooke’s Law :  “each of the six stress 
components may be expresses as a linear function of the 
six components of strain, and conversely” (six ‘stress-
strain’ equations)

36 constants? isotropic

reduced to only two independent constants

11 12 13 14 15 16x x y z xy yz zxc c c c c cσ ε ε ε γ γ γ= + + + + +

21 22 23 24 25 26y x y z xy yz zxc c c c c cσ ε ε ε γ γ γ= + + + + +

31 32 33 34 35 36z x y z xy yz zxc c c c c cσ ε ε ε γ γ γ= + + + + +

41 42 43 44 45 46xy x y z xy yz zxc c c c c cτ ε ε ε γ γ γ= + + + + +

51 52 53 54 55 56yz x y z xy yz zxc c c c c cτ ε ε ε γ γ γ= + + + + +

61 62 63 64 65 66zx x y z xy yz zxc c c c c cτ ε ε ε γ γ γ= + + + + +

To show this, we should introduce 
principal stress and principal strain

stress

strain

principal stress

relation? same direction

Generalized Hooke’s Law 

1 11 1 12 2 13 3

2 21 1 22 2 23 3

3 31 1 32 2 33 3

c c c
c c c
c c c

σ ε ε ε
σ ε ε ε
σ ε ε ε

= + +
 = + +
 = + +

isotropy the principal directions

1 1 2 3

2 2 3 1

3 3 1 2

( )
( )
( )

a b
a b
a b

σ ε ε ε
σ ε ε ε
σ ε ε ε

= + +
 = + +
 = + +

Introduce two constant 1, ( )
2

b a bλ µ= = −

2 2a bµ µ λ= + = +
b λ=

1 1 2 3

2 2 3 1

3 3 1 2

(2 ) ( )
(2 ) ( )
(2 ) ( )

σ µ λ ε λ ε ε
σ µ λ ε λ ε ε
σ µ λ ε λ ε ε

= + + +
 = + + +
 = + + +

1 1 2 3

2 1 2 3

3 1 2 3

2 ( )
2 ( )
2 ( )

µε λ ε ε ε
µε λ ε ε ε
µε λ ε ε ε

= + + +
= + + +
= + + +

1 1

2 2

3 3

2
2
2

e
e
e

σ λ µε
σ λ µε
σ λ µε

= +
∴ = +
 = +

, ,u v w
, , , , ,x y z xy yz zxε ε ε γ γ γ6 Strain

6 Stress 

3 Displacement 

15 Variables

, , , , ,x y z xy yz zxσ σ σ τ τ τ

principal strain
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Generalized Hooke’s Law
6 Stress distribution in an elastic body 

6 Relations between 6 Strain and 3 Displacement 

6 Relations between 6 Strain and 6 Stress 

3 Equations of force equilibrium 
Isotropic : In case the elastic properties of the body are the same in all 

directions about any given point

 Generalized Hooke’s Law :  “each of the six stress 
components may be expresses as a linear function of the 
six components of strain, and conversely” (six ‘stress-
strain’ equations)

36 constants? isotropic

reduced to only two independent constants

11 12 13 14 15 16x x y z xy yz zxc c c c c cσ ε ε ε γ γ γ= + + + + +

21 22 23 24 25 26y x y z xy yz zxc c c c c cσ ε ε ε γ γ γ= + + + + +

31 32 33 34 35 36z x y z xy yz zxc c c c c cσ ε ε ε γ γ γ= + + + + +

41 42 43 44 45 46xy x y z xy yz zxc c c c c cτ ε ε ε γ γ γ= + + + + +

51 52 53 54 55 56yz x y z xy yz zxc c c c c cτ ε ε ε γ γ γ= + + + + +

61 62 63 64 65 66zx x y z xy yz zxc c c c c cτ ε ε ε γ γ γ= + + + + +

To show this, we should introduce 
principal stress and principal strain

stress

strain

principal stress

relation? same direction

Generalized Hooke’s Law 

1 11 1 12 2 13 3

2 21 1 22 2 23 3

3 31 1 32 2 33 3

c c c
c c c
c c c

σ ε ε ε
σ ε ε ε
σ ε ε ε

= + +
 = + +
 = + +

isotropy the principal directions

1 1 2 3

2 2 3 1

3 3 1 2

( )
( )
( )

a b
a b
a b

σ ε ε ε
σ ε ε ε
σ ε ε ε

= + +
 = + +
 = + +

Introduce two constant 1, ( )
2

b a bλ µ= = −

2 2a bµ µ λ= + = +
b λ=

1 1 2 3

2 2 3 1

3 3 1 2

(2 ) ( )
(2 ) ( )
(2 ) ( )

σ µ λ ε λ ε ε
σ µ λ ε λ ε ε
σ µ λ ε λ ε ε

= + + +
 = + + +
 = + + +

1 1 2 3

2 1 2 3

3 1 2 3

2 ( )
2 ( )
2 ( )

µε λ ε ε ε
µε λ ε ε ε
µε λ ε ε ε

= + + +
= + + +
= + + +

1 1

2 2

3 3

2
2
2

e
e
e

σ λ µε
σ λ µε
σ λ µε

= +
∴ = +
 = +

, , : constant of Lameλ µ 

1 2 3e ε ε ε= + +

, ,u v w
, , , , ,x y z xy yz zxε ε ε γ γ γ6 Strain

6 Stress 
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Generalized Hooke’s Law
6 Stress distribution in an elastic body 

6 Relations between 6 Strain and 3 Displacement 

6 Relations between 6 Strain and 6 Stress 

3 Equations of force equilibrium 
Isotropic : In case the elastic properties of the body are the same in all 

directions about any given point

 Generalized Hooke’s Law :  “each of the six stress 
components may be expresses as a linear function of the 
six components of strain, and conversely” (six ‘stress-
strain’ equations)

36 constants? isotropic

reduced to only two independent constants

11 12 13 14 15 16x x y z xy yz zxc c c c c cσ ε ε ε γ γ γ= + + + + +

21 22 23 24 25 26y x y z xy yz zxc c c c c cσ ε ε ε γ γ γ= + + + + +

31 32 33 34 35 36z x y z xy yz zxc c c c c cσ ε ε ε γ γ γ= + + + + +

41 42 43 44 45 46xy x y z xy yz zxc c c c c cτ ε ε ε γ γ γ= + + + + +

51 52 53 54 55 56yz x y z xy yz zxc c c c c cτ ε ε ε γ γ γ= + + + + +

61 62 63 64 65 66zx x y z xy yz zxc c c c c cτ ε ε ε γ γ γ= + + + + +

To show this, we should introduce 
principal stress and principal strain

stress

strain

principal stress

relation? same direction

Generalized Hooke’s Law 
the principal directions(1,2,3) and isotropy

1 1

2 2

3 3

2
2
2

e
e
e

σ λ µε
σ λ µε
σ λ µε

= +
 = +
 = +

, , : constant of Lameλ µ  1 2 3e ε ε ε= + +

, ,u v w
, , , , ,x y z xy yz zxε ε ε γ γ γ6 Strain

6 Stress 

3 Displacement 

15 Variables

, , , , ,x y z xy yz zxσ σ σ τ τ τ

principal strain
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Stress-Strain Relation
6 Stress distribution in an elastic body 

6 Relations between 6 Strain and 3 Displacement 

6 Relations between 6 Strain and 6 Stress 

3 Equations of force equilibrium 
Isotropic : In case the elastic properties of the body are the same in all 

directions about any given point

 Generalized Hooke’s Law :  “each of the six stress 
components may be expresses as a linear function of the 
six components of strain, and conversely” (six ‘stress-
strain’ equations)

11 12 13 14 15 16x x y z xy yz zxc c c c c cσ ε ε ε γ γ γ= + + + + +

21 22 23 24 25 26y x y z xy yz zxc c c c c cσ ε ε ε γ γ γ= + + + + +

31 32 33 34 35 36z x y z xy yz zxc c c c c cσ ε ε ε γ γ γ= + + + + +

41 42 43 44 45 46xy x y z xy yz zxc c c c c cτ ε ε ε γ γ γ= + + + + +

51 52 53 54 55 56yz x y z xy yz zxc c c c c cτ ε ε ε γ γ γ= + + + + +

61 62 63 64 65 66zx x y z xy yz zxc c c c c cτ ε ε ε γ γ γ= + + + + +

stress

strain

principal stress

principal strain

relation? same direction

Generalized Hooke’s Law 

the principal directions 
and isotropy

1 1

2 2

3 3

2
2
2

e
e
e

σ λ µε
σ λ µε
σ λ µε

= +
 = +
 = + , , : constant of Lameλ µ 

1 2 3,e ε ε ε= + +
The relation between 
the principal stress components                       and 
the principal strain components 1 2 3, ,ε ε ε

1 2 3, ,σ σ σ

The stress-strain relations referring an arbitrary system 
of cartesian coordinate axes?

Directional Cosine

1 2 3
x
y
z

1l 1m 1n
2l 2m 2n
3l 3m 3n

arbitrary 
system of 

coordinates

principal 
directions

By using the translation of stress and 
the translation of strain

, ,u v w
, , , , ,x y z xy yz zxε ε ε γ γ γ6 Strain

6 Stress 

3 Displacement 

15 Variables

, , , , ,x y z xy yz zxσ σ σ τ τ τ
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Stress-Strain Relation
6 Stress distribution in an elastic body 

6 Relations between 6 Strain and 3 Displacement 

6 Relations between 6 Strain and 6 Stress 

3 Equations of force equilibrium 
Isotropic : In case the elastic properties of the body are the same in all 

directions about any given point

 Generalized Hooke’s Law :  “each of the six stress 
components may be expresses as a linear function of the 
six components of strain, and conversely” (six ‘stress-
strain’ equations)

stress

strain

principal stress

principal strain

same direction

Generalized Hooke’s Law 
the principal directions and isotropy

1 1

2 2

3 3

2
2
2

e
e
e

σ λ µε
σ λ µε
σ λ µε

= +
 = +
 = +

, , : constant of Lameλ µ 

1 2 3,e ε ε ε= + +

relation for arbitrary system of 
cartesian coordinate axes?

Directional Cosine

1 2 3
x
y
z

1l 1m 1n
2l 2m 2n
3l 3m 3n

arbitrary 
system of 

coordinates

principal 
directions

the transformation of stress  between arbitrary x,y,z and arbitrary x’,y’,z’ system
2 2 2

1 1 1 1 1 1 1 1 12 2 2x x y z xy yz zxl m n l m m n n lσ σ σ σ τ τ τ′ = + + + + +

( ) ( ) ( )1 2 1 2 1 2 1 2 1 2 1 2 1 2 1 2 1 2x y x y z xy yz zxl l m m n n l m m l m n n m n l l nτ σ σ σ τ τ τ′ ′ = + + + + + + + +

2 2 2
2 2 2 2 2 2 2 2 22 2 2y x y z xy yz zxl m n l m m n n lσ σ σ σ τ τ τ′ = + + + + +
2 2 2

3 3 3 3 3 3 3 3 32 2 2z x y z xy yz zxl m n l m m n n lσ σ σ σ τ τ τ′ = + + + + +

( ) ( ) ( )2 3 2 3 2 3 2 3 2 3 2 3 2 3 2 3 2 3y z x y z xy yz zxl l m m n n l m m l m n n m n l l nτ σ σ σ τ τ τ′ ′ = + + + + + + + +

( ) ( ) ( )3 1 3 1 3 1 3 1 3 1 3 1 3 1 3 1 3 1z x x y z xy yz zxl l m m n n l m m l m n n m n l l nτ σ σ σ τ τ τ′ ′ = + + + + + + + +

, ,u v w
, , , , ,x y z xy yz zxε ε ε γ γ γ6 Strain

6 Stress 

3 Displacement 

15 Variables

, , , , ,x y z xy yz zxσ σ σ τ τ τ

1

2

3

4

5

6

, , 1, 2,3x y z →
, , , ,x y z x y z′ ′ ′ →

principal direction

arbitrary system

2 2 2
1 1 1 2 1 3 1 1 12 1 1 23 1 1 312 2 2x l m n l m m n n lσ σ σ σ τ τ τ= + + + + +1From

2 2 2
1 1 1 2 1 3x l m nσ σ σ σ∴ = + +

the transformation of stress  between principal direction 1,2,3 and arbitrary x,y,z
system 
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Stress-Strain Relation
6 Stress distribution in an elastic body 

6 Relations between 6 Strain and 3 Displacement 

6 Relations between 6 Strain and 6 Stress 

3 Equations of force equilibrium 
Isotropic : In case the elastic properties of the body are the same in all 

directions about any given point

 Generalized Hooke’s Law :  “each of the six stress 
components may be expresses as a linear function of the 
six components of strain, and conversely” (six ‘stress-
strain’ equations)

stress

strain

principal stress

principal strain

same direction

Generalized Hooke’s Law 
the principal directions and isotropy

1 1

2 2

3 3

2
2
2

e
e
e

σ λ µε
σ λ µε
σ λ µε

= +
 = +
 = +

, , : constant of Lameλ µ 

1 2 3,e ε ε ε= + +

relation for arbitrary system of 
cartesian coordinate axes?

Directional Cosine

1 2 3
x
y
z

1l 1m 1n
2l 2m 2n
3l 3m 3n

arbitrary 
system of 

coordinates

principal 
directions

2 2 2
1 1 1 1 1 1 1 1 12 2 2x x y z xy yz zxl m n l m m n n lσ σ σ σ τ τ τ′ = + + + + +

( ) ( ) ( )1 2 1 2 1 2 1 2 1 2 1 2 1 2 1 2 1 2x y x y z xy yz zxl l m m n n l m m l m n n m n l l nτ σ σ σ τ τ τ′ ′ = + + + + + + + +

2 2 2
2 2 2 2 2 2 2 2 22 2 2y x y z xy yz zxl m n l m m n n lσ σ σ σ τ τ τ′ = + + + + +
2 2 2

3 3 3 3 3 3 3 3 32 2 2z x y z xy yz zxl m n l m m n n lσ σ σ σ τ τ τ′ = + + + + +

( ) ( ) ( )2 3 2 3 2 3 2 3 2 3 2 3 2 3 2 3 2 3y z x y z xy yz zxl l m m n n l m m l m n n m n l l nτ σ σ σ τ τ τ′ ′ = + + + + + + + +

( ) ( ) ( )3 1 3 1 3 1 3 1 3 1 3 1 3 1 3 1 3 1z x x y z xy yz zxl l m m n n l m m l m n n m n l l nτ σ σ σ τ τ τ′ ′ = + + + + + + + +

, ,u v w
, , , , ,x y z xy yz zxε ε ε γ γ γ6 Strain

6 Stress 

3 Displacement 

15 Variables

, , , , ,x y z xy yz zxσ σ σ τ τ τ

1

2

3

4

5

6

2From

2 2 2
2 1 2 2 2 3x l m nσ σ σ σ∴ = + +

2 2 2
2 1 2 2 2 3 2 2 12 2 2 23 2 2 312 2 2y l m n l m m n n lσ σ σ σ τ τ τ= + + + + +

, , 1, 2,3x y z →
, , , ,x y z x y z′ ′ ′ →

principal direction

arbitrary system

the transformation of stress  between arbitrary x,y,z and arbitrary x’,y’,z’ system

the transformation of stress  between principal direction 1,2,3 and arbitrary x,y,z
system 
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Stress-Strain Relation
6 Stress distribution in an elastic body 

6 Relations between 6 Strain and 3 Displacement 

6 Relations between 6 Strain and 6 Stress 

3 Equations of force equilibrium 
Isotropic : In case the elastic properties of the body are the same in all 

directions about any given point

 Generalized Hooke’s Law :  “each of the six stress 
components may be expresses as a linear function of the 
six components of strain, and conversely” (six ‘stress-
strain’ equations)

stress

strain

principal stress

principal strain

same direction

Generalized Hooke’s Law 
the principal directions and isotropy

1 1

2 2

3 3

2
2
2

e
e
e

σ λ µε
σ λ µε
σ λ µε

= +
 = +
 = +

, , : constant of Lameλ µ 

1 2 3,e ε ε ε= + +

relation for arbitrary system of 
cartesian coordinate axes?

Directional Cosine

1 2 3
x
y
z

1l 1m 1n
2l 2m 2n
3l 3m 3n

arbitrary 
system of 

coordinates

principal 
directions

2 2 2
1 1 1 1 1 1 1 1 12 2 2x x y z xy yz zxl m n l m m n n lσ σ σ σ τ τ τ′ = + + + + +

( ) ( ) ( )1 2 1 2 1 2 1 2 1 2 1 2 1 2 1 2 1 2x y x y z xy yz zxl l m m n n l m m l m n n m n l l nτ σ σ σ τ τ τ′ ′ = + + + + + + + +

2 2 2
2 2 2 2 2 2 2 2 22 2 2y x y z xy yz zxl m n l m m n n lσ σ σ σ τ τ τ′ = + + + + +
2 2 2

3 3 3 3 3 3 3 3 32 2 2z x y z xy yz zxl m n l m m n n lσ σ σ σ τ τ τ′ = + + + + +

( ) ( ) ( )2 3 2 3 2 3 2 3 2 3 2 3 2 3 2 3 2 3y z x y z xy yz zxl l m m n n l m m l m n n m n l l nτ σ σ σ τ τ τ′ ′ = + + + + + + + +

( ) ( ) ( )3 1 3 1 3 1 3 1 3 1 3 1 3 1 3 1 3 1z x x y z xy yz zxl l m m n n l m m l m n n m n l l nτ σ σ σ τ τ τ′ ′ = + + + + + + + +

, ,u v w
, , , , ,x y z xy yz zxε ε ε γ γ γ6 Strain

6 Stress 

3 Displacement 

15 Variables

, , , , ,x y z xy yz zxσ σ σ τ τ τ

1

2

3

4

5

6

3From 2 2 2
3 1 3 2 3 3 3 3 12 3 3 23 3 3 312 2 2z l m n l m m n n lσ σ σ σ τ τ τ= + + + + +

2 2 2
3 1 3 2 3 3z l m nσ σ σ σ∴ = + +

, , 1, 2,3x y z →
, , , ,x y z x y z′ ′ ′ →

principal direction

arbitrary system

the transformation of stress  between arbitrary x,y,z and arbitrary x’,y’,z’ system

the transformation of stress  between principal direction 1,2,3 and arbitrary x,y,z
system 
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Stress-Strain Relation
6 Stress distribution in an elastic body 

6 Relations between 6 Strain and 3 Displacement 

6 Relations between 6 Strain and 6 Stress 

3 Equations of force equilibrium 
Isotropic : In case the elastic properties of the body are the same in all 

directions about any given point

 Generalized Hooke’s Law :  “each of the six stress 
components may be expresses as a linear function of the 
six components of strain, and conversely” (six ‘stress-
strain’ equations)

stress

strain

principal stress

principal strain

same direction

Generalized Hooke’s Law 
the principal directions and isotropy

1 1

2 2

3 3

2
2
2

e
e
e

σ λ µε
σ λ µε
σ λ µε

= +
 = +
 = +

, , : constant of Lameλ µ 

1 2 3,e ε ε ε= + +

relation for arbitrary system of 
cartesian coordinate axes?

Directional Cosine

1 2 3
x
y
z

1l 1m 1n
2l 2m 2n
3l 3m 3n

arbitrary 
system of 

coordinates

principal 
directions

2 2 2
1 1 1 1 1 1 1 1 12 2 2x x y z xy yz zxl m n l m m n n lσ σ σ σ τ τ τ′ = + + + + +

( ) ( ) ( )1 2 1 2 1 2 1 2 1 2 1 2 1 2 1 2 1 2x y x y z xy yz zxl l m m n n l m m l m n n m n l l nτ σ σ σ τ τ τ′ ′ = + + + + + + + +

2 2 2
2 2 2 2 2 2 2 2 22 2 2y x y z xy yz zxl m n l m m n n lσ σ σ σ τ τ τ′ = + + + + +
2 2 2

3 3 3 3 3 3 3 3 32 2 2z x y z xy yz zxl m n l m m n n lσ σ σ σ τ τ τ′ = + + + + +

( ) ( ) ( )2 3 2 3 2 3 2 3 2 3 2 3 2 3 2 3 2 3y z x y z xy yz zxl l m m n n l m m l m n n m n l l nτ σ σ σ τ τ τ′ ′ = + + + + + + + +

( ) ( ) ( )3 1 3 1 3 1 3 1 3 1 3 1 3 1 3 1 3 1z x x y z xy yz zxl l m m n n l m m l m n n m n l l nτ σ σ σ τ τ τ′ ′ = + + + + + + + +

, ,u v w
, , , , ,x y z xy yz zxε ε ε γ γ γ6 Strain

6 Stress 

3 Displacement 

15 Variables

, , , , ,x y z xy yz zxσ σ σ τ τ τ

1

2

3

4

5

6

4From ( ) ( ) ( )1 2 1 1 2 2 1 2 3 1 2 1 2 12 1 2 1 2 23 1 2 1 2 31xy l l m m n n l m m l m n n m n l l nτ σ σ σ τ τ τ= + + + + + + + +

1 2 1 1 2 2 1 2 3xy l l m m n nτ σ σ σ∴ = + +

, , 1, 2,3x y z →
, , , ,x y z x y z′ ′ ′ →

principal direction

arbitrary system

the transformation of stress  between arbitrary x,y,z and arbitrary x’,y’,z’ system

the transformation of stress  between principal direction 1,2,3 and arbitrary x,y,z
system 
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Stress-Strain Relation
6 Stress distribution in an elastic body 

6 Relations between 6 Strain and 3 Displacement 

6 Relations between 6 Strain and 6 Stress 

3 Equations of force equilibrium 
Isotropic : In case the elastic properties of the body are the same in all 

directions about any given point

 Generalized Hooke’s Law :  “each of the six stress 
components may be expresses as a linear function of the 
six components of strain, and conversely” (six ‘stress-
strain’ equations)

stress

strain

principal stress

principal strain

same direction

Generalized Hooke’s Law 
the principal directions and isotropy

1 1

2 2

3 3

2
2
2

e
e
e

σ λ µε
σ λ µε
σ λ µε

= +
 = +
 = +

, , : constant of Lameλ µ 

1 2 3,e ε ε ε= + +

relation for arbitrary system of 
cartesian coordinate axes?

Directional Cosine

1 2 3
x
y
z

1l 1m 1n
2l 2m 2n
3l 3m 3n

arbitrary 
system of 

coordinates

principal 
directions

2 2 2
1 1 1 1 1 1 1 1 12 2 2x x y z xy yz zxl m n l m m n n lσ σ σ σ τ τ τ′ = + + + + +

( ) ( ) ( )1 2 1 2 1 2 1 2 1 2 1 2 1 2 1 2 1 2x y x y z xy yz zxl l m m n n l m m l m n n m n l l nτ σ σ σ τ τ τ′ ′ = + + + + + + + +

2 2 2
2 2 2 2 2 2 2 2 22 2 2y x y z xy yz zxl m n l m m n n lσ σ σ σ τ τ τ′ = + + + + +
2 2 2

3 3 3 3 3 3 3 3 32 2 2z x y z xy yz zxl m n l m m n n lσ σ σ σ τ τ τ′ = + + + + +

( ) ( ) ( )2 3 2 3 2 3 2 3 2 3 2 3 2 3 2 3 2 3y z x y z xy yz zxl l m m n n l m m l m n n m n l l nτ σ σ σ τ τ τ′ ′ = + + + + + + + +

( ) ( ) ( )3 1 3 1 3 1 3 1 3 1 3 1 3 1 3 1 3 1z x x y z xy yz zxl l m m n n l m m l m n n m n l l nτ σ σ σ τ τ τ′ ′ = + + + + + + + +

, ,u v w
, , , , ,x y z xy yz zxε ε ε γ γ γ6 Strain

6 Stress 

3 Displacement 

15 Variables

, , , , ,x y z xy yz zxσ σ σ τ τ τ

1

2

3

4

5

6

5From ( ) ( ) ( )2 3 1 2 3 2 2 3 3 2 3 2 3 12 2 3 2 3 23 2 3 2 3 31yz l l m m n n l m m l m n n m n l l nτ σ σ σ τ τ τ= + + + + + + + +

2 3 1 2 3 2 2 3 3yz l l m m n nτ σ σ σ∴ = + +

, , 1, 2,3x y z →
, , , ,x y z x y z′ ′ ′ →

principal direction

arbitrary system

the transformation of stress  between arbitrary x,y,z and arbitrary x’,y’,z’ system

the transformation of stress  between principal direction 1,2,3 and arbitrary x,y,z
system 
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Stress-Strain Relation
6 Stress distribution in an elastic body 

6 Relations between 6 Strain and 3 Displacement 

6 Relations between 6 Strain and 6 Stress 

3 Equations of force equilibrium 
Isotropic : In case the elastic properties of the body are the same in all 

directions about any given point

 Generalized Hooke’s Law :  “each of the six stress 
components may be expresses as a linear function of the 
six components of strain, and conversely” (six ‘stress-
strain’ equations)

stress

strain

principal stress

principal strain

same direction

Generalized Hooke’s Law 
the principal directions and isotropy

1 1

2 2

3 3

2
2
2

e
e
e

σ λ µε
σ λ µε
σ λ µε

= +
 = +
 = +

, , : constant of Lameλ µ 

1 2 3,e ε ε ε= + +

relation for arbitrary system of 
cartesian coordinate axes?

Directional Cosine

1 2 3
x
y
z

1l 1m 1n
2l 2m 2n
3l 3m 3n

arbitrary 
system of 

coordinates

principal 
directions

2 2 2
1 1 1 1 1 1 1 1 12 2 2x x y z xy yz zxl m n l m m n n lσ σ σ σ τ τ τ′ = + + + + +

( ) ( ) ( )1 2 1 2 1 2 1 2 1 2 1 2 1 2 1 2 1 2x y x y z xy yz zxl l m m n n l m m l m n n m n l l nτ σ σ σ τ τ τ′ ′ = + + + + + + + +

2 2 2
2 2 2 2 2 2 2 2 22 2 2y x y z xy yz zxl m n l m m n n lσ σ σ σ τ τ τ′ = + + + + +
2 2 2

3 3 3 3 3 3 3 3 32 2 2z x y z xy yz zxl m n l m m n n lσ σ σ σ τ τ τ′ = + + + + +

( ) ( ) ( )2 3 2 3 2 3 2 3 2 3 2 3 2 3 2 3 2 3y z x y z xy yz zxl l m m n n l m m l m n n m n l l nτ σ σ σ τ τ τ′ ′ = + + + + + + + +

( ) ( ) ( )3 1 3 1 3 1 3 1 3 1 3 1 3 1 3 1 3 1z x x y z xy yz zxl l m m n n l m m l m n n m n l l nτ σ σ σ τ τ τ′ ′ = + + + + + + + +

, ,u v w
, , , , ,x y z xy yz zxε ε ε γ γ γ6 Strain

6 Stress 

3 Displacement 

15 Variables

, , , , ,x y z xy yz zxσ σ σ τ τ τ

1

2

3

4

5

6

6From ( ) ( ) ( )3 1 1 3 1 2 3 1 3 3 1 3 1 12 3 1 3 1 23 3 1 3 1 31zx l l m m n n l m m l m n n m n l l nτ σ σ σ τ τ τ= + + + + + + + +

3 1 1 3 1 2 3 1 3zx l l m m n nτ σ σ σ∴ = + +

, , 1, 2,3x y z →
, , , ,x y z x y z′ ′ ′ →

principal direction

arbitrary system

the transformation of stress  between principal direction 1,2,3 and arbitrary x,y,z
system 

the transformation of stress  between arbitrary x,y,z and arbitrary x’,y’,z’ system
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2 2 2
1 1 1 1 1 1 1 1 12 2 2x x y z xy yz zxl m n l m m n n lσ σ σ σ τ τ τ′ = + + + + +

( ) ( ) ( )1 2 1 2 1 2 1 2 1 2 1 2 1 2 1 2 1 2x y x y z xy yz zxl l m m n n l m m l m n n m n l l nτ σ σ σ τ τ τ′ ′ = + + + + + + + +

2 2 2
2 2 2 2 2 2 2 2 22 2 2y x y z xy yz zxl m n l m m n n lσ σ σ σ τ τ τ′ = + + + + +
2 2 2

3 3 3 3 3 3 3 3 32 2 2z x y z xy yz zxl m n l m m n n lσ σ σ σ τ τ τ′ = + + + + +

( ) ( ) ( )2 3 2 3 2 3 2 3 2 3 2 3 2 3 2 3 2 3y z x y z xy yz zxl l m m n n l m m l m n n m n l l nτ σ σ σ τ τ τ′ ′ = + + + + + + + +

( ) ( ) ( )3 1 3 1 3 1 3 1 3 1 3 1 3 1 3 1 3 1z x x y z xy yz zxl l m m n n l m m l m n n m n l l nτ σ σ σ τ τ τ′ ′ = + + + + + + + +

1

2

3

4

5

6

Stress-Strain Relation
6 Stress distribution in an elastic body 

6 Relations between 6 Strain and 3 Displacement 

6 Relations between 6 Strain and 6 Stress 

3 Equations of force equilibrium 
Isotropic : In case the elastic properties of the body are the same in all 

directions about any given point

 Generalized Hooke’s Law :  “each of the six stress 
components may be expresses as a linear function of the 
six components of strain, and conversely” (six ‘stress-
strain’ equations)

stress

strain

principal stress

principal strain

same direction

Generalized Hooke’s Law 
the principal directions and isotropy

1 1

2 2

3 3

2
2
2

e
e
e

σ λ µε
σ λ µε
σ λ µε

= +
 = +
 = +

, , : constant of Lameλ µ 

1 2 3,e ε ε ε= + +

relation for arbitrary system of 
cartesian coordinate axes?

Directional Cosine

1 2 3
x
y
z

1l 1m 1n
2l 2m 2n
3l 3m 3n

arbitrary 
system of 

coordinates

principal 
directions

, ,u v w
, , , , ,x y z xy yz zxε ε ε γ γ γ6 Strain

6 Stress 

3 Displacement 

15 Variables

, , , , ,x y z xy yz zxσ σ σ τ τ τ

2 2 2
1 1 1 2 1 3x l m nσ σ σ σ= + +

2 2 2
2 1 2 2 2 3y l m nσ σ σ σ= + +

2 2 2
3 1 3 2 3 3z l m nσ σ σ σ= + +

1 2 1 1 2 2 1 2 3xy l l m m n nτ σ σ σ= + +

2 3 1 2 3 2 2 3 3yz l l m m n nτ σ σ σ= + +

3 1 1 3 1 2 3 1 3zx l l m m n nτ σ σ σ= + +

1

2

3

4

5

6

, , 1, 2,3x y z →
, , , ,x y z x y z′ ′ ′ →

principal direction

arbitrary system

the transformation of stress  between principal 
direction 1,2,3 and arbitrary x,y,z system

the transformation of stress  between arbitrary x,y,z and arbitrary x’,y’,z’ system
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1

2

3

4

5

6

Stress-Strain Relation
6 Stress distribution in an elastic body 

6 Relations between 6 Strain and 3 Displacement 

6 Relations between 6 Strain and 6 Stress 

3 Equations of force equilibrium 
Isotropic : In case the elastic properties of the body are the same in all 

directions about any given point

 Generalized Hooke’s Law :  “each of the six stress 
components may be expresses as a linear function of the 
six components of strain, and conversely” (six ‘stress-
strain’ equations)

stress

strain

principal stress

principal strain

same direction

Generalized Hooke’s Law 
the principal directions and isotropy

1 1

2 2

3 3

2
2
2

e
e
e

σ λ µε
σ λ µε
σ λ µε

= +
 = +
 = +

, , : constant of Lameλ µ 

1 2 3,e ε ε ε= + +

relation for arbitrary system of 
cartesian coordinate axes?

Directional Cosine

1 2 3
x
y
z

1l 1m 1n
2l 2m 2n
3l 3m 3n

arbitrary 
system of 

coordinates

principal 
directions

, ,u v w
, , , , ,x y z xy yz zxε ε ε γ γ γ6 Strain

6 Stress 

3 Displacement 

15 Variables

, , , , ,x y z xy yz zxσ σ σ τ τ τ

2 2 2
1 1 1 1 1 1 1 1 1x x y z xy yz zxl m n l m m n n lε ε ε ε γ γ γ′ = + + + + +

2 2 2
2 2 2 2 2 2 2 2 2y x y z xy yz zxl m n l m m n n lε ε ε ε γ γ γ′ = + + + + +
2 2 2

3 3 3 3 3 3 3 3 3z x y z xy yz zxl m n l m m n n lε ε ε ε γ γ γ′ = + + + + +
( ) ( ) ( )1 2 1 2 1 2 1 2 1 2 1 2 1 2 1 2 1 22 2 2x y x y z xy yz zxl l m m n n l m m l m n n m n l l nγ ε ε ε γ γ γ′ ′ = + + + + + + + +

( ) ( ) ( )2 3 2 3 2 3 2 3 2 3 2 3 2 3 2 3 2 32 2 2y z x y z xy yz zxl l m m n n l m m l m n n m n l l nγ ε ε ε γ γ γ′ ′ = + + + + + + + +

( ) ( ) ( )3 1 3 1 3 1 3 1 3 1 3 1 3 1 3 1 3 12 2 2z x x y z xy yz zxl l m m n n l m m l m n n m n l l nγ ε ε ε γ γ γ′ ′ = + + + + + + + +

1

2

3

4

5

6

2 2 2
1 1 1 2 1 3x l m nε ε ε ε= + +

2 2 2
2 1 2 2 2 3y l m nε ε ε ε= + +
2 2 2

3 1 3 2 3 3z l m nε ε ε ε= + +

1 2 1 1 2 2 1 2 32 2 2xy l l m m n nγ ε ε ε= + +

2 3 1 2 3 2 2 3 32 2 2yz l l m m n nγ ε ε ε= + +

3 1 1 3 1 2 3 1 32 2 2zx l l m m n nγ ε ε ε= + +

the transformation of strain  between arbitrary x,y,z and arbitrary x’,y’,z’ system

, , 1, 2,3x y z →
, , , ,x y z x y z′ ′ ′ →

the transformation of strain between principal direction 
1,2,3 and arbitrary x,y,z system

principal direction

arbitrary system
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Stress-Strain Relation
6 Stress distribution in an elastic body 

6 Relations between 6 Strain and 3 Displacement 

6 Relations between 6 Strain and 6 Stress 

3 Equations of force equilibrium 
Isotropic : In case the elastic properties of the body are the same in all 

directions about any given point

 Generalized Hooke’s Law :  “each of the six stress 
components may be expresses as a linear function of the 
six components of strain, and conversely” (six ‘stress-
strain’ equations)

stress

strain

principal stress

principal strain

same direction

Generalized Hooke’s Law 
the principal directions and isotropy

1 1

2 2

3 3

2
2
2

e
e
e

σ λ µε
σ λ µε
σ λ µε

= +
 = +
 = +

, , : constant of Lameλ µ 

1 2 3,e ε ε ε= + +

relation for arbitrary system of 
cartesian coordinate axes?

Directional Cosine

1 2 3
x
y
z

1l 1m 1n
2l 2m 2n
3l 3m 3n

arbitrary 
system of 

coordinates

principal 
directions

2 2 2
1 1 1 2 1 3x l m nε ε ε ε= + +

2 2 2
2 1 2 2 2 3y l m nε ε ε ε= + +
2 2 2

3 1 3 2 3 3z l m nε ε ε ε= + +

1 2 1 1 2 2 1 2 32 2 2xy l l m m n nγ ε ε ε= + +

2 3 1 2 3 2 2 3 32 2 2yz l l m m n nγ ε ε ε= + +

3 1 1 3 1 2 3 1 32 2 2zx l l m m n nγ ε ε ε= + +

2 2 2
1 1 1 2 1 3x l m nσ σ σ σ= + +

2 2 2
2 2 1 2 2 2 3l m nσ σ σ σ= + +

2 2 2
3 3 1 3 2 3 3l m nσ σ σ σ= + +

1 2 1 1 2 2 1 2 3xy l l m m n nτ σ σ σ= + +

2 3 1 2 3 2 2 3 3yz l l m m n nτ σ σ σ= + +

3 1 1 3 1 2 3 1 3zx l l m m n nτ σ σ σ= + +

, ,u v w
, , , , ,x y z xy yz zxε ε ε γ γ γ6 Strain

6 Stress 

3 Displacement 

15 Variables

, , , , ,x y z xy yz zxσ σ σ τ τ τ

the translation of stress between principal direction 1,2,3 and arbitrary x,y,z

the translation of strain between principal direction 1,2,3 and arbitrary x,y,z
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Stress-Strain Relation
6 Stress distribution in an elastic body 

6 Relations between 6 Strain and 3 Displacement 

6 Relations between 6 Strain and 6 Stress 

3 Equations of force equilibrium 
Isotropic : In case the elastic properties of the body are the same in all 

directions about any given point

 Generalized Hooke’s Law :  “each of the six stress 
components may be expresses as a linear function of the 
six components of strain, and conversely” (six ‘stress-
strain’ equations)

stress

strain

principal stress

same direction

Generalized Hooke’s Law 
the principal directions and isotropy

1 1

2 2

3 3

2
2
2

e
e
e

σ λ µε
σ λ µε
σ λ µε

= +
 = +
 = +

, , : constant of Lameλ µ 

1 2 3,e ε ε ε= + +

relation for arbitrary system of 
cartesian coordinate axes?

Directional Cosine

1 2 3
x
y
z

1l 1m 1n
2l 2m 2n
3l 3m 3n

arbitrary system 
of coordinates

principal 
directions

2 2 2
1 1 1 2 1 3x l m nε ε ε ε= + + 1 2 1 1 2 2 1 2 32 2 2xy l l m m n nγ ε ε ε= + +

2 2 2
1 1 1 2 1 3x l m nσ σ σ σ= + + 1 2 1 1 2 2 1 2 3xy l l m m n nτ σ σ σ= + +

2 2 2
1 2 3

2 2 2
1 2 3
2 2 2
1 2 3

1 1 2 2 3 3

1 1 2 2 3 3

1 1 2 2 3 3

1

1

1
0

0
0

l l l

m m m

n n n
l m l m l m
m n m n m n
n l n l n l

+ + =

+ + =

+ + =
+ + =
+ + =
+ + =

2 2 2
1 1 1 2 1 3( 2 ) ( 2 ) ( 2 )x l e m e n eσ λ µε λ µε λ µε= + + + + +

1 2 3,e ε ε ε= + +

1 2 1 1 2 1 1 2 1( 2 ) ( 2 ) ( 2 )xy l l e m m e n n eτ λ µε λ µε λ µε= + + + + +

where

2 2 2 2 2 2
1 1 1 1 1 1 2 1 3( ) 2 ( )l m n e l m nλ µ ε ε ε= + + + + +

1 2 1 2 1 2 1 2 1 1 2 2 1 2 3( ) 2 ( )l l m m n n e l l m m n nλ µ ε ε ε= + + + + +

, ,u v w
, , , , ,x y z xy yz zxε ε ε γ γ γ6 Strain

6 Stress 

3 Displacement 

15 Variables

, , , , ,x y z xy yz zxσ σ σ τ τ τ

principal strain

the translation of stress between principal direction 1,2,3 and arbitrary x,y,z

the translation of strain between principal direction 1,2,3 and arbitrary x,y,z
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Stress-Strain Relation
6 Stress distribution in an elastic body 

6 Relations between 6 Strain and 3 Displacement 

6 Relations between 6 Strain and 6 Stress 

3 Equations of force equilibrium 
Isotropic : In case the elastic properties of the body are the same in all 

directions about any given point

 Generalized Hooke’s Law :  “each of the six stress 
components may be expresses as a linear function of the 
six components of strain, and conversely” (six ‘stress-
strain’ equations)

stress

strain

principal stress

same direction

Generalized Hooke’s Law 
the principal directions and isotropy

1 1

2 2

3 3

2
2
2

e
e
e

σ λ µε
σ λ µε
σ λ µε

= +
 = +
 = +

, , : constant of Lameλ µ 

1 2 3,e ε ε ε= + +

relation for arbitrary system of 
cartesian coordinate axes?

Directional Cosine

1 2 3
x
y
z

1l 1m 1n
2l 2m 2n
3l 3m 3n

arbitrary system 
of coordinates

principal 
directions

2 2 2
1 1 1 2 1 3x l m nσ σ σ σ= + + 1 2 1 1 2 2 1 2 3xy l l m m n nτ σ σ σ= + +

2 2 2
1 2 3

2 2 2
1 2 3
2 2 2
1 2 3

1 1 2 2 3 3

1 1 2 2 3 3

1 1 2 2 3 3

1

1

1
0

0
0

l l l

m m m

n n n
l m l m l m
m n m n m n
n l n l n l

+ + =

+ + =

+ + =
+ + =
+ + =
+ + =

1 2 3,e ε ε ε= + +where

“the quantity                       is invariant with respect to 
orthogonal transformations of coordinates” 

x y zε ε ε+ +from

1 2 3 x y zε ε ε ε ε ε+ + = + +

x y ze ε ε ε∴ = + +

2 2 2 2 2 2
1 1 1 1 1 1 2 1 3( ) 2 ( )x l m n e l m nσ λ µ ε ε ε= + + + + +

1 2 1 2 1 2 1 2 1 1 2 2 1 2 3( ) 2 ( )xy l l m m n n e l l m m n nτ λ µ ε ε ε= + + + + +

2 2 2
1 1 1 2 1 3x l m nε ε ε ε= + + 1 2 1 1 2 2 1 2 32 2 2xy l l m m n nγ ε ε ε= + +

, ,u v w
, , , , ,x y z xy yz zxε ε ε γ γ γ6 Strain

6 Stress 

3 Displacement 

15 Variables

, , , , ,x y z xy yz zxσ σ σ τ τ τ

principal strain

the translation of stress between principal direction 1,2,3 and arbitrary x,y,z

the translation of strain between principal direction 1,2,3 and arbitrary x,y,z
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Stress-Strain Relation
6 Stress distribution in an elastic body 

6 Relations between 6 Strain and 3 Displacement 

6 Relations between 6 Strain and 6 Stress 

3 Equations of force equilibrium 
Isotropic : In case the elastic properties of the body are the same in all 

directions about any given point

 Generalized Hooke’s Law :  “each of the six stress 
components may be expresses as a linear function of the 
six components of strain, and conversely” (six ‘stress-
strain’ equations)

stress

strain

principal stress

same direction

Generalized Hooke’s Law 
the principal directions and isotropy

1 1

2 2

3 3

2
2
2

e
e
e

σ λ µε
σ λ µε
σ λ µε

= +
 = +
 = +

, , : constant of Lameλ µ 

1 2 3,e ε ε ε= + +

relation for arbitrary system of 
cartesian coordinate axes?

Directional Cosine

1 2 3
x
y
z

1l 1m 1n
2l 2m 2n
3l 3m 3n

arbitrary system 
of coordinates

principal 
directions

2 2 2
1 1 1 2 1 3x l m nσ σ σ σ= + + 1 2 1 1 2 2 1 2 3xy l l m m n nτ σ σ σ= + +

2 2 2
1 2 3

2 2 2
1 2 3
2 2 2
1 2 3

1 1 2 2 3 3

1 1 2 2 3 3

1 1 2 2 3 3

1

1

1
0

0
0

l l l

m m m

n n n
l m l m l m
m n m n m n
n l n l n l

+ + =

+ + =

+ + =
+ + =
+ + =
+ + =

2 2 2 2 2 2
1 1 1 1 1 1 2 1 3( ) 2 ( )x l m n e l m nσ λ µ ε ε ε= + + + + +

1 2 1 2 1 2 1 2 1 1 2 2 1 2 3( ) 2 ( )xy l l m m n n e l l m m n nτ λ µ ε ε ε= + + + + +
where , x y ze ε ε ε= + +

2 2 2
1 1 1 2 1 3x l m nε ε ε ε= + + 1 2 1 1 2 2 1 2 32 2 2xy l l m m n nγ ε ε ε= + +

2 2 2
1 1 1 2 1 32 ( )x e l m nσ λ µ ε ε ε= + + +

1 2 1 1 2 2 1 2 32 ( )xy l l m m n nτ µ ε ε ε= + +
where , x y ze ε ε ε= + +

, ,u v w
, , , , ,x y z xy yz zxε ε ε γ γ γ6 Strain

6 Stress 

3 Displacement 

15 Variables

, , , , ,x y z xy yz zxσ σ σ τ τ τ

principal strain

the translation of stress between principal direction 1,2,3 and arbitrary x,y,z

the translation of strain between principal direction 1,2,3 and arbitrary x,y,z
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Stress-Strain Relation
6 Stress distribution in an elastic body 

6 Relations between 6 Strain and 3 Displacement 

6 Relations between 6 Strain and 6 Stress 

3 Equations of force equilibrium 
Isotropic : In case the elastic properties of the body are the same in all 

directions about any given point

 Generalized Hooke’s Law :  “each of the six stress 
components may be expresses as a linear function of the 
six components of strain, and conversely” (six ‘stress-
strain’ equations)

stress

strain

principal stress

same direction

Generalized Hooke’s Law 
the principal directions and isotropy

1 1

2 2

3 3

2
2
2

e
e
e

σ λ µε
σ λ µε
σ λ µε

= +
 = +
 = +

, , : constant of Lameλ µ 

1 2 3,e ε ε ε= + +

relation for arbitrary system of 
cartesian coordinate axes?

Directional Cosine

1 2 3
x
y
z

1l 1m 1n
2l 2m 2n
3l 3m 3n

arbitrary system 
of coordinates

principal 
directions

2 2 2
1 1 1 2 1 3x l m nσ σ σ σ= + + 1 2 1 1 2 2 1 2 3xy l l m m n nτ σ σ σ= + +

2 2 2
1 2 3

2 2 2
1 2 3
2 2 2
1 2 3

1 1 2 2 3 3

1 1 2 2 3 3

1 1 2 2 3 3

1

1

1
0

0
0

l l l

m m m

n n n
l m l m l m
m n m n m n
n l n l n l

+ + =

+ + =

+ + =
+ + =
+ + =
+ + =

2 2 2
1 1 1 2 1 3x l m nε ε ε ε= + + 1 2 1 1 2 2 1 2 32 2 2xy l l m m n nγ ε ε ε= + +

2 2 2
1 1 1 2 1 32 ( )x e l m nσ λ µ ε ε ε= + + +

1 2 1 1 2 2 1 2 32 ( )xy l l m m n nτ µ ε ε ε= + +
where , x y ze ε ε ε= + +

2x xeσ λ µε= +

xy xyτ µ γ=
where , x y ze ε ε ε= + +

, ,u v w
, , , , ,x y z xy yz zxε ε ε γ γ γ6 Strain

6 Stress 

3 Displacement 

15 Variables

, , , , ,x y z xy yz zxσ σ σ τ τ τ

principal strain

the translation of stress between principal direction 1,2,3 and arbitrary x,y,z

the translation of strain between principal direction 1,2,3 and arbitrary x,y,z
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Stress-Strain Relation
6 Stress distribution in an elastic body 

6 Relations between 6 Strain and 3 Displacement 

6 Relations between 6 Strain and 6 Stress 

3 Equations of force equilibrium 
Isotropic : In case the elastic properties of the body are the same in all 

directions about any given point

 Generalized Hooke’s Law :  “each of the six stress 
components may be expresses as a linear function of the 
six components of strain, and conversely” (six ‘stress-
strain’ equations)

stress

strain

principal stress

same direction

Generalized Hooke’s Law 
the principal directions and isotropy

1 1

2 2

3 3

2
2
2

e
e
e

σ λ µε
σ λ µε
σ λ µε

= +
 = +
 = +

, , : constant of Lameλ µ 

1 2 3,e ε ε ε= + +

relation for arbitrary system of 
cartesian coordinate axes?

Directional Cosine

1 2 3
x
y
z

1l 1m 1n
2l 2m 2n
3l 3m 3n

arbitrary system 
of coordinates

principal 
directions

2 2 2
1 1 1 2 1 3x l m nσ σ σ σ= + + 1 2 1 1 2 2 1 2 3xy l l m m n nτ σ σ σ= + +

2 2 2
1 2 3

2 2 2
1 2 3
2 2 2
1 2 3

1 1 2 2 3 3

1 1 2 2 3 3

1 1 2 2 3 3

1

1

1
0

0
0

l l l

m m m

n n n
l m l m l m
m n m n m n
n l n l n l

+ + =

+ + =

+ + =
+ + =
+ + =
+ + =

2 2 2
1 1 1 2 1 3x l m nε ε ε ε= + + 1 2 1 1 2 2 1 2 32 2 2xy l l m m n nγ ε ε ε= + +

2 2 2
1 1 1 2 1 32 ( )x e l m nσ λ µ ε ε ε= + + +

1 2 1 1 2 2 1 2 32 ( )xy l l m m n nτ µ ε ε ε= + +
where , x y ze ε ε ε= + +

2x xeσ λ µε= + xy xyτ µ γ= where , x y ze ε ε ε= + +

yz yz

zx zx

τ µγ

τ µγ

=

=
2

2
y y

z z

e
e

σ λ µε

σ λ µε

= +

= +

in same way

, ,u v w
, , , , ,x y z xy yz zxε ε ε γ γ γ6 Strain

6 Stress 

3 Displacement 

15 Variables

, , , , ,x y z xy yz zxσ σ σ τ τ τ

principal strain

the translation of stress between principal direction 1,2,3 and arbitrary x,y,z

the translation of strain between principal direction 1,2,3 and arbitrary x,y,z
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Stress-Strain Relation
6 Stress distribution in an elastic body 

6 Relations between 6 Strain and 3 Displacement 

6 Relations between 6 Strain and 6 Stress 

3 Equations of force equilibrium 
Isotropic : In case the elastic properties of the body are the same in all 

directions about any given point

 Generalized Hooke’s Law :  “each of the six stress 
components may be expresses as a linear function of the 
six components of strain, and conversely” (six ‘stress-
strain’ equations)

stress

strain

principal stress

same direction

Generalized Hooke’s Law 
the principal directions and isotropy

1 1

2 2

3 3

2
2
2

e
e
e

σ λ µε
σ λ µε
σ λ µε

= +
 = +
 = +

, , : constant of Lameλ µ 

1 2 3,e ε ε ε= + +

relation for arbitrary system of 
cartesian coordinate axes?

Directional Cosine

1 2 3
x
y
z

1l 1m 1n
2l 2m 2n
3l 3m 3n

arbitrary system 
of coordinates

principal 
directions

the translation of stress

2 2 2
1 2 3

2 2 2
1 2 3
2 2 2
1 2 3

1 1 2 2 3 3

1 1 2 2 3 3

1 1 2 2 3 3

1

1

1
0

0
0

l l l

m m m

n n n
l m l m l m
m n m n m n
n l n l n l

+ + =

+ + =

+ + =
+ + =
+ + =
+ + =

the translation of strain

2x xeσ λ µε= + xy xyτ µ γ=

where , x y ze ε ε ε= + +

yz yz

zx zx

τ µγ

τ µγ

=

=

2

2
y y

z z

e
e

σ λ µε

σ λ µε

= +

= +

properties of directional cosine

by using

Generalized Hooke’s Law for isotropic materials referring 
to any arbitrary cartesian coordinates x,y,z

, ,u v w
, , , , ,x y z xy yz zxε ε ε γ γ γ6 Strain

6 Stress 

3 Displacement 

15 Variables

, , , , ,x y z xy yz zxσ σ σ τ τ τ

principal strain
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Stress-Strain Relation
6 Stress distribution in an elastic body 

6 Relations between 6 Strain and 3 Displacement 

6 Relations between 6 Strain and 6 Stress 

3 Equations of force equilibrium 

Isotropic : In case the elastic properties of the body are the same in all directions about any given point

 Generalized Hooke’s Law :  “each of the six stress components may be 
expresses as a linear function of the six components of strain, and 
conversely” (six ‘stress-strain’ equations)

stress

strain

principal stress

principal strain

same direction

Generalized Hooke’s Law 
the principal directions and isotropy

1 1

2 2

3 3

2
2
2

e
e
e

σ λ µε
σ λ µε
σ λ µε

= +
 = +
 = +

, , : constant of Lameλ µ 

1 2 3,e ε ε ε= + +

relation for 
arbitrary 
system of 
cartesian
coordinate axes

2x xeσ λ µε= + xy xyτ µ γ=

where , x y ze ε ε ε= + +

yz yz

zx zx

τ µγ

τ µγ

=

=

2

2
y y

z z

e
e

σ λ µε

σ λ µε

= +

= +

Generalized Hooke’s Law for isotropic materials referring 
to any arbitrary cartesian coordinates x,y,z

, ,u v w
, , , , ,x y z xy yz zxε ε ε γ γ γ6 Strain

6 Stress 

3 Displacement 

15 Variables

, , , , ,x y z xy yz zxσ σ σ τ τ τ
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Stress-Strain Relation
6 Stress distribution in an elastic body 

6 Relations between 6 Strain and 3 Displacement 

6 Relations between 6 Strain and 6 Stress 

3 Equations of force equilibrium 

Isotropic : In case the elastic properties of the body are the same in all directions about any given point

 Generalized Hooke’s Law :  “each of the six stress components may be 
expresses as a linear function of the six components of strain, and 
conversely” (six ‘stress-strain’ equations)

stress

strain

principal stress

principal strain

same direction

Generalized Hooke’s Law 
the principal directions and isotropy

1 1

2 2

3 3

2
2
2

e
e
e

σ λ µε
σ λ µε
σ λ µε

= +
 = +
 = +

, , : constant of Lameλ µ 

1 2 3,e ε ε ε= + +

relation for 
arbitrary 
system of 
cartesian
coordinate axes

2x xeσ λ µε= + xy xyτ µ γ=

where , x y ze ε ε ε= + +

yz yz

zx zx

τ µγ

τ µγ

=

=

2

2
y y

z z

e
e

σ λ µε

σ λ µε

= +

= +

Generalized Hooke’s Law for isotropic materials referring 
to any arbitrary cartesian coordinates x,y,z

Generalized Hooke’s Law in terms of ‘engineering elastic constant’

xσxσ

x

y

z

Modulus of Elasticity ‘E’ : the ratio of stress to strain
in case of being submitted to normal stress       but 
with no other stresses on the six faces 

xσ

x xEε σ=

, ,u v w
, , , , ,x y z xy yz zxε ε ε γ γ γ6 Strain

6 Stress 

3 Displacement 

15 Variables

, , , , ,x y z xy yz zxσ σ σ τ τ τ
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Stress-Strain Relation
6 Stress distribution in an elastic body 

6 Relations between 6 Strain and 3 Displacement 

6 Relations between 6 Strain and 6 Stress 

3 Equations of force equilibrium 

Isotropic : In case the elastic properties of the body are the same in all directions about any given point

 Generalized Hooke’s Law :  “each of the six stress components may be 
expresses as a linear function of the six components of strain, and 
conversely” (six ‘stress-strain’ equations)

stress

strain

principal stress

same direction

Generalized Hooke’s Law 
the principal directions and isotropy

1 1

2 2

3 3

2
2
2

e
e
e

σ λ µε
σ λ µε
σ λ µε

= +
 = +
 = +

, , : constant of Lameλ µ 

1 2 3,e ε ε ε= + +

relation for 
arbitrary 
system of 
cartesian
coordinate axes

2x xeσ λ µε= + xy xyτ µ γ=

where , x y ze ε ε ε= + +

yz yz

zx zx

τ µγ

τ µγ

=

=

2

2
y y

z z

e
e

σ λ µε

σ λ µε

= +

= +

Generalized Hooke’s Law for isotropic materials referring 
to any arbitrary cartesian coordinates x,y,z

Generalized Hooke’s Law in terms of ‘engineering elastic constant’

xεxε

x

y

z

Poisson’s ratio ‘ν’
From experimental result, it is observed that extension of the 
element in x direction is accompanied by lateral contractions in 
the y and z direction,

zε

zε

yε

yε

x
y z x E

σε ε νε ν= = − = −

Modulus of Elasticity ‘E’ 1
x xE

ε σ=

, ,u v w
, , , , ,x y z xy yz zxε ε ε γ γ γ6 Strain

6 Stress 

3 Displacement 

15 Variables

, , , , ,x y z xy yz zxσ σ σ τ τ τ

principal strain
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Stress-Strain Relation
6 Stress distribution in an elastic body 

6 Relations between 6 Strain and 3 Displacement 

6 Relations between 6 Strain and 6 Stress 

3 Equations of force equilibrium 

Isotropic : In case the elastic properties of the body are the same in all directions about any given point

 Generalized Hooke’s Law :  “each of the six stress components may be 
expresses as a linear function of the six components of strain, and 
conversely” (six ‘stress-strain’ equations)

stress

strain

principal stress

same direction

Generalized Hooke’s Law 
the principal directions and isotropy

1 1

2 2

3 3

2
2
2

e
e
e

σ λ µε
σ λ µε
σ λ µε

= +
 = +
 = +

, , : constant of Lameλ µ 

1 2 3,e ε ε ε= + +

relation for 
arbitrary 
system of 
cartesian
coordinate axes

2x xeσ λ µε= + xy xyτ µ γ=

where , x y ze ε ε ε= + +

yz yz

zx zx

τ µγ

τ µγ

=

=

2

2
y y

z z

e
e

σ λ µε

σ λ µε

= +

= +

Generalized Hooke’s Law for isotropic materials referring 
to any arbitrary cartesian coordinates x,y,z

Generalized Hooke’s Law in terms of ‘engineering elastic constant’

xyτ
xyτ

x

y

z

Modulus of elasticity in shear ‘G’
The ratio between the shearing-stress component and its 
corresponding shearing-strain component

xyγ

xyτ

xyτ

xy xyGτ γ=

Modulus of Elasticity ‘E’

Poisson’s ratio ‘ν’ x
y z x E

σε ε νε ν= = − = −

1
x xE

ε σ=

, ,u v w
, , , , ,x y z xy yz zxε ε ε γ γ γ6 Strain

6 Stress 

3 Displacement 

15 Variables

, , , , ,x y z xy yz zxσ σ σ τ τ τ

principal strain
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Stress-Strain Relation
6 Stress distribution in an elastic body 

6 Relations between 6 Strain and 3 Displacement 

6 Relations between 6 Strain and 6 Stress 

3 Equations of force equilibrium 

Isotropic : In case the elastic properties of the body are the same in all directions about any given point

 Generalized Hooke’s Law :  “each of the six stress components may be 
expresses as a linear function of the six components of strain, and 
conversely” (six ‘stress-strain’ equations)

stress

strain

principal stress

same direction

Generalized Hooke’s Law 
the principal directions and isotropy

1 1

2 2

3 3

2
2
2

e
e
e

σ λ µε
σ λ µε
σ λ µε

= +
 = +
 = +

, , : constant of Lameλ µ 

1 2 3,e ε ε ε= + +

relation for 
arbitrary 
system of 
cartesian
coordinate axes

where
, x y ze ε ε ε= + +

xy xy

yz yz

zx zx

τ µ γ

τ µγ

τ µγ

=

=

=

2
2

2

x x

y y

z z

e
e
e

σ λ µε
σ λ µε

σ λ µε

= +
= +

= +

Generalized Hooke’s Law for isotropic materials referring to any arbitrary 
cartesian coordinates x,y,z

 engineering elastic constant

solving for , , , , ,x y z xy yz zxε ε ε γ γ γ

2 (1. )

2 (1. )

2 (1. )

x x y z x

y x y z y

z x y z z

a
b
c

σ λε λε λε µε

σ λε λε λε µε

σ λε λε λε µε

= + + +

= + + +

= + + +







(1. ) (1. ) : 2 2 (2. )

(1. ) (1. ) : 2 2 (2. )
x y x y

x z x z

a b a
a c b

σ σ µε µε

σ σ µε µε

− − = −

− − = −





1(2. ) : ( )
2
1(2. ) : ( )

2

y x y x

z x z x

a

b

ε ε σ σ
µ
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Stress-Strain Relation
6 Stress distribution in an elastic body 

6 Relations between 6 Strain and 3 Displacement 

6 Relations between 6 Strain and 6 Stress 

3 Equations of force equilibrium 

Isotropic : In case the elastic properties of the body are the same in all directions about any given point

 Generalized Hooke’s Law :  “each of the six stress components may be 
expresses as a linear function of the six components of strain, and 
conversely” (six ‘stress-strain’ equations)
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Stress-Strain Relation
6 Stress distribution in an elastic body 

6 Relations between 6 Strain and 3 Displacement 

6 Relations between 6 Strain and 6 Stress 

3 Equations of force equilibrium 

Isotropic : In case the elastic properties of the body are the same in all directions about any given point

 Generalized Hooke’s Law :  “each of the six stress components may be 
expresses as a linear function of the six components of strain, and 
conversely” (six ‘stress-strain’ equations)
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Stress-Strain Relation
6 Stress distribution in an elastic body 

6 Relations between 6 Strain and 3 Displacement 

6 Relations between 6 Strain and 6 Stress 

3 Equations of force equilibrium 

Isotropic : In case the elastic properties of the body are the same in all directions about any given point

 Generalized Hooke’s Law :  “each of the six stress components may be 
expresses as a linear function of the six components of strain, and 
conversely” (six ‘stress-strain’ equations)
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solving for , , , , ,x y z xy yz zxε ε ε γ γ γ

( )
(3 2 ) 2 (3 2 )x x y z
λ µ λε σ σ σ

µ λ µ µ λ µ
+

∴ = − +
+ +

in same way

( )
(3 2 ) 2 (3 2 )

( )
(3 2 ) 2 (3 2 )

y y z x

z z x y

λ µ λε σ σ σ
µ λ µ µ λ µ
λ µ λε σ σ σ

µ λ µ µ λ µ

+
= − +

+ +
+

= − +
+ +

and
1 1 1, ,xy xy yz yz zx zxγ τ γ τ γ τ
µ µ µ

= = =

Modulus of Elasticity ‘E’

Poisson’s ratio ‘ν’ x
y z x E

σε ε νε ν= = − = −

Modulus of elasticity in shear ‘G’ 1
xy xyG

γ τ=

1
x xE

ε σ=

, ,u v w
, , , , ,x y z xy yz zxε ε ε γ γ γ6 Strain

6 Stress 

3 Displacement 

15 Variables

, , , , ,x y z xy yz zxσ σ σ τ τ τ

principal strain

198/ 253



Innovative Ship Design – Elasticity

SDAL@Advanced Ship Design Automation Lab.
http://asdal.snu.ac.kr

Seoul 
National
Univ.

1 1 1, ,xy xy yz yz zx zxγ τ γ τ γ τ
µ µ µ

= = =

Modulus of Elasticity ‘E’

Poisson’s ratio ‘ν’ x
y z x E

σε ε νε ν= = − = −

Modulus of elasticity in shear ‘G’ 1
xy xyG

γ τ=

1
x xE

ε σ=

Stress-Strain Relation
6 Stress distribution in an elastic body 

6 Relations between 6 Strain and 3 Displacement 

6 Relations between 6 Strain and 6 Stress 

3 Equations of force equilibrium 

Isotropic : In case the elastic properties of the body are the same in all directions about any given point

 Generalized Hooke’s Law :  “each of the six stress components may be 
expresses as a linear function of the six components of strain, and 
conversely” (six ‘stress-strain’ equations)
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Generalized Hooke’s Law for isotropic materials referring to any arbitrary 
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 engineering elastic constant
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Stress-Strain Relation
6 Stress distribution in an elastic body 

6 Relations between 6 Strain and 3 Displacement 

6 Relations between 6 Strain and 6 Stress 

3 Equations of force equilibrium 

Isotropic : In case the elastic properties of the body are the same in all directions about any given point

 Generalized Hooke’s Law :  “each of the six stress components may be 
expresses as a linear function of the six components of strain, and 
conversely” (six ‘stress-strain’ equations)
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Generalized Hooke’s Law for isotropic materials referring to any arbitrary 
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By comparison with engineering elastic constant
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Stress-Strain Relation
6 Stress distribution in an elastic body 

6 Relations between 6 Strain and 3 Displacement 

6 Relations between 6 Strain and 6 Stress 

3 Equations of force equilibrium 

Isotropic : In case the elastic properties of the body are the same in all directions about any given point

 Generalized Hooke’s Law :  “each of the six stress components may be 
expresses as a linear function of the six components of strain, and 
conversely” (six ‘stress-strain’ equations)
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6 Stress distribution in an elastic body 

6 Relations between 6 Strain and 3 Displacement 

6 Relations between 6 Strain and 6 Stress 

3 Equations of force equilibrium 

Isotropic : In case the elastic properties of the body are the same in all directions about any given point

 Generalized Hooke’s Law :  “each of the six stress components may be 
expresses as a linear function of the six components of strain, and 
conversely” (six ‘stress-strain’ equations)
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6 Stress distribution in an elastic body 

6 Relations between 6 Strain and 3 Displacement 

6 Relations between 6 Strain and 6 Stress 

3 Equations of force equilibrium 

Isotropic : In case the elastic properties of the body are the same in all directions about any given point

 Generalized Hooke’s Law :  “each of the six stress components may be 
expresses as a linear function of the six components of strain, and 
conversely” (six ‘stress-strain’ equations)
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6 Stress distribution in an elastic body 

6 Relations between 6 Strain and 3 Displacement 

6 Relations between 6 Strain and 6 Stress 

3 Equations of force equilibrium 

Isotropic : In case the elastic properties of the body are the same in all directions about any given point

 Generalized Hooke’s Law :  “each of the six stress components may be 
expresses as a linear function of the six components of strain, and 
conversely” (six ‘stress-strain’ equations)
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Stress-Strain Relation
6 Stress distribution in an elastic body 

6 Relations between 6 Strain and 3 Displacement 

6 Relations between 6 Strain and 6 Stress 

3 Equations of force equilibrium 

Isotropic : In case the elastic properties of the body are the same in all directions about any given point

 Generalized Hooke’s Law :  “each of the six stress components may be 
expresses as a linear function of the six components of strain, and 
conversely” (six ‘stress-strain’ equations)

stress

strain

principal stress

same direction

Generalized Hooke’s Law 
the principal directions and isotropy

1 1

2 2

3 3

2
2
2

e
e
e

σ λ µε
σ λ µε
σ λ µε

= +
 = +
 = +

, , : constant of Lameλ µ 

1 2 3,e ε ε ε= + +

relation for 
arbitrary 
system of 
cartesian
coordinate axes

where
, x y ze ε ε ε= + +

xy xy

yz yz

zx zx

τ µ γ

τ µγ

τ µγ

=

=

=

2
2

2

x x

y y

z z

e
e
e

σ λ µε
σ λ µε

σ λ µε

= +
= +

= +

Generalized Hooke’s Law for isotropic materials referring to any arbitrary 
cartesian coordinates x,y,z

 engineering elastic constant
Modulus of Elasticity ‘E’Modulus of Elasticity ‘E’

Poisson’s ratio ‘ν’
x

y z x E
σε ε νε ν= = − = −

Modulus of elasticity in shear ‘G’

xy xyGτ γ=

1
x xE

ε σ=

2( 1)
EG
ν

=
+

Generalized Hooke’s Law in terms of
‘engineering elastic constant’

1 [ ( )]

1 [ ( )]

1 [ ( )]

x x y z

y y z x

z z x y

E

E

E

ε σ ν σ σ

ε σ ν σ σ

ε σ ν σ σ

= − +

= − +

= − + 1 1 1, ,xy xy yz yz zx zxγ τ γ τ γ τ
µ µ µ

= = =

( )
(3 2 ) 2 (3 2 )

( )
(3 2 ) 2 (3 2 )

( )
(3 2 ) 2 (3 2 )

x x y z

y y z x

z z x y

λ µ λε σ σ σ
µ λ µ µ λ µ

λ µ λε σ σ σ
µ λ µ µ λ µ
λ µ λε σ σ σ

µ λ µ µ λ µ

+
= − +

+ +
+

= − +
+ +
+

= − +
+ +

2( 1)

2( 1)

2( 1)

xy xy

yz yz

zx zx

E

E

E

νγ τ

νγ τ

νγ τ

+
=

+
=

+
=
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Stress-Strain Relation
6 Stress distribution in an elastic body 

6 Relations between 6 Strain and 3 Displacement 

6 Relations between 6 Strain and 6 Stress 

3 Equations of force equilibrium 

Isotropic : In case the elastic properties of the body are the same in all directions about any given point

 Generalized Hooke’s Law :  “each of the six stress components may be 
expresses as a linear function of the six components of strain, and 
conversely” (six ‘stress-strain’ equations)

stress

strain

principal stress

same direction

Generalized Hooke’s Law 
the principal directions and isotropy

1 1

2 2

3 3

2
2
2

e
e
e

σ λ µε
σ λ µε
σ λ µε

= +
 = +
 = +

, , : constant of Lameλ µ 

1 2 3,e ε ε ε= + +

relation for 
arbitrary 
system of 
cartesian
coordinate axes

where
, x y ze ε ε ε= + +

xy xy

yz yz

zx zx

τ µ γ

τ µγ

τ µγ

=

=

=

2
2

2

x x

y y

z z

e
e
e

σ λ µε
σ λ µε

σ λ µε

= +
= +

= +

Generalized Hooke’s Law for isotropic materials referring to any arbitrary 
cartesian coordinates x,y,z

 engineering elastic constant
Modulus of Elasticity ‘E’Modulus of Elasticity ‘E’
Poisson’s ratio ‘ν’
Modulus of elasticity in shear ‘G’

Generalized Hooke’s Law in terms of ‘engineering elastic constant’

2( 1)

2( 1)

2( 1)

xy xy

yz yz

zx zx

E

E

E

νγ τ

νγ τ

νγ τ

+
=

+
=

+
=

1 [ ( )]

1 [ ( )]

1 [ ( )]

x x y z

y y z x

z z x y

E

E

E

ε σ ν σ σ

ε σ ν σ σ

ε σ ν σ σ

= − +

= − +

= − +
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Stress-Strain Relation
6 Stress distribution in an elastic body 

6 Relations between 6 Strain and 3 Displacement 

6 Relations between 6 Strain and 6 Stress 

3 Equations of force equilibrium 

Isotropic : In case the elastic properties of the body are the same in all directions about any given point

 Generalized Hooke’s Law :  “each of the six stress components may be 
expresses as a linear function of the six components of strain, and 
conversely” (six ‘stress-strain’ equations)

stress

strain

principal stress

same direction

Generalized Hooke’s Law 
the principal directions and isotropy

1 1

2 2

3 3

2
2
2

e
e
e

σ λ µε
σ λ µε
σ λ µε

= +
 = +
 = +

, , : constant of Lameλ µ 

1 2 3,e ε ε ε= + +

relation for 
arbitrary 
system of 
cartesian
coordinate axes

where
, x y ze ε ε ε= + +

xy xy

yz yz

zx zx

τ µ γ

τ µγ

τ µγ

=

=

=

2
2

2

x x

y y

z z

e
e
e

σ λ µε
σ λ µε

σ λ µε

= +
= +

= +

Generalized Hooke’s Law for isotropic materials referring to any arbitrary 
cartesian coordinates x,y,z

 engineering elastic constant
Modulus of Elasticity ‘E’Modulus of Elasticity ‘E’
Poisson’s ratio ‘ν’
Modulus of elasticity in shear ‘G’

Generalized Hooke’s Law in terms of ‘engineering elastic constant’
1 [ ( )] (1)

1 [ ( )] (2)

1 [ ( )] (3)

x x y z

y y z x

z z x y

E

E

E

ε σ ν σ σ

ε σ ν σ σ

ε σ ν σ σ

= − +

= − +

= − +







(1) (2) :

x y x y y xE Eε ε σ σ νσ νσ
−
− = − − +

(1 ) (1 )x y x yE Eε ε ν σ ν σ− = + − +

(1 ) (1 )y x x yE Eν σ ν σ ε ε+ = + − +

(4)
(1 ) (1 )y x x y

E Eσ σ ε ε
ν ν

= − +
+ +
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Stress-Strain Relation
6 Stress distribution in an elastic body 

6 Relations between 6 Strain and 3 Displacement 

6 Relations between 6 Strain and 6 Stress 

3 Equations of force equilibrium 

Isotropic : In case the elastic properties of the body are the same in all directions about any given point

 Generalized Hooke’s Law :  “each of the six stress components may be 
expresses as a linear function of the six components of strain, and 
conversely” (six ‘stress-strain’ equations)

stress

strain

principal stress

same direction

Generalized Hooke’s Law 
the principal directions and isotropy

1 1

2 2

3 3

2
2
2

e
e
e

σ λ µε
σ λ µε
σ λ µε

= +
 = +
 = +

, , : constant of Lameλ µ 

1 2 3,e ε ε ε= + +

relation for 
arbitrary 
system of 
cartesian
coordinate axes

where
, x y ze ε ε ε= + +

xy xy

yz yz

zx zx

τ µ γ

τ µγ

τ µγ

=

=

=

2
2

2

x x

y y

z z

e
e
e

σ λ µε
σ λ µε

σ λ µε

= +
= +

= +

Generalized Hooke’s Law for isotropic materials referring to any arbitrary 
cartesian coordinates x,y,z

 engineering elastic constant
Modulus of Elasticity ‘E’Modulus of Elasticity ‘E’
Poisson’s ratio ‘ν’
Modulus of elasticity in shear ‘G’

Generalized Hooke’s Law in terms of ‘engineering elastic constant’
1 [ ( )] (1)

1 [ ( )] (2)

1 [ ( )] (3)

x x y z

y y z x

z z x y

E

E

E

ε σ ν σ σ

ε σ ν σ σ

ε σ ν σ σ

= − +

= − +

= − +







(1) (3) :

x z x z z xE Eε ε σ σ νσ νσ
−
− = − − +

(1 ) (1 )x z x zE Eε ε ν σ ν σ− = + − +

(1 ) (1 )z x x zE Eν σ ν σ ε ε+ = + − +

(5)
(1 ) (1 )z x x z

E Eσ σ ε ε
ν ν

= − +
+ +



(4)
(1 ) (1 )y x x y

E Eσ σ ε ε
ν ν

= − +
+ +
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Stress-Strain Relation
6 Stress distribution in an elastic body 

6 Relations between 6 Strain and 3 Displacement 

6 Relations between 6 Strain and 6 Stress 

3 Equations of force equilibrium 

Isotropic : In case the elastic properties of the body are the same in all directions about any given point

 Generalized Hooke’s Law :  “each of the six stress components may be 
expresses as a linear function of the six components of strain, and 
conversely” (six ‘stress-strain’ equations)

stress

strain

principal stress

same direction

Generalized Hooke’s Law 
the principal directions and isotropy

1 1

2 2

3 3

2
2
2

e
e
e

σ λ µε
σ λ µε
σ λ µε

= +
 = +
 = +

, , : constant of Lameλ µ 

1 2 3,e ε ε ε= + +

relation for 
arbitrary 
system of 
cartesian
coordinate axes

where
, x y ze ε ε ε= + +

xy xy

yz yz

zx zx

τ µ γ

τ µγ

τ µγ

=

=

=

2
2

2

x x

y y

z z

e
e
e

σ λ µε
σ λ µε

σ λ µε

= +
= +

= +

Generalized Hooke’s Law for isotropic materials referring to any arbitrary 
cartesian coordinates x,y,z

 engineering elastic constant
Modulus of Elasticity ‘E’Modulus of Elasticity ‘E’
Poisson’s ratio ‘ν’
Modulus of elasticity in shear ‘G’

Generalized Hooke’s Law in terms of ‘engineering elastic constant’
1 [ ( )] (1)

1 [ ( )] (2)

1 [ ( )] (3)

x x y z

y y z x

z z x y

E

E

E

ε σ ν σ σ

ε σ ν σ σ

ε σ ν σ σ

= − +

= − +

= − +







(5)
(1 ) (1 )z x x z

E Eσ σ ε ε
ν ν

= − +
+ +



(4)
(1 ) (1 )y x x y

E Eσ σ ε ε
ν ν

= − +
+ +



(4), (5) (1) :→
1 [ ( )]

(1 ) (1 ) (1 ) (1 )x x x x y x x z
E E E E

E
ε σ ν σ ε ε σ ε ε

ν ν ν ν
= − − + + − +

+ + + +

1 2[(1 2 ) ]
(1 ) (1 ) (1 )x x x y z

E E E
E

ν ν νε ν σ ε ε ε
ν ν ν

= − + − −
+ + +

2(1 2 )
(1 ) (1 ) (1 )x x x y z

E E EE ν ν νν σ ε ε ε ε
ν ν ν

− = − + +
+ + +
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Stress-Strain Relation
6 Stress distribution in an elastic body 

6 Relations between 6 Strain and 3 Displacement 

6 Relations between 6 Strain and 6 Stress 

3 Equations of force equilibrium 

Isotropic : In case the elastic properties of the body are the same in all directions about any given point

 Generalized Hooke’s Law :  “each of the six stress components may be 
expresses as a linear function of the six components of strain, and 
conversely” (six ‘stress-strain’ equations)

stress

strain

principal stress

same direction

Generalized Hooke’s Law 
the principal directions and isotropy

1 1

2 2

3 3

2
2
2

e
e
e

σ λ µε
σ λ µε
σ λ µε

= +
 = +
 = +

, , : constant of Lameλ µ 

1 2 3,e ε ε ε= + +

relation for 
arbitrary 
system of 
cartesian
coordinate axes

where
, x y ze ε ε ε= + +

xy xy

yz yz

zx zx

τ µ γ

τ µγ

τ µγ

=

=

=

2
2

2

x x

y y

z z

e
e
e

σ λ µε
σ λ µε

σ λ µε

= +
= +

= +

Generalized Hooke’s Law for isotropic materials referring to any arbitrary 
cartesian coordinates x,y,z

 engineering elastic constant
Modulus of Elasticity ‘E’Modulus of Elasticity ‘E’
Poisson’s ratio ‘ν’
Modulus of elasticity in shear ‘G’

Generalized Hooke’s Law in terms of ‘engineering elastic constant’
1 [ ( )] (1)

1 [ ( )] (2)

1 [ ( )] (3)

x x y z

y y z x

z z x y

E

E

E

ε σ ν σ σ

ε σ ν σ σ

ε σ ν σ σ

= − +

= − +

= − +







(5)
(1 ) (1 )z x x z

E Eσ σ ε ε
ν ν

= − +
+ +



(4)
(1 ) (1 )y x x y

E Eσ σ ε ε
ν ν

= − +
+ +



(4), (5) (1) :→
2(1 2 )

(1 ) (1 ) (1 )x x x y z
E E EE ν ν νν σ ε ε ε ε
ν ν ν

− = − + +
+ + +

3(1 2 )
(1 ) (1 ) (1 ) (1 )x x x x y z

E E E EE ν ν ν νν σ ε ε ε ε ε
ν ν ν ν

− = − + + +
+ + + +

(1 2 )(1 2 )
(1 ) (1 )x x

E E eν νν σ ε
ν ν

−
− = +

+ +
, x y ze ε ε ε= + +
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Stress-Strain Relation
6 Stress distribution in an elastic body 

6 Relations between 6 Strain and 3 Displacement 

6 Relations between 6 Strain and 6 Stress 

3 Equations of force equilibrium 

Isotropic : In case the elastic properties of the body are the same in all directions about any given point

 Generalized Hooke’s Law :  “each of the six stress components may be 
expresses as a linear function of the six components of strain, and 
conversely” (six ‘stress-strain’ equations)

stress

strain

principal stress

same direction

Generalized Hooke’s Law 
the principal directions and isotropy

1 1

2 2

3 3

2
2
2

e
e
e

σ λ µε
σ λ µε
σ λ µε

= +
 = +
 = +

, , : constant of Lameλ µ 

1 2 3,e ε ε ε= + +

relation for 
arbitrary 
system of 
cartesian
coordinate axes

where
, x y ze ε ε ε= + +

xy xy

yz yz

zx zx

τ µ γ

τ µγ

τ µγ

=

=

=

2
2

2

x x

y y

z z

e
e
e

σ λ µε
σ λ µε

σ λ µε

= +
= +

= +

Generalized Hooke’s Law for isotropic materials referring to any arbitrary 
cartesian coordinates x,y,z

 engineering elastic constant
Modulus of Elasticity ‘E’Modulus of Elasticity ‘E’
Poisson’s ratio ‘ν’
Modulus of elasticity in shear ‘G’

Generalized Hooke’s Law in terms of ‘engineering elastic constant’
1 [ ( )] (1)

1 [ ( )] (2)

1 [ ( )] (3)

x x y z

y y z x

z z x y

E

E

E

ε σ ν σ σ

ε σ ν σ σ

ε σ ν σ σ

= − +

= − +

= − +







(5)
(1 ) (1 )z x x z

E Eσ σ ε ε
ν ν

= − +
+ +



(4)
(1 ) (1 )y x x y

E Eσ σ ε ε
ν ν

= − +
+ +



(4), (5) (1) :→
(1 2 )(1 2 )

(1 ) (1 )x x
E E eν νν σ ε

ν ν
−

− = +
+ + (1 )(1 2 ) (1 )x x

E Eeνσ ε
ν ν ν

∴ = +
+ − +

, x y ze ε ε ε= + +in same way ,
(1 )(1 2 ) (1 )y y

E Eeνσ ε
ν ν ν

= +
+ − + (1 )(1 2 ) (1 )z z

E Eeνσ ε
ν ν ν

= +
+ − +

, ,u v w
, , , , ,x y z xy yz zxε ε ε γ γ γ6 Strain
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15 Variables
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Stress-Strain Relation
6 Stress distribution in an elastic body 

6 Relations between 6 Strain and 3 Displacement 

6 Relations between 6 Strain and 6 Stress 

3 Equations of force equilibrium 

Isotropic : In case the elastic properties of the body are the same in all directions about any given point

 Generalized Hooke’s Law :  “each of the six stress components may be 
expresses as a linear function of the six components of strain, and 
conversely” (six ‘stress-strain’ equations)

stress

strain

principal stress

same direction

Generalized Hooke’s Law 
the principal directions and isotropy

1 1

2 2

3 3

2
2
2

e
e
e

σ λ µε
σ λ µε
σ λ µε

= +
 = +
 = +

, , : constant of Lameλ µ 

1 2 3,e ε ε ε= + +

relation for 
arbitrary 
system of 
cartesian
coordinate axes

where
, x y ze ε ε ε= + +

xy xy

yz yz

zx zx

τ µ γ

τ µγ

τ µγ

=

=

=

2
2

2

x x

y y

z z

e
e
e

σ λ µε
σ λ µε

σ λ µε

= +
= +

= +

Generalized Hooke’s Law for isotropic materials referring to any arbitrary 
cartesian coordinates x,y,z

 engineering elastic constant
Modulus of Elasticity ‘E’Modulus of Elasticity ‘E’

Poisson’s ratio ‘ν’
x

y z x E
σε ε νε ν= = − = −

Modulus of elasticity in shear ‘G’

xy xyGτ γ=

1
x xE

ε σ=

2( 1)
EG
ν

=
+

Generalized Hooke’s Law in terms of ‘engineering elastic constant’

1 [ ( )]

1 [ ( )]

1 [ ( )]

x x y z

y y z x

z z x y

E

E

E

ε σ ν σ σ

ε σ ν σ σ

ε σ ν σ σ

= − +

= − +

= − +

2( 1)

2( 1)

2( 1)

xy xy

yz yz

zx zx

E

E

E

νγ τ

νγ τ

νγ τ

+
=

+
=

+
=

(1 )(1 2 ) (1 )

(1 )(1 2 ) (1 )

(1 )(1 2 ) (1 )

x x

y y

z z

E Ee

E Ee

E Ee

νσ ε
ν ν ν
νσ ε
ν ν ν
νσ ε
ν ν ν

= +
+ − +

= +
+ − +

= +
+ − +

, x y ze ε ε ε= + +

2( 1)

2( 1)

2( 1)

xy xy

yz yz

zx zx

E

E

E

τ γ
ν

τ γ
ν

τ γ
ν

=
+

=
+

=
+

or

, ,u v w
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Stress-Strain Relation
6 Stress distribution in an elastic body 

6 Relations between 6 Strain and 3 Displacement 

6 Relations between 6 Strain and 6 Stress 

3 Equations of force equilibrium 

Isotropic : In case the elastic properties of the body are the same in all directions about any given point

 Generalized Hooke’s Law :  “each of the six stress components may be 
expresses as a linear function of the six components of strain, and 
conversely” (six ‘stress-strain’ equations)

stress

strain

principal stress

principal strain

same direction

relation for 
arbitrary 
system of 
cartesian
coordinate axes

 engineering elastic constant
Modulus of Elasticity ‘E’Modulus of Elasticity ‘E’

Poisson’s ratio ‘ν’
x

y z x E
σε ε νε ν= = − = −

Modulus of elasticity in shear ‘G’

xy xyGτ γ=

1
x xE

ε σ=

2( 1)
EG
ν

=
+

Generalized Hooke’s Law in terms of ‘engineering elastic constant’

1 [ ( )]

1 [ ( )]

1 [ ( )]

x x y z

y y z x

z z x y

E

E

E

ε σ ν σ σ

ε σ ν σ σ

ε σ ν σ σ

= − +

= − +

= − +

2( 1)

2( 1)

2( 1)

xy xy

yz yz

zx zx

E

E

E

νγ τ

νγ τ

νγ τ

+
=

+
=

+
=

(1 )(1 2 ) (1 )

(1 )(1 2 ) (1 )

(1 )(1 2 ) (1 )

x x

y y

z z

E Ee

E Ee

E Ee

νσ ε
ν ν ν
νσ ε
ν ν ν
νσ ε
ν ν ν

= +
+ − +

= +
+ − +

= +
+ − +

, x y ze ε ε ε= + +

2( 1)

2( 1)

2( 1)

xy xy

yz yz

zx zx

E

E

E

τ γ
ν

τ γ
ν

τ γ
ν

=
+

=
+

=
+

or

, ,u v w
, , , , ,x y z xy yz zxε ε ε γ γ γ6 Strain
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3 Displacement 

15 Variables
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Problem in Elasticity

, , ,

, ,

x y z

xy yz zx

u v w
x y z
u v v w w u
y x z y x z

ε ε ε

γ γ γ

∂ ∂ ∂
= = =
∂ ∂ ∂
∂ ∂ ∂ ∂ ∂ ∂

= + = + = +
∂ ∂ ∂ ∂ ∂ ∂
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1) The original 15 equations can also be reduced to 3 equations in 
terms of the three displacement components
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terms of the three displacement components

, ,u v w + three equations of displacement
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terms of the three displacement components
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1) The original 15 equations can also be reduced to 3 equations in 
terms of the three displacement components
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1) The original 15 equations can also be reduced to 3 equations in 
terms of the three displacement components
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the three equations of equilibrium, expressed in 
terms of displacements are

These equations together with the boundary conditions completely 
define the three displacement components , ,u v w
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1) The original 15 equations can also be reduced to 3 equations in 
terms of the three displacement components
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These equations together with the boundary conditions completely 
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given body forces and given conditions at the boundary of the body

(1 )(1 2 ) (1 )

(1 )(1 2 ) (1 )

(1 )(1 2 ) (1 )

x x

y y

z z

E Ee

E Ee

E Ee

νσ ε
ν ν ν
νσ ε
ν ν ν
νσ ε
ν ν ν

= +
+ − +

= +
+ − +

= +
+ − +

, x y ze ε ε ε= + +

2( 1)

2( 1)

2( 1)

xy xy

yz yz

zx zx

E

E

E

τ γ
ν

τ γ
ν

τ γ
ν

=
+

=
+

=
+

These equations together with the boundary conditions completely 
define the three displacement components , ,u v w

Boundary Conditions in terms of Given Surface Force
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, ,u v w
, , , , ,x y z xy yz zxε ε ε γ γ γ6 Strain

6 Stress 

3 Displacement 

15 Variables

, , , , ,x y z xy yz zxσ σ σ τ τ τ

1) The original 15 equations can also be reduced to 3 equations in 
terms of the three displacement components

, ,u v w + three equations of displacement
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6 Relations between 6 Strain and 3 
Displacement : 

6 Relations between 6 Strain and 6 Stress 
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The object : find the stress distribution in an elastic body or find the strain at any point due to 
given body forces and given conditions at the boundary of the body
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These equations together with the boundary conditions completely 
define the three displacement components , ,u v w

Boundary Conditions in terms of Given Surface Force
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, ,u v w
, , , , ,x y z xy yz zxε ε ε γ γ γ6 Strain

6 Stress 

3 Displacement 

15 Variables

, , , , ,x y z xy yz zxσ σ σ τ τ τ

1) The original 15 equations can also be reduced to 3 equations in 
terms of the three displacement components

, ,u v w + three equations of displacement
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Given : 3 Equations of force equilibrium :

6 Relations between 6 Strain and 3 
Displacement : 

6 Relations between 6 Strain and 6 Stress 
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The object : find the stress distribution in an elastic body or find the strain at any point due to 
given body forces and given conditions at the boundary of the body
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These equations together with the boundary conditions completely 
define the three displacement components , ,u v w

Boundary Conditions in terms of Given Surface Force
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in same way

, ,u v w
, , , , ,x y z xy yz zxε ε ε γ γ γ6 Strain

6 Stress 

3 Displacement 

15 Variables

, , , , ,x y z xy yz zxσ σ σ τ τ τ

1) The original 15 equations can also be reduced to 3 equations in 
terms of the three displacement components

, ,u v w + three equations of displacement
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Given : 3 Equations of force equilibrium :

6 Relations between 6 Strain and 3 
Displacement : 

6 Relations between 6 Strain and 6 Stress 
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The object : find the stress distribution in an elastic body or find the strain at any point due to 
given body forces and given conditions at the boundary of the body
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the three equations of equilibrium, 
expressed in terms of displacements are

These equations together with the boundary 
conditions completely define the three 
displacement components , ,u v w
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, , , , ,x y z xy yz zxε ε ε γ γ γ6 Strain

6 Stress 

3 Displacement 

15 Variables

, , , , ,x y z xy yz zxσ σ σ τ τ τ

1) The original 15 equations can also be reduced to 3 equations in 
terms of the three displacement components

, ,u v w + three equations of displacement
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2) If we are interested in finding only the stress components in a body, 
we may reduce the system of equations to six equations with six 
unknown stress components

Problem in Elasticity

!) Since the displacement components are not to be found in this case,
the compatibility equations must be satisfied
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Given : 3 Equations of force equilibrium :

6 Relations between 6 Strain and 3 
Displacement : 

6 Relations between 6 Strain and 6 Stress 

0

0

0

yxx zx
x

xy y zy
y

yzxz z
z

F X
x y z

F Y
x y z

F Z
x y z

τσ τ

τ σ τ

ττ σ

∂∂ ∂
= + + + =

∂ ∂ ∂
∂ ∂ ∂

= + + + =
∂ ∂ ∂

∂∂ ∂
= + + + =

∂ ∂ ∂

∑

∑

∑

The object : find the stress distribution in an elastic body or find the strain at any point due to 
given body forces and given conditions at the boundary of the body

, , , , ,x y z xy yz zxσ σ σ τ τ τ + six equations of stress
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, ,u v w
, , , , ,x y z xy yz zxε ε ε γ γ γ6 Strain

6 Stress 

3 Displacement 

15 Variables

, , , , ,x y z xy yz zxσ σ σ τ τ τ
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2) If we are interested in finding only the stress components in a body, 
we may reduce the system of equations to six equations with six 
unknown stress components

Problem in Elasticity

!) Since the displacement components are not to be found in this case,
the compatibility equations must be satisfied
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Given : 3 Equations of force equilibrium :

6 Relations between 6 Strain and 3 
Displacement : 

6 Relations between 6 Strain and 6 Stress 
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The object : find the stress distribution in an elastic body or find the strain at any point due to 
given body forces and given conditions at the boundary of the body

, , , , ,x y z xy yz zxσ σ σ τ τ τ + six equations of stress
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compatibility equations 3 independent Equations

, ,u v w
, , , , ,x y z xy yz zxε ε ε γ γ γ6 Strain

6 Stress 

3 Displacement 
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, , , , ,x y z xy yz zxσ σ σ τ τ τ
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2) If we are interested in finding only the stress components in a body, 
we may reduce the system of equations to six equations with six 
unknown stress components

Problem in Elasticity

!) Since the displacement components are not to be found in this case,
the compatibility equations must be satisfied

, , ,

, ,

x y z

xy yz zx

u v w
x y z
u v v w w u
y x z y x z

ε ε ε

γ γ γ

∂ ∂ ∂
= = =
∂ ∂ ∂
∂ ∂ ∂ ∂ ∂ ∂

= + = + = +
∂ ∂ ∂ ∂ ∂ ∂

Given : 3 Equations of force equilibrium :

6 Relations between 6 Strain and 3 
Displacement : 

6 Relations between 6 Strain and 6 Stress 
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The object : find the stress distribution in an elastic body or find the strain at any point due to 
given body forces and given conditions at the boundary of the body

, , , , ,x y z xy yz zxσ σ σ τ τ τ + six equations of stress

2

2

2

2

2

2

yz xyx zx

y yz xyzx

yz xyzxz

y z x x y z

z x y x y z

x y z x y z

γ γε γ

ε γ γγ

γ γγε

∂ ∂ ∂ ∂∂
= − + + ∂ ∂ ∂ ∂ ∂ ∂ 

∂ ∂ ∂ ∂∂
= − + ∂ ∂ ∂ ∂ ∂ ∂ 

∂ ∂ ∂∂ ∂
= + − ∂ ∂ ∂ ∂ ∂ ∂ 

2 22

2 2

2 22

2 2

2 22

2 2

y xyx

y yzz

x zxz

y x x y

z y y z

x z z x

ε γε

ε γε

ε γε

∂ ∂∂
+ =

∂ ∂ ∂ ∂

∂ ∂∂
+ =

∂ ∂ ∂ ∂

∂ ∂∂
+ =

∂ ∂ ∂ ∂

1 [ ( )]

1 [ ( )]

1 [ ( )]

x x y z

y y z x

z z x y

E

E

E

ε σ ν σ σ

ε σ ν σ σ

ε σ ν σ σ

= − +

= − +

= − +

2( 1)

2( 1)

2( 1)

xy xy

yz yz

zx zx

E

E

E

νγ τ

νγ τ

νγ τ

+
=

+
=

+
=

21

3

x y zσ σ σΘ = + +1 32

4

from

4from

2 2 2

2
zy xy z Z

y z x z z z
τ τ σ∂ ∂ ∂ ∂

= − − −
∂ ∂ ∂ ∂ ∂ ∂

2 22

2
yz yxz Y

y z x y y y
τ στ∂ ∂∂ ∂

= − − −
∂ ∂ ∂ ∂ ∂ ∂

z
∂
∂

y
∂
∂

( ) ( )
2 22 2 2

2 2 2 21 1 2y yzz

z y z y y z
σ τσν ν ν

 ∂ ∂ ∂ ∂ Θ ∂ Θ
+ + − + = + ⋅    ∂ ∂ ∂ ∂ ∂ ∂  

zy xy y Y
z x y
τ τ σ∂ ∂ ∂

= − − −
∂ ∂ ∂

yz xz z Z
y x z
τ τ σ∂ ∂ ∂

= − − −
∂ ∂ ∂

compatibility equations 3 independent Equations

, ,u v w
, , , , ,x y z xy yz zxε ε ε γ γ γ6 Strain

6 Stress 

3 Displacement 

15 Variables

, , , , ,x y z xy yz zxσ σ σ τ τ τ

230/ 253



Innovative Ship Design – Elasticity

SDAL@Advanced Ship Design Automation Lab.
http://asdal.snu.ac.kr

Seoul 
National
Univ.

2) If we are interested in finding only the stress components in a body, 
we may reduce the system of equations to six equations with six 
unknown stress components

Problem in Elasticity

!) Since the displacement components are not to be found in this case,
the compatibility equations must be satisfied
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2) If we are interested in finding only the stress components in a body, 
we may reduce the system of equations to six equations with six 
unknown stress components
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2) If we are interested in finding only the stress components in a body, 
we may reduce the system of equations to six equations with six 
unknown stress components

Problem in Elasticity
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2) If we are interested in finding only the stress components in a body, 
we may reduce the system of equations to six equations with six 
unknown stress components

Problem in Elasticity

!) Since the displacement components are not to be found in this case,
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2) If we are interested in finding only the stress components in a body, 
we may reduce the system of equations to six equations with six 
unknown stress components

Problem in Elasticity
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2) If we are interested in finding only the stress components in a body, 
we may reduce the system of equations to six equations with six 
unknown stress components

Problem in Elasticity

!) Since the displacement components are not to be found in this case,
the compatibility equations must be satisfied
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2) If we are interested in finding only the stress components in a body, 
we may reduce the system of equations to six equations with six 
unknown stress components

Problem in Elasticity

!) Since the displacement components are not to be found in this case,
the compatibility equations must be satisfied
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The object : find the stress distribution in an elastic body or find the strain at any point due to 
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2) If we are interested in finding only the stress components in a body, 
we may reduce the system of equations to six equations with six 
unknown stress components

Problem in Elasticity

!) Since the displacement components are not to be found in this case,
the compatibility equations must be satisfied
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The object : find the stress distribution in an elastic body or find the strain at any point due to 
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2) If we are interested in finding only the stress components in a body, 
we may reduce the system of equations to six equations with six 
unknown stress components

Problem in Elasticity

!) Since the displacement components are not to be found in this case,
the compatibility equations must be satisfied
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The object : find the stress distribution in an elastic body or find the strain at any point due to 
given body forces and given conditions at the boundary of the body
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2) If we are interested in finding only the stress components in a body, 
we may reduce the system of equations to six equations with six 
unknown stress components

Problem in Elasticity

!) Since the displacement components are not to be found in this case,
the compatibility equations must be satisfied
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The object : find the stress distribution in an elastic body or find the strain at any point due to 
given body forces and given conditions at the boundary of the body
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2) If we are interested in finding only the stress components in a body, 
we may reduce the system of equations to six equations with six 
unknown stress components

Problem in Elasticity

!) Since the displacement components are not to be found in this case,
the compatibility equations must be satisfied
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6 Relations between 6 Strain and 3 
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The object : find the stress distribution in an elastic body or find the strain at any point due to 
given body forces and given conditions at the boundary of the body

, , , , ,x y z xy yz zxσ σ σ τ τ τ + six equations of stress
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2) If we are interested in finding only the stress components in a body, 
we may reduce the system of equations to six equations with six 
unknown stress components

Problem in Elasticity

!) Since the displacement components are not to be found in this case,
the compatibility equations must be satisfied

The object : find the stress distribution in an elastic body or find the strain at any point due to 
given body forces and given conditions at the boundary of the body

, , , , ,x y z xy yz zxσ σ σ τ τ τ + six equations of stress
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2) If we are interested in finding only the stress components in a body, 
we may reduce the system of equations to six equations with six 
unknown stress components

Problem in Elasticity

!) Since the displacement components are not to be found in this case,
the compatibility equations must be satisfied

The object : find the stress distribution in an elastic body or find the strain at any point due to 
given body forces and given conditions at the boundary of the body
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unknown stress components
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2) If we are interested in finding only the stress components in a body, 
we may reduce the system of equations to six equations with six 
unknown stress components
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2) If we are interested in finding only the stress components in a body, 
we may reduce the system of equations to six equations with six 
unknown stress components

Problem in Elasticity

!) Since the displacement components are not to be found in this case,
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2) If we are interested in finding only the stress components in a body, 
we may reduce the system of equations to six equations with six 
unknown stress components

Problem in Elasticity

!) Since the displacement components are not to be found in this case,
the compatibility equations must be satisfied
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2) If we are interested in finding only the stress components in a body, 
we may reduce the system of equations to six equations with six 
unknown stress components

Problem in Elasticity

!) Since the displacement components are not to be found in this case,
the compatibility equations must be satisfied
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compatibility equations 3 independent Equations

2) If we are interested in finding only the stress components in a body, 
we may reduce the system of equations to six equations with six 
unknown stress components
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!) Since the displacement components are not to be found in this case,
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2) If we are interested in finding only the stress components in a body, 
we may reduce the system of equations to six equations with six 
unknown stress components
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!) Since the displacement components are not to be found in this case,
the compatibility equations must be satisfied

, , ,

, ,

x y z

xy yz zx

u v w
x y z
u v v w w u
y x z y x z

ε ε ε

γ γ γ

∂ ∂ ∂
= = =
∂ ∂ ∂
∂ ∂ ∂ ∂ ∂ ∂

= + = + = +
∂ ∂ ∂ ∂ ∂ ∂

Given : 3 Equations of force equilibrium :

6 Relations between 6 Strain and 3 
Displacement : 

6 Relations between 6 Strain and 6 Stress 

0

0

0

yxx zx
x

xy y zy
y

yzxz z
z

F X
x y z

F Y
x y z

F Z
x y z

τσ τ

τ σ τ

ττ σ

∂∂ ∂
= + + + =

∂ ∂ ∂
∂ ∂ ∂

= + + + =
∂ ∂ ∂

∂∂ ∂
= + + + =

∂ ∂ ∂

∑

∑

∑

The object : find the stress distribution in an elastic body or find the strain at any point due to 
given body forces and given conditions at the boundary of the body

, , , , ,x y z xy yz zxσ σ σ τ τ τ + six equations of stress

2

2

2

2

2

2

yz xyx zx

y yz xyzx

yz xyzxz

y z x x y z

z x y x y z

x y z x y z

γ γε γ

ε γ γγ

γ γγε

∂ ∂ ∂ ∂∂
= − + + ∂ ∂ ∂ ∂ ∂ ∂ 

∂ ∂ ∂ ∂∂
= − + ∂ ∂ ∂ ∂ ∂ ∂ 

∂ ∂ ∂∂ ∂
= + − ∂ ∂ ∂ ∂ ∂ ∂ 

2 22

2 2

2 22

2 2

2 22

2 2

y xyx

y yzz

x zxz

y x x y

z y y z

x z z x

ε γε

ε γε

ε γε

∂ ∂∂
+ =

∂ ∂ ∂ ∂

∂ ∂∂
+ =

∂ ∂ ∂ ∂

∂ ∂∂
+ =

∂ ∂ ∂ ∂

1 [ ( )]

1 [ ( )]

1 [ ( )]

x x y z

y y z x

z z x y

E

E

E

ε σ ν σ σ

ε σ ν σ σ

ε σ ν σ σ

= − +

= − +

= − +

2( 1)

2( 1)

2( 1)

xy xy

yz yz

zx zx

E

E

E

νγ τ

νγ τ

νγ τ

+
=

+
=

+
=

2
2

2
2

2
2

1
1

1
1

1
1

xy

yz

zx

Y X
x y x y

Z Y
y z y z

X Z
z x z x

τ

τ

τ

ν

ν

ν

 ∂ ∂ ∂
∇ + = − + + ∂ ∂ ∂ ∂ 

 ∂ ∂ ∂
∇ + = − + + ∂ ∂ ∂ ∂ 

∂ ∂ ∂ ∇ + =

Θ

−

Θ

Θ
+ + ∂ ∂ ∂ ∂ 

2
2

2

2
2

2

2
2

2

1 2
1 1

1 2
1 1

1 2
1 1

x

y

z

X Y Z X
x x y z x

X Y Z Y
y x y z y

X Y Z Z
z x y z z

ν
ν

σ

σ

ν

ν
ν ν

ν
ν

σ
ν

 ∂ ∂ ∂ ∂ ∂
∇ + = − + + − + ∂ − ∂ ∂ ∂ ∂ 

 ∂ ∂ ∂ ∂ ∂
∇ + = − + + − + ∂ − ∂ ∂ ∂ ∂ 

 ∂ ∂ ∂ ∂ ∂
∇ + = − + + − + ∂ − ∂ ∂ ∂ ∂ 

Θ

Θ

Θ

compatibility equations 3 independent Equations

, ,u v w
, , , , ,x y z xy yz zxε ε ε γ γ γ6 Strain

6 Stress 

3 Displacement 

15 Variables

, , , , ,x y z xy yz zxσ σ σ τ τ τ

250/ 253



Innovative Ship Design – Elasticity

SDAL@Advanced Ship Design Automation Lab.
http://asdal.snu.ac.kr

Seoul 
National
Univ.

Problem in Elasticity

, , ,

, ,

x y z

xy yz zx

u v w
x y z
u v v w w u
y x z y x z

ε ε ε

γ γ γ

∂ ∂ ∂
= = =
∂ ∂ ∂
∂ ∂ ∂ ∂ ∂ ∂

= + = + = +
∂ ∂ ∂ ∂ ∂ ∂

Given : 3 Equations of force equilibrium :

6 Relations between 6 Strain and 3 
Displacement : 

6 Relations between 6 Strain and 6 Stress 

0

0

0

yxx zx
x

xy y zy
y

yzxz z
z

F X
x y z

F Y
x y z

F Z
x y z

τσ τ

τ σ τ

ττ σ

∂∂ ∂
= + + + =

∂ ∂ ∂
∂ ∂ ∂

= + + + =
∂ ∂ ∂

∂∂ ∂
= + + + =

∂ ∂ ∂

∑

∑

∑

The object : find the stress distribution in an elastic body or find the strain at any point due to 
given body forces and given conditions at the boundary of the body

2

2

2

2

2

2

yz xyx zx

y yz xyzx

yz xyzxz

y z x x y z

z x y x y z

x y z x y z

γ γε γ

ε γ γγ

γ γγε

∂ ∂ ∂ ∂∂
= − + + ∂ ∂ ∂ ∂ ∂ ∂ 

∂ ∂ ∂ ∂∂
= − + ∂ ∂ ∂ ∂ ∂ ∂ 

∂ ∂ ∂∂ ∂
= + − ∂ ∂ ∂ ∂ ∂ ∂ 

2 22

2 2

2 22

2 2

2 22

2 2

y xyx

y yzz

x zxz

y x x y

z y y z

x z z x

ε γε

ε γε

ε γε

∂ ∂∂
+ =

∂ ∂ ∂ ∂

∂ ∂∂
+ =

∂ ∂ ∂ ∂

∂ ∂∂
+ =

∂ ∂ ∂ ∂

1 [ ( )]

1 [ ( )]

1 [ ( )]

x x y z

y y z x

z z x y

E

E

E

ε σ ν σ σ

ε σ ν σ σ

ε σ ν σ σ

= − +

= − +

= − +

2( 1)

2( 1)

2( 1)

xy xy

yz yz

zx zx

E

E

E

νγ τ

νγ τ

νγ τ

+
=

+
=

+
=

2
2

2
2

2
2

1 0
1

1 0
1

1 0
1

xy

yz

zx

Y X
x y x y

Z Y
y z y z

X Z
z x z x

ν

ν

τ

τ

τ

ν

 ∂ ∂ ∂
+ +∇ + = ∂ ∂ + ∂ ∂ 

 ∂ ∂ ∂
+ +∇ + = ∂ ∂ + ∂ ∂

Θ

Θ

 
∂ ∂ ∂ + +∇ + = ∂ ∂ + ∂ ∂

Θ
 

2
2

2

2
2

2

2
2

2

12 0
1 1

12 0
1 1

12 0
1 1

x

y

z

X Y Z X
x y z x x

X Y Z Y
x y z y y

X Y Z Z
x y z z z

ν
ν ν

ν
ν ν

σ

σ

ν
ν ν

σ

 ∂ ∂ ∂ ∂ ∂
+ + + +∇ + = − ∂ ∂ ∂ ∂ + ∂ 

 ∂ ∂ ∂ ∂ ∂
+ + + +∇ + = − ∂ ∂ ∂ ∂ + ∂ 

 ∂ ∂ ∂ ∂ ∂
+ + + +∇ + = − ∂ ∂ ∂ ∂ +

Θ
∂

Θ



Θ

Body Surface
dm
dt

= = +∑V F F F

Newton’s second law in equilibrium 
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1) The original 15 equations can also be reduced to 3 equations in 
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Problem in Elasticity
The object : find the stress distribution in an elastic body or find the strain at any point due to 
given body forces and given conditions at the boundary of the body

2) If we are interested in finding only the stress components in a body, we may reduce 
the system of equations to six equations with six unknown stress components

, , , , ,x y z xy yz zxσ σ σ τ τ τ + six equations of stress
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