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Content of last lecture
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* Heat Conduction
— Thermal conductivity

q"=iq, + ja," +kg," =-kVT

— Thermal diffusivity "
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— Derivation of Heat Diffusion equation
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— Solution methods
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Today
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o Steady state one-dimensional conduction
— A plane wall

— Radial conduction in cylindrical coordinate

* Thermal conductivity measurement method
— Steady state method

— Transient method



Feed back on homework #1 *«;@K
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Distinction of formal and informal words.
— Like, a little bit, ...

» Avoid using subjective, emotional words
— Very

* Proper tense (Al Al)

* Try to be more specific when you explain

— Use numbers if possible, take examples

Because of many problems of fossil fuel energy, the
importance of renewable energy is increased.
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« Maintain a critical attitude

* Run the spellina check - MS Word



Feed back on homework #1 %;,
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Why is the earth hot?

Why is there a thermal gradient?

Decay of radioactive element.

Hot interior of the earth
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Feed back on homework #1 %g
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What about the disadvantage of geothermal energy?

Why don'’t we use it now? Economic feasibility???

What about the safety of power plant in tectonic boundaries?

Why doesn’t Korea build a geothermal power plant?
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Homework #2 i,
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Thermal Resistance (2 X &)
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 Thermal resistance for conduction in a plane wall
— From Fourier’s law

ar  T,-T
qx :q)r(rA:_kA_:kA s,1 S,2
dx L
- Through rearrangement, Analogy with electrical
resistance _
Tl L RoaEse L

- ,cond kA | oA
Thermal resistance for conduction %
Mg et

— From Newton’s law of cooling (convection),
q=q"A=hA(T,-T,) _TI-1, 1
/ ,conv q hA

Thermal resistance for conduction
BIE=R=PNE=l;




1D steady state solutions
Plane wall
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j — 1D, steady state, no heat generation,

il | a3 el

M — From constant heat flux

Hot fluid

T(x) =Cx+C,
~ 7 L. - holyingBC,

T(0)=T,, and T(L)=T,,

1
fin A

T.,-T
C,=T,, and C, ===

Ficure 3.1  Heat transfer thre plane wall. (a) Temperature distribution. (b) Equivalent L

gh a
thermal cireuit.




Conduction ]
Steady-state one dimensional conduction
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— Temperature distribution,
X
T (X) — (Ts,2 _Ts,l)I+Ts,l
T — Conduction heat transfer rate,

dT kA
TLT qx = —kA dx — L (Ts,l_Ts,Z)

Hot fluid
T Il, Ir T T T
e .
Cold fluid
T .2 hy
(a)
Tor T T2 T.2
’ L L L
hA kA A
(b)
Ficure 3.1 Heat transfer through a plane wall. (a) Temperature distribution. (b) Equivalent

thermal circuit.
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1D steady state solutions

CompOSite Waii (iayered rOCk) SEOUL NA:;\):?(:LUNIVERSITY
a - quivalent thermal conductivity for a
\ series composite wall (layered rock).
Tg\m
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1D steady state solutions (A
radial conduction in cylindrical wall
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— 1D, Steady state, no heat generation,

Ei(kr a_Tj =0
r or or

B oT

oT
— _KA— = —k(27rL)=—
d, p= (27 )ar

..— Heat transfer rate is a constant in the
radial direction.

— Assuming constant K,
T(r)=C,Inr+C,

T,,=C Inr, +C, and T,,=C Inr, +C,
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1D steady state solutions

radial conduction in cylindrical wall o o
e — Temperature distribution
Cold fluid ’ Yl T :

associated with radial conduction
through a cylindrical wall

T.-T
T(r) =22y L7
In(r,/r,) r, ’

. — Heat transfer rate is,
T2 N 1 In(rafry) 1 27 LK (TS,l _Ts,2 )
2l 2mkL h2 Tyl ir — - PN
In(r, /1)
IFicure 3.6 Hollow eylinder with convective surface conditions.

— Thermal resistance

_In(r, /')
Rt,cond - 272'|_k
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1D steady state solutions e,
Summary "
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TaprLe 3.3 One-dimensional, steady-state solutions

to the heat equation with no generation

Plane Wall Cylindrical Wall® Spherical Wall”
: d’T ld| dT 1 d{ »dT
Heat equat =0 e lp——1=0 s P =0
cat equation FE rar (r -:‘i"r) iy (;- fﬁ_)
Temperature T AT T .+ AT In (/1) T  — AT [ﬂ]
— ATX |
distribution 2 L 5 In (ry/r3) ! 1 — (ry/ry)
Heat flux {q"} k£ __kar : kAT
L rin(ry/ry) FA(1/ry) — (1/ry)]
AT 2Lk AT Atk AT
Heat rat kA — e
cat rate (g) L In (ry/r)) (1/r) = (1/r,)
Thermal L In (ry/1y) (1/ry) — (1)
resistance (R, oq) kA 2mlk 4k

“The critical radius of insulation is r_, = k/h for the cylinder and r,, = 2k/h for the sphere.



Hydraulic conductivity measurement iy
Two groups of methods (Beardsmore & Cull, 2001) L ome
o Steady-state method

— Divided-bar apparatus
* Transient method

— Needle probe



Hydraulic conductivity measurement
Steady State IlvllethOd SEOQOUL NATIONAL UNIVERSITY

| preseue — Use a ‘divided-bar apparatus’

. ) T,-T
| 9} — Measure the ‘k’ directly q’ =k%

— Takes long time to achieve thermal equilibrium

lo Y e FII'I " 'EL
poly A, > Ta % . )
o W I "k — More accurate than ‘transient method
" éi—r7 o L
tRE=—7" ¢ — Rock sample in discs or cylindrical shape

at constant but different temperatures (warm
end at the top! Why?).

Bi — Top and bottom sections of the bar maintained

Beardsmore and Cull, 2001



Hydraulic conductivity measurement %Mg

Transient Method
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Single needle probe

Beardsmore and Cull, 2001

Bead thermistor

Glass cap j‘

r~3mm
e

Yy !
tube to insulate 77
thermistor lead kA
[

Cadmium

free solder |1

length > 4cm

f\ Weld

M Enamelled
NVCr alloy
10042m

? :
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Dual-needle probe

dual-needle probe

“Needle probe method” is the
best known method.

k can be deducted from the rate
at which its T changed in
response to an applied heat
source.

Measure the thermal diffusivity
(@)and thermal conductivity is
calculated € need to know p

and c,.
. S

PC,

Less accurate than ‘steady state’
methnd



Hydraulic conductivity measurement CED
Transient Method (2) - an example

) — With a line source of heat
L and a temperature sensor
gar wnt packed closely,
;.; 21 ; ] thermal conductivity of sandstone? k - (QI / 472-) (a In(t) / aT )

10 cm needle probe
heating coil is é:owered by 5V battery
a current | = 250mA is switched on at t=0

— @ : applied heat per unit
Do~ 0 _ 0 150 w0 |ength(W/m)
rime (secend | ~t: time (second)
T: Temperature (K)
2 ] — Find a linearity and obtain k

. P=V x1=5x0.25=1.25W

3 Q=P/0.1(cm)=12.5W/m

O_;E Gradient between 60 & 200 sec is ~3.449

bt K= 125/4T X 3.449 = 3.43 W/imK

Data from Beardsmore and Cull, 2001 Temperature (°C)



Heat Diffusion Equation %;,
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* Verbal description of heat diffusion equation

— The rate at which the temperature at a point is changing with time
Is proportional to the rate at which the temperature gradient at that
point is changing in the direction of heat flow. (Middleton and
wilcock, 1999)

o(, o0y of,0T) of,dT) . oT
K +—| K +—| kK—|+q=pC,—
ox\ ox) oy\ oy ) oL\ oz ot




Last lecture ER
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Steady state one-dimensional conduction
— A plane wall

— Radial conduction in cylindrical coordinate

Thermal conductivity measurement method
— Steady state method

— Transient method

Time dependent (transient) conduction

Convective heat transfer, thermal expansion & thermal stress
(very briefly)
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Conduction %dg
TranS I e nt State SEOUL NATlo:iL UNIVERSITY

* |If a solid body is suddenly subjected to a change in
environment, some time must elapse before an equilibrium
temperature condition will prevail in the body. Transient
heating/cooling process takes place before equilibrium

(steady state).
* Transient (or unsteady) problem:

— Arise when boundary conditions are changed

— E.g.) if surface temperature is altered, temperature at each point in
the system will also begin to change = The change will continue
until a steady state temperature distribution is reached.



Time dependent conduction ER
semi-infinite half space problem
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* A single identifiable surface + a solid extends to infinity

* A sudden change of conditions is imposed at this surface -
transient, 1D conduction occur within the solid.

« Semi-infinite solid (half-space) provides a useful idealization
for many practical problems.

2
oT 10T
— =——
OX a ot
Case (1) Case (2) Case (3)
Tlx, 0) =T, Tx, 0) =T, Tlx, 0) =T,
0,0 =T, —koTloxl, _g =g —k oTiox| _ o = KIT_ - T, Nl

T.. R
o M
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Time dependent conduction gg
semi-infinite half space problem o0 Ao GRS

* Derivation for case (1)

Case (1)
Tx, ) =T,
70,0 =T,

F—x

T, 0)-T, _

2 T 2N X
ToT (\/;jgexp(—u Ydu = erf (n):erf( 4at)

. K(T, T
g KOT)

S

ot
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Semi-infinite half space problem Al
Derivation (1)
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— Existence of similarity variable, n

— Partial differential equation with x, t = ordinary differential
equation with n

X

7= Vot

— We first transform the pertinent differential operator,

or dTonp 1 dT
oXx dn oX +dat dn

o°T d (aT)an_ 1 d°T
ox> dn\ox Jox  dat dn®

of dTon_ x dT
ot dn ot 2t\4at dn
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Semi-infinite half space problem B
Derivation (2)

— Substituting into 1D diffusion equation,

oT_1ar Ty, T
X o dt ot on
— Boundary conditions become;
T(0,1) =T, > T(=0)=T;
TX—>et) =T, > T(—>o)=T,
T(x,0)=T.

Both the IC and the interior BC
correspond to the single requirement



Semi-infinite half space problem G
Derlvatl O n (3) SEOUL NATlO:':L UNIVERSITY

— Now T is uniquely defined by n. Let's solve T now. T(n) may be

obtained by separating variables, such that
d(T /an)
(6T 10n)

— By integration,
In(dT /dn)=-n*+C/ or S—T =C, exp(-7°)
/

—2ndn

— Integrating a second time,
n '

= T =C, [exp(-u”)du+C, where u is dummy.
0

T(n=0)=T, » C, =T,

n
T = Cljexp(—uz)du +T,
0
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Semi-infinite half space problem G
Derlvatl O n (4) SEOUL NATlO:':L UNIVERSITY

T 2(T, =T
T(p—>w)=T —» Ti:CIJ.eXp(—UZ)dU-I-TS —3 (/= (\'/;S)

T(x,t) = (%) (T. —TS)Iexp(—uz)du +T,
— Note that error function is defined as;
— erf(x) =%jexp(—uz)du For example, ort (0)=0, erf(x)=1
— The final solution can be also described as;

T, )T, _

2\ g X
ToT —(\/;Mexp(—u Ydu = erf (n):erf(\/dr_atj




Semi-infinite half space problem G
Derlvatl O n (5) SEOUL NATlO:':L UNIVERSITY

— Surface heat flux may be obtained by applying Fourier’s law,

g =k =k, -, LCT
OX |, dp  dx|
2 1
" K(T, - T,) —— exp(~7°) ——
qS ( S I)\/; p( 77 )\/4_at77:0
" _ k(Ts _Ti)

% N ot



Time dependent conduction
semi-infinite half space problem
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Casze (1)
Tk, 0) =T,
T,— Ti _TS \/4—05'[
" __ k(TS _Ti)
¢ =
- ot
Case (2)
T, ) =T,
—kaTlox| _g = q
2q5(at/ )" [=x*) QX
P T (X,t) _Ti = qo( ) eXp B b
k dat
F—x
Case (3)

Tlx, 0) = T;
—k dTidx, _ o = WIT_ - 1O, 1]
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Time dependent conduction Nue
semi-infinite half space problem "
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Case (1) Case (2) Case (3)
Tx, 0) =T, Tx, 0 =T, T, 0) =T,
70,0 =T, —kdTiaxl, _q = g —k dTlox| _ o = KIT_ - T(O, 1]
I,/ T, h
= T T
— - >x
Tix, 1)
T, T,
3 t 3
X ¥

X
Ficure 5.7

Transient temperature distributions in a semi-infinite solid for three surface
conditions: constant surface temperature. constant surface heat flux, and surface convection.
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Time dependent conduction 1 ""
semi-infinite half space problem "
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100

o]
o

[&)]
o

Temperature (°C)
S
o

20

v - For granite from Forsmark,
~ Sweden,
B S R _______________________________ _ k=358 W/mK, p: 1000 kg/m?,
~ Cp: 796 (J/kg'K) = a=4.5x10°
ST ST SO SS L SO AR .......... 1 DOOday mz/SeC
451“” — Homework#2 Q3. Reproduce

2 G 8 0 this graph.
Distance from the surface (m)



Time dependent conduction %M}"
a cases with fixed T at both ends

TD‘F'BT

T, Ll

Fig. 12.1. Conduction of heat into a region of lower temperature (on the left) from
a boundary (on the right) suddenly raised in temperature. Distance is normalized
by the total thickness of the conducting region, and temperature by the temperature
increment oT.

— Thermal relaxation time: a characteristic time for heat t§'diffasg'<
through the layer(Middleton and Wilcock,1999). d: thickness of
layer, a: diffusivity. t. =d°/«a
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Convective heat transfer
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What will be the factors that make these two cases different?

Saturated Porous media
- Fluid NOT flowing

T,=100°C T,=15°C

-~ - a3 7~ i~ >
/ ~N N 2/ ~

e, et ot T rim— N - .J
Saturated Porous media

- \\ f _— i ~ \\ /*

"~ ~-Fluid Flowing ~~-~

T,=100°C T, =15°C
* These will be covered after we deal with fluid flow in rock



HHS
Summary
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* Transient conduction problem

— Temperature changes with time

 Coupled process associated with thermal transfer
— Convective heat transfer

— Thermal expansion and thermal stress

* Fluid flow inrock - next week

— Porous rock

— Fractured rock
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