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Stability: One-Dimensional Configurations
- Introduction

- Describing the application of the Energy Principle to 1-D cylindrical
configurations: The 6 pinch, the Z pinch and the general screw pinch

- Showing that the 6 pinch has inherently favourable stability
properties while the Z pinch is strongly unstable.

- A rather high level of complexity is exhibited in the general screw pinch:
A general 2" order equation is derived for the plasma displacement with
BCs corresponding to a perfectly conducting wall, an isolating vacuum
region and a resistive wall.

— Suydam'’s criterion for localised interchanges,
Newcomb’s general procedure for testing stability,
The oscillation theorem describing the eigenvalue behaviour
for the full linearised stability equations.




Stability: One-Dimensional Configurations
- The 6 Pinch

- Sequence of solution of the MHD equilibrium equations
1. The v:B =0 0B,

=0
oz
2. Ampere’s law: g, = vxB J :_iaBz
’ Mo OF
3. The momentum equation: IJxB = Vp JQB :@
z
dr

d ( B2 ] B B2
—| p+ =0 P+ =
dr 244, 21y 24

E(r)=<~&(r)explilmé@+kz)]  Fourier analysed

m, k: poloidal and toroidal wave numbers, respectively
5
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Stability: One-Dimensional Configurations
- The 6 Pinch

- The first step in the minimisation of OW is to check the incompressibility.

V.g=V-g, +V- (§|e) V-& +IKg = &(F)=Z(r)expli(md+kz)]

SI= 6 EV S, = _r[(ré:r) +1m¢, | k#0

- The next step is the evaluation of OW,.

1. R s Iy : . .o
:_I dr + ‘V'§J_+2§J_'K‘ +7’p‘v'§‘ _z(éjj_'Vp)(K'é:L)_‘]H(gJ_Xb)'QJ_

2P Ho  Hy

Q, =ikB,&, =ikB, (&€ +&,8,)

9g

K=b-Vb=—¢
0z

=0 no pressure driven terms

—

J, = J-b= J,&, -6, =0 no current driven terms
—
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* The 6 Pinch

OW_
27R, /1

W (r) = B2[K? (& +\59\2)+r—12\ e, —ir—T(rér)’égl

&y terms combined by completing the squares

_[W(r)rdr

W(r) = B; 0549 (ré ) k2 2 [‘ ) 2‘5‘ ] ‘
inimised by choosi Ko =k2+m2/r2
minimised by choosing 50 _ k2r2 (rf ) 0
é\NF 7T (2 kZBZ 2.9 2
- rdr : K*r =
2R, 1, IO m* +k2r2[‘ )‘5‘ ] o =6




~

Stability: One-Dimensional Configurations
- The 6 Pinch

2
We _ 7 [*rdr K B [\
2Ry m*

1% + (m? +k2r2)\§\ ]

SW, =0, SW, >0

- OWe > 0 for any nonzero k? and dWg — 0 as k? — 0:

- At any value of B the 6 pinch is positively stable for finite wavelengths
and approaches marginal stability for very long wavelengths.

- Current-driven modes cannot be excited due to no parallel currents.

- Since the field lines are straight, their curvature is zero and
pressure-driven modes cannot be excited.

- Any perturbation to the equilibrium either bends or compresses
the magnetic field lines, and both are stabilising influences.

8
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Stability: One-Dimensional Configurations
 The Z Pinch

- Sequence of solution of the MHD equilibrium equations

1. The v:B =0 10B,
r oo
2. Am ' - — 1 d
: pere’s law: yyJ = VB J =——(I‘Be)
©urdr
. dp
3. The momentum equation: IJxB = Vp JZBQ :_d_
r
2 2
dp, B, d(rBG)=o d - B, |, B) _,
dr ,rdr dr 21y ) Ul

E(F)=<&(r)exp[i(m@+kz)]  Fourier analysed

m, k: poloidal and toroidal wave numbers, respectively
9
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Stability: One-Dimensional Configurations
« The Z Pinch

- The first step in the minimisation of OW is to check the incompressibility.

V-£=V-£ +V-(§E,)=V & +iké =0 E(r) =&(r)exp[i(mf +k2)]

éll Eé@ :%V'§L =%[(r§r)’+ikrfz] m=0

m=20




Stability: General Considerations

« Incompressibility

Several minimising condition

If Vv-&#0
- Existing sufficient equilibrium symmetry
. B 0 im
B-Vé“z o 0 a1 _1Ms =0form =0

B r 00B, r

v-g:v-gﬁv%é:v-gﬁé-v

=V-¢,

§,| does not appear.
The term must be maintained for the rest of the minimisation.

S
B

jpyp\v-f\zdrszyp\v-g\zdr

11
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Stability: One-Dimensional Configurations
 The Z Pinch

- The first step in the minimisation of OW is to check the incompressibility.

v.§=v.g+v.(§“é9)=v.§L+‘Tm§”=o E(F) = E(r) expli(mO + k2)]
éll Eé‘) :%v'§¢ =#[(r§,)’+ikrfz] m=0

m # 0 Modes

‘ 2

_QJ_ 2 2 2 N % N — -
‘ - ‘V'§J_+2§J_'E‘ +7p‘v'§‘ _z(é:J_'Vp)(K'gj_)_‘J”(gJ_Xb)'QJ_

5WF=1j dr +
2P My  Hy

~




Stability: One-Dimensional Configurations
 The Z Pinch

m # 0 Modes
[~ 12
1. .|Q| B? . o . e =
:_j dr ‘ l‘ + ‘V'gj_+2§J_'K‘Z+7p‘v'§‘2_z(é:J_'Vp)(K-'gJ_)_‘J”(é:J_Xb)'QJ_
2°F My Hy
B,=Vx(& xB)=B-V& —¢& -VB-BV-¢&,
|mB 0 fr— 6,zfé,Jngéig,:imrB@ o

r I

|mB

=&,

mBj

Bl = ™2 faf g

V-£=0 form=+0

V-fz@ﬂkfz form = 0
e —



- = = & - T — —~
——— — -t - — - —_~ o~ ~ — —_— ~~ — " —~ — .« - — _ e - ~ — L—

- — —— —_ ~— — — ~—
. 4 . _ A _ 4 A 8 B — -_— .- 48 A B B A 1 Bl 458 A 8L _ 1 .. A A N A 8 A _ A _ A B _ A A 4 B 1

« The Z Pinch

m # 0 Modes

QLZ ? Y. 2 - * /N~
ZEJ' dr ‘ ‘ +B ‘V'§L+2§L'K‘ +7’p‘v'§‘ _2(§L'Vp)(K'§L)_JH(§ b)'QJ_
2°F Ho  Ho

|mBg

(&€ +¢.8,) Q=B, =Vx(£{xB)

’ 2 ! !

+k2lg,| +ikr§z(§7:j —ikrfj(%j

BV &, +2&, k| =B

V- = %{(rf)'

—2(¢,-Vp)(K-&)) = (-2¢ p’)[—‘flf ]= 2rp' £ <0ifp <0

Fk2g [+ 'k@(f) ks, (rf)} for m = 0
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« The Z Pinch

m # 0 Modes

- i
1. .|IQ B2 ) o L
oW, ZEIPdr ‘ /: + . ‘V'@+295L'K‘Z+7p‘v'§‘2—2@1'Vp)(’f'é)—JH(Qxb)-Ql
0 0
for m_qt 0 -
W, ZEJ' dpl M Bf h§r2+§zz]+89{r(§rj +k2|§z|z+ikl’§z(§—:} —ik@;(éj }+0+2p'§r2+0
2 HoT Ho r r r r

Minimise dW,: &, terms

/ '

5 (m—f+k2]\§z\2+ikré{5—:] —ikré;*(ij : :ikr(frj
78N r r s

!

r
| |2 2| minimising
21,2 - 2.2
Bykg. Z_'k_zr(ij _k Z (Qj ki =k*+m?/r? condition
Lo ks \r kg [\ r
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« The Z Pinch

m # 0 Modes

1l e m°B [ . 2 2 B_;
oW, =3 [ ari B o>

B

+k2|§| +ikré, [5 ] —ikrg?:(%j +O+—|§| +0

_ m?B? L 20 5) k®
dr 0 +52 r — 1-— =
o, = arl f | b 2 gl £ (1)) e
__ ’2__
2 ’ 2p2
oo TR 2P| B £
2 14, r m<+Kk-r r
3W: minimised by letting k? — oo
i | 24D SW \5\2
W 0 F = rdr(2u,rp’ + m*B?
" Z,U ‘5‘ [ r ] 27R, ﬂo'[ (G4t )
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Stability: One-Dimensional Configurations
 The Z Pinch

° | | trial fu i
m + 0 Modes /‘Ki?ﬁdt{an nction
dp m*B?

2r p+ g

> (0 stability condition r
ar

A trial function localised within the region with negative value could
be constructed that would make dW, < 0, implying instability.

i

szez dp B d ' Be '
' rB 0 =——2(rB
B,(rB,) < < 5 r qr (FBo) = P uor( o)
2 (B,) 1, B, B,)

— | 2| <=(Mm“-4) <—B,(rB,)=B,| r*—2 | =r°B +2B;
Ba(rj ~(m* -2) <— B,(1B, ( r] [rj
——=<m -1 <— e(re)—r7 +6,_T +7

¢ 17

—



Stability: One-Dimensional Configurations
« The Z Pinch

*m #+ 0 Modes
Typical profile
By ( By )" (r83)’

1/r

/

T~ T

2(B 1, , -
— | =& <=(m*—4) Stability form = 2
B, LT 2

(I‘B ) - At large radii where the current is low:
<m? -1 stability form = 1
B, - Near the origin: instability for m = 1




Stability: One-Dimensional Configurations

e The Z Pinch S
)

—— Weakened Tension

Increased Tension

- As the plasma undergoes an m = 1 deformation the magnetic lines
concentrate in the tighter portion of the column, raising the value of B,.

- The corresponding increased magnetic tension produces a force in the
direction to further increase the m = 1 deformation; hence, instability.

- Although the plasma distortion has the appearance of a helix, it does not
correspond to a kink mode since the current is zero.

- The minimising perturbation is best described as a competition between
line bending and unfavourable curvature, with the magnetic compression
making a negligibly small contribution. 19
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Stability: One-Dimensional Configurations

« The Z Pinch
m # 0 Modes

Instability for q . 2

4 b — NST@MW H ]] IE KEI K
LINEAR KINK NO AR

20
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« The Z Pinch

*m = 0 Mode
1= 12
1 Q. B? . s o =
=§Ldr ‘ ‘ + ‘V'gj_+2§J_'K‘Z+7/p‘v'§‘2_Z(é:J_'Vp)(K'gj_)_‘JH(gj_xb)'QJ_
Hy Ho
for m_qt 0
1|2 / ’
1 .| m®B? B, i : (& 2p’
o, =3 .o B fe e P 821 )| i it 3| i3 0+ 2P g 4o
form=20
- izo i ~{ {r(%) +k2|§z|2+ikrfz(%*] —ikrrff(%j + o @ +k2|§Z|2+ik%(r§:), LA (é)} ”ﬁp’|§r|2+o

ImB _ _
== (56 +£8)

W-fzwp{r;' L L (rg)} for m = 0

V©
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Stability: One-Dimensional Configurations
 The Z Pinch

m = 0 Mode

MW, == dr{m Bg{r(ij +k2|§z|2+ikrfz(§—:j —ikrg";(ij
244, °P r r r

§,| = &g does not appear.
The term must be maintained for the rest of the minimisation.

2 2

(r&,)

r

+ Ho)P —
r

AL (o (rér)}+2“7°p'|§rlz+0]

Minimise OW,: &, terms

r I

k?(B] + pop)|&,| + Bﬁf[gl + Ho)P ;) (ikg,)+c.c.

/

T + )P "
(BZ + U 7p) kéz o o
o 802 T HolP 892 + HolP

Bgr(gr (rgr)
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Stability: One-Dimensional Configurations
 The Z Pinch

*m = 0 Mode
/ 4
| 2 [ S (rér) minimising
k(B _|_Iu07,p) r r condition
$=6,
&NinLdr mBj{{%) +k2|§z|2+ikr§z(§7:j —ikrcfi(%j + L3P ‘_(re:r) +k2|cfz|2ﬂ%(rﬁf)’—E(rfr)'}?ﬂfpwéF*O}
|§| |§| (ém +2ﬂop'|§|2_ . (B? _}
r r B, + 1P r

2
_ gl (B — o)’
244, °P r’

B; + P

- Idr{szﬂz e 5)]+u07p
Ho r
|:B§+/Uo7’p_

}(“ 222 [0 B2+ (85 - )¢ (B3 + m— (B + )]+ ”°'°|(:|}

J?\ 414,708,
d 2 0 0
j arp s B; + Ho)P o
—




Stability: One-Dimensional Configurations
 The Z Pinch

m = 0 Mode
i r r r ,
S, = 2 Bgr(g_) +/Jo7’p( d )
K(Bj + 4P) r r
rp’ 2/B2/
> — P < 78‘92’% stability condition
P m+B,/ i
Benett profile
Mol T
B =
27 rP4r?
, , —> y>2
_ Holg Iy

C8x% (r*+ )

- Since y = 5/3 for ideal MHD the condition is violated.

- Instability criterion usually violated in experiments. 04
—




Stability: One-Dimensional Configurations
« The Z Pinch

* m = 0 Mode: sausage instability

Increased Tension

- The magnetic field in the throat region increases since the plasma
carries the same current in a smaller cross section.
- The increased magnetic tension produces a force which tends to
further constrict the column.
- The minimising perturbation produces a competition between
unfavourable curvature and compression of the plasma
(magnetic pressure and particle pressure).
- The line bending is zero. .

—




Stability: One-Dimensional Configurations
 The Z Pinch

* m = 0 Mode: sausage instability

Single particle picture
(ORNORNORNORNORNORNO!

- _@ ____________________ Unperturbed State

(fluted surface)

Interchange Flux and Plasma

particle drifts

2 p 2 2
V., = vi BxVB _ mvi 1 B 286,é _mvi B, 5

20, B? 2¢e B “2r * 2 B2
2 - B 2 - = 2
v o Vi kxB _MY & xe MYy
“ o, B* er B, erB, "’ y

—



Stability: One-Dimensional Configurations
« The Z Pinch

* m = 0 Mode: sausage instability

Single particle picture

2

V . .

Vﬁ =?l —v? isotropic plasma
2 2 2 ' 4

mv” [ By ' mv® (B, B
Vp =—3 —-B, |=——r —9 1 <0

eB, \ r eB, \r r

*E“E *E“E
B QOO @E —> —Kxb
£

Curvature drift creates ExB drift l l
which enhances perturbation.

- 27




Stability: One-Dimensional Configurations
« The Z Pinch

* m = 0 Mode: sausage instability

Single particle picture
If the curvature drift is in the
opposite direction, ExB drift

X
o

<— Good Curvature would oppose the perturbation
Cusps: ] ] T
' : «— Cusp Lines - Stablllty
® g
Bad
L l l - «— Good
Bad Curvature
Good

K

W 28
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Stability: One-Dimensional Configurations
« The Z Pinch

- Z pinch is always unstable to m = 1 perturbations and is likely to
be unstable to m = 0 as well.

- The unstable modes are quite virulent and have the form of
pressure-driven interchanges.

29
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Stability: One-Dimensional Configurations

 The General Screw Pinch
- Sequence of solution of the MHD equilibrium equations

1. The v:B =0 10B. 6B
- % + z _
r o oz
2. A 's law: 1pd = VXB
mpere’s law: u,J = VX ng_iﬁBz Z :ii(ng)
H, Or ¥ dr
3. The momentum equation: IJxB = Vp J,B,—J B, _%
o dr

2 2 2
i p+m +i20
dr 214, Hol

E(r)=~&(r)expli(mé@+kz)] Fourier analysed

m, k: poloidal and toroidal wave numbers, respectively

Dual symmetry: Responsible for the algebraic elimination of

two components of € in the minimisation procedure -
—




Stability: One-Dimensional Configurations

- The General Screw Pinch

31



Stability: One-Dimensional Configurations

- The General Screw Pinch

e Evaluation of OW

Incompressibility

1% §=V-§L+V-(%I§jzv-§i+l§ vl _g
5.v=|(Be 9 g 9 [IMBy g |_iF
r 06 oz r
- kB =Kk-B, kK="6,+ks,
r r
g
% §L+|F§:O
iB
§||—EV-§L

32



Stability: One-Dimensional Configurations

- The General Screw Pinch

e Evaluation of OW

Incompressibility

. B
V°§L+IF%=O QZHZFV'QZL
- Excluding the very special case of zero shear [i.e., (By/rB,)" = 0], F will
in general be nonzero except perhaps at a finite number of discrete radii.
- If F is nonzero everywhere a well-behaved §;, can be chosen,
making the plasma compressibility term vanish.
- Even when isolated F = 0 singular surfaces exist the compressibility term

can be made negligibly small with a well-behaved §,.

ﬁ” /5/ SingIJIar EUFI:ECE WHEFE F[rs-] =0
; r

g / "ES \/ -

| 33




N

Stability: One-Dimensional Configurations |

- The General Screw Pinch

e Evaluation of OW

Incompressibility

iB now bounded, but
Resolution: choose ¢,=—5——V -5, compressibility not
Ft+o satisfied.
iFS& iF ( iBF o
VeVt =ty (Fzmzjvfffazv‘fi

F=F(r)+F'(r)(r-r)=F()Xx x=r-r,

1 1 4
W= [l -efar =2 [ 0V & s rarom

Even for isolated singular surfaces,
_ ﬂLlypr\‘ the plasma compressibility term
makes no contribution to OW

‘F’ 34
 N——————————————————————————

2
v -
=772L{7p ‘ gi‘ } ‘G‘ — 0 for arbitrarily small but nonzero o
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e The General Screw Pinch
e Evaluation of OW

Evaluation of dW,

.
M :% dr (ijo +i V& +28 /T - 28 VPR 61 - 3(£0 xb)-Q,
G, =Vx(&,xB), —Q8, +Qj, % =i .
e-b-v6--2g Q —nFn+{BQBBH—"§ (i”
v §l+2§L-;z=(rf)' 2r'133§2§+|%7
(5. VP)(EL E)——B—Z plef 6= kB, = (€

- S BB _mB,
Hody = Hpd -b = Z( B,) —— r —KB,




Stability: One-Dimensional Configurations

- The General Screw Pinch

e Evaluation of OW

Evaluation of OW,

MW jW(r)rdr
27R, ,Uo
12
W (r) = Fz\g\z + iF77+§[ BZBB“’ - r:z (E;“)j ] line bending
2

(ré) 2B, . .G
_ +i—
r rB2 ] B77

2 . .
+B magnetic compression

2 'B?
ﬂ;_’gz ¢ |2 pressure-driven

—ﬂoJ{iF(«fﬂ* —5*77)—52[82889 - rsz (E;") ﬂ current-driven
36
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Stability: One-Dimensional Configurations

- The General Screw Pinch
e Evaluation of OW

Evaluation of OW,

Minimise OW,: n terms

W, = KB + 252 (g = 6) + I Y - (1)1
i 2kB 2 2 2.2
=ik,B B, Ky =k“+m“/r
B+ ko o kg, ‘ ™ ko
n= kz [G(réy +2kB,&]  Minimising

37



Stability: One-Dimensional Configurations

- The General Screw Pinch
e Evaluation of OW

Evaluation of OW,

W(r) = Ag"” +2A88 + AL

F2
Ai_k—oz
1 m*B?
A2 rk2 (k 82 rZQj
2 2 2 ' '
A3=F2 ZyOpZB B 1_ 2B 12(G+2kBg)2+ZBé’BZ Bng_rBz(Bej
rB r’ B® rk0 rB B B \r

38
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Stability: One-Dimensional Configurations

- The General Screw Pinch

e Evaluation of OW

Evaluation of OW,

e = [ g )dr{" "B e, } £*(a)

27R, | 1 :
rE?
=T =
2k2 kir® -1 2k? mB
=TA—(rA) + rE?+—— k °|F
0=rA~(A) = 2 (up) (kor ] rko[ rj

- The boundary term is a consequence of an integration by parts in OWk.
- This term vanishes for internal modes but plays an important role
in external modes.
- Standard form of dW, for the general screw pinch
39
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Stability: One-Dimensional Configurations

- The General Screw Pinch

e Evaluation of OW

Evaluation of dW, and dWs
Assuming no surface current: W, =0

2

A

B A
éWVZELdFL VxB =V-B =0
2 Ky

B,=VV,, V¥, =0

Boundary condition

N

Bl =0

My

A-By|, =A-Vx(£ xB), =B -V(A-&)-(f-&)A-([-V)B],

40
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Stability: One-Dimensional Configurations

- The General Screw Pinch

e Evaluation of OW

Evaluation of dW, and dWs

A

i-B| =0 — M| _o
b or |
s L oal 5 AR
n-B, 5:0 — Nn-B| =n-Vx(&, xB) = =iF&(a)
a+ a a r

é1r‘a =[éV§—§ﬁ(ﬁV)é]a

!

Solution: \71 _ A|:Kr _(ijh}exp[i(méu k)]

'
b

K, =K,(kz), I,=1,(kz) modified Bessel functions

41
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Stability: One-Dimensional Configurations

- The General Screw Pinch
e Evaluation of OW

Evaluation of dW, and dWs

VlZife@  p_IF@E, {1{ Ky )( N ﬂ
. K, 11| K,

A |2
1 B,
W, ==| dF vV VVdr—— V-(V,'VV,)-V
|, " | L[ A
2
L gsyg, o 22 ;ﬂ
2ty °3 Ky or

42




Stability: One-Dimensional Configurations

- The General Screw Pinch

e Evaluation of OW

Evaluation of dW, and dWs

oW, _ {rZFZA
2Ry My ‘m‘

(k! : 2jm
A:_‘m‘Ka 1 (Kbla)/(IbKa) z1+(a/b)2 kb<<1
kak, [ 1= (K1) /(1LKZ) | 1-(a/b)™™
zm (ka, kb — )
ka
~1 (ka~1 kb— )

} &*(a)

43



Stability: One-Dimensional Configurations

- The General Screw Pinch

e Evaluation of OW

For internal modes

oW
27°Ry | 14,

= [(fe? +g&)dr

For external modes

SW a krB, —mB r’AF?
=| (f&*+9g&%)dr+ 2 % IrF + 2
27Z2R0/,u0 IO (167 +9c%) K kozr2 j \m\ Lga

- f(r) is positive while g(r) can have either sign.
- Both terms are competitive and further simplifications, as occurred
for the @ pinch and Z pinch, are not possible for the general screw pinch.

44
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Stability: One-Dimensional Configurations

- The General Screw Pinch
« Suydam'’s Criterion

- Assuming that &(r) is a highly localised function
- necessary but not sufficient condition for stability because
a special localised trial function is used.
- Tests against localised interchanges:
F=0atsomeradiusr=r,—f=g =0 but p’term < 0 in g (destabilising)
— pressure-driven instability (internal localised interchange mode)
-F=k:-B=0—k; ~0:
perturbations minimising the bending of the mag. lines.

2 2 2,2 2
f = P g :&(,uo p)’+(k°rler2 +%(sz - mB@jF

k¢ k¢ kir? rk; r
F-"% B -K.B
r
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Stability: One-Dimensional Configurations

- The General Screw Pinch
« Suydam'’s Criterion

- Assuming that &(r) is a highly localised function

- necessary but not sufficient condition for stability because a special
localised trial function is used

- Tests against localised interchanges:
F=0atsomeradiusr=r,— f=g=0but p term in g < 0 (destabilising)
— pressure-driven instability (internal localised interchange mode)

- F=k-B =0 — kj ~ 0: perturbations minimising the bending of the mag. lines.

- A localised perturbation does not automatically imply instability when p' < O:
if the equilibrium magnetic field has shear, then away from the resonant
surface, Fis no longer zero. Even though this term is small,
£’ is large because of localisation.
— fE2 term in OW produces a stabilising contribution.
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Stability: One-Dimensional Configurations

- The General Screw Pinch

« Suydam'’s Criterion

\mem\ Z pinCh

- Interchange plasma and field: Plasma wants to expand, field lines
want to contract.
- Interchange is more difficult with shear. As interchange takes place,
field lines are bent from one surface to another.

Derivation

F(r,)=0
F~F(r)+F'(r)x=F'(r)x

X=r—r,
leading order contributions

fz r2|:!2 X2: r3F12 X2 gz zluo—kZpr _ 2k2r2p',u0
ks | kK’r?+m? | ke | | KrP4m? |

S S S S
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- The General Screw Pinch

M _|_r’F” A S B S Ly
anO/yo{ }Idx{x(dxj P } 2R, | 1 I(fg +gear

A (<<a): measure of the localisation

2 k2 ' 2 I 2
D, :—{ /:cl’:,zp} =—{ r‘é’%g } simplified




Stability: One-Dimensional Configurations

- The General Screw Pinch

F(r) =kB, (r){l—w}
q(r)

F'(r) :kB{l—q ) +kBZ(rS)q(rS){q—;} =(kBZq—'J
" q(r) |, q° |, a/.

D —_ 214,k p’ _ | 24, P'9° | only a function of equilibrium quantities
i rF'? rB;q'® | (nom’sandk’s)
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Stability: One-Dimensional Configurations

- The General Screw Pinch
[ 3rr2
We  _|_I'F _[ dx| X (dé:j - D &°
27zR0/y0 k*r?+m? dx

A
OW oc j AdX_Xzé"2 — Dsé‘z]: oW normalised form of 6W,

I 2

-p’ >0 — D, < 0: stability D —_| %P9
S ’

-p’ < 0— D, > 0: stability? rB’q’

Vary & — E+0E to determine minimising &(r)
[dr(fe? + &%) - (1) -g&=0
[dr(&? —D,g%) — (x*¢') + D& =0

d
(2 5)+D§ 0 Euler-Lagrange equation
dx dx
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Stability: One-Dimensional Configurations
 The General Screw Pinch

§=x’
p(p+1)+D,=0

d (295 _ 11
&(X &}FDSQE—O p1,2=_§i§(1_4Ds)1/2

E=cXx™ +c,x™

J (x?¢2 —D,&% Jix = x2£& = px** <— D, = (X?)l

-1-4D. < 0

1l ap e 1 1
E=X 25 (AR y 2tk (DT g T2 gtk lnly

_ %[c1 sin(k, In|x]) +c, cos(k, Inx))]
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Stability: One-Dimensional Configurations

- The General Screw Pinch

212 2 Y r 2p+1 --:— %™ Envelope
J‘(X 5 Dsg )jx =X 55 _ pX -:—-.— Rapid Oscillation

modified trial function

IT1




Stability: One-Dimensional Configurations

- The General Screw Pinch

g
v

T, 1, T, T,

SW, (1) = W, (V) =0 | aw, = [ axfx’e? - D¢

W, (I1) = [ (x*¢"* = D,&*)dx = X

J (e -D.ghydx=xse

M, (IV) =

SW_(I11) =

” _0 satisfying the
& Euler-Lagrange
“ _0 equation

X3

J, (6™ = D.&7)dx = ~D.&5 (%~ %,)

1-4D, < 0 W =-D_ & (X, —X,) < 0: instability
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Stability: One-Dimensional Configurations

- The General Screw Pinch

- 1-4D. > 0: no oscillatory solutions exist and a localised,
well-behaved trial function cannot be constructed.
— stable to localised interchange perturbations

1.1
E=cx™ +c,xP P, = —515(1—4Ds)1’2

/ %Nut allowable as x = 0
Mot allowable over large x.
/ / Area diverges
/ // ok oo

2 2
1 rB(q' Suydam’s
_ £ vr < — > z | A '
1 L (qj +8p >0 criterion
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Stability: One-Dimensional Configurations

- The General Screw Pinch

rBZ2 [q’jz Suydam’s criterion:
q

Ly +8p'>0 necessary condition for stability

l

destabilising term: interchange drive, resulting from
the combination of a negative pressure gradient and
the unfavourable curvature of the B, field

v

stabilising term: work don in bending the field lines when interchanging two
flux tubes in a system with shear
(shear, line bending magnetic energy)
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- The General Screw Pinch

L S S P R R R R R R A

7 AT 777777777 Suydam Stable
St W L '|l'dﬂ

ra A ra Ay /f ;I;f/f,f;;f;f;;/; Suydam Unstable

T ?

Accurmulation Paint
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