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Stability: Multidimensional Configurations |

- Tokamaks

« Ballooning Modes

Analytic Model: large aspect ratio, circular cross section
small average S but high g’ in a small region

i(fa—xj—gX:O

ox\ oy
2 4 K2 21, JRB .
f:w, - a 2 » dp (ktan_ktant) D = Za_qd '
JB B> dy X oy X
d(w, x)=JB,/R
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L _RB 1 _HP'F 21,00’
B2’ Y JrRB2T° B2 ' ' RB
p p




Stability: Multidimensional Configurations

- Tokamaks
« Ballooning Modes

Analytic Model: large aspect ratio, circular cross section
small average S but high g’ in a small region

B ,

- E pe
|

i\: Ar ~ ¢
| |
|

0 L « hB~e
—lar b

- Leading order in the inverse aspect ratio expansion
- Cylindrical values used

Py B— B,

R >R, :p_> L ‘;p= L o

B, > B, (r) w rB, dr rB,
cos®

J—>r/B, Ky —>————




Stability: Multidimensional Configurations

- Tokamaks

« Ballooning Modes

Analytic Model: large aspect ratio, circular cross section
small average S but high g’ in a small region

R*B, 1 F 244, 3p’
8y = 2p’ =7 Cozluopz y G = oD 5y
JB JR?B? B RB,
2p3
0= 588
or
a8, = 1
rB,R?
C, ® Ho AP oo [ o AP (R02+2R0rc03<9)
F dy F dy
C, :_(Zyzorg ]cose
ROBH 6
—
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- Tokamaks

« Ballooning Modes

Analytic Model: large aspect ratio, circular cross section
small average f but high g’ in a small region

B~B,~F/R i )

ox 1 Ro:s0 B, | i=[ aa; dy’

‘s RoBy h dé(q'_ Sové; COSéj G(w, x)=JB,/R
{'~—2/§:p’ a(v) —% Zﬂfld;(
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= 0-0,)+-22 sin@—-sind.) |=
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Stability: Multidimensional Configurations

- Tokamaks

« Ballooning Modes

Analytic Model: large aspect ratio, circular cross section
small average S but high g’ in a small region

a ,\2 aX aCO A
— +a, )— |[+| =2 7+c, |[X =0
(22 al)éx} (8;/ 1]

desired form of the

i oX : ballooning mode
2
—5| A+A )£}+a(ASIn6’+C089)X =0 equation for the model

equilibrium (s, a)

A(O) =s(0—6,)—a(sind—-sing,)

!

r
S= d average shear
g
2, 12p' r2R2 ' measure of
—_2to 2p =——" O-#:—qZROﬂ' the pressure
RO Ba Ro BH BO /2/10 gradient g
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« Ballooning Modes

Numerical Solution
(s, a) diagram

o\
«

II

ol

- As sufficiently high pressure gradient, the destabilising contribution
from the unfavourable curvature region overcomes the shear — unstable
- When the shear increases, the maximum allowable pressure
gradient increases.
- Second region of stability: sufficiently large values of the pressure
gradient are stabilised even at low values of shear
— possibility of high B operation
e —
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Stability: Multidimensional Configurations

- Tokamaks
- Ballooning Modes ] 2
Analytic Solution: Energy Principle -
6 2 -m 09 L 2w

—{(1+ Az)a—x} +a(Asing+cosfd)X =0
06 06

1 0 2 @X ? - 2
W =—f dé| 1+ A°) — | —a(Asin@+cosH) X
27 I 06

(o]

simple trial function

{1+ cosd, -mw<cosf < ©=0:largest X - unfavourable
X —

0 0 toroidal curvature
’ ‘ ‘> T @ = m: X = 0 favourable curvature

W =1.39%*-217sa+a’—-a+05 &, =0

s=0.78a +(0.72ct —0.36—0.11*)> W = 0 for marginal stability




Stability: Multidimensional Configurations

- Tokamaks

« Ballooning Modes
Analytic Solution: Energy Principle
Why does the second region of stability exist?
Lﬁ_q =S—Ccos@ local shear

g or \l/
\l/ pressure-driven modulation

average shear

If the modulation neglected, the local shear = the average shear
Variational analysis repeated

2

1+0.83s

Without the pressure-driven modulation, no second region of stability
11
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« Ballooning Modes
Analytic Solution: Energy Principle

- Full variational solution

s=0.78ax +(0.72a —0.36—0.11*)"?

ol | 1 1 1 | (R =
-30 -20 -0 O 02030
X

o 1 1

quasimode eigenfunction

2.0
s
10 no shear
modulation
modulatior
0.

0. 1.0 20

ballooning mode displacement
(perturbed plasma surface)
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- Tokamaks

« Ballooning Modes
Analytic Solution: Energy Principle

roq

qar
6=0
8=0

1st 2nd
Stability i Instability Stability
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- Tokamaks
« Ballooning Modes
Application of the Ballooning Mode Stability Criterion: 1st stability region

If one integrates the critical pressure gradient over the entire
pressure profile, there is a maximum allowable overall average £.

a=Ks, K= 0.6
B ROﬁ’ S K(rq’/qS) I L.IHE:::.HIF \

Multiply by r2 and integrates over M

the plasma volume

q=0,1+ ré/ r03) relatively flat profile

ﬂthg[l— qol ,Bt<03(1—1 K =0.6
2 qoqa qa qa qa
Jo =1

B: < 2% for e = 1/3, g, = 3: somewhat optimistic »

For stability, a < Ks

o

j QZQO(1+a3/r03)
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Stability: One-Dimensional Configurations
 The “Straight” Tokamak

e Internal Current-Driven Modes §

oW
= | (f&? dr
s b (1674969 |
W, é’ s 2 1 1 Use same trial function
W, ao I { Z +(l_q}(3+qﬂrdr as before

- Contributions from both the pressure and parallel current are destabilising
— unstable

- Often referred to as the m = 1 internal kink mode. But the mode can also be
driven by the pressure gradient, particularly in the high-g tokamak regime.

- The nonlinear evolution of the m = 1 internal kink mode, including the
effects of dissipation is believed to be an important component in sawtooth
oscillations observed in many tokamaks.

- If the energetic particle effect is included, a modified m = 1 mode thought

to be responsible for the so-called fishbone oscillations.
15
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Stability: Multidimensional Configurations

- Tokamaks

« Low-n Internal Modes
- setting an upper limit on the toroidal current density on axis
- large aspect ratio, circular cross section, B, ~ €%, B, ~ 1

2,2
A n°r 1 1
W, =["|rg'+ 1-— | 3+ ||rdr
© R’ n n
oW 1 1 0 g g
= 1__2 c _2Wt
Wo n n An2id /19 \
W - Numerical results: sensitive to g profile near the axis , g, <1
and g, > 1 required for stability
ROA rs ) Ilq\ls} — 4
=— repdr
i

-n>>1: 0W/W, = W, identical to that in the straight tokamak,
requiring ng, > 1
-n = 1: 0W/W, = W, stable in the limit if 3, > 0if gy < 1
- In both cases, increasing B, is destabilising and instability for
B, > (13/144)/2 = 0.3 16
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Stability: Multidimensional Configurations

- Tokamaks

« External Modes

- More severe B; limit than n — oo internal ballooning modes

- In the regime of the ohmically heated tokamak, B ~ &2,
ballooning effects are unimportant on external modes:
identical to the straight tokamak

- The new stability limit appears in the high regime g ~ ¢
and is associated with toroidal ballooning effects.

- Combination of ballooning and kinking - the most unstable modes:
driven by a combination of both the pressure gradient and the parallel
current, in contrast to n — oo internal ballooning modes driven solely
by the pressure gradient.

- 4, # g« in high B tokamaks in contrast to low S circular system

aB, 2m’xB, 2AB, O [14—7(‘2)

q* =y _ ! qa —
RiBy  #Roly 4Ryl @-v)" 2«

—



Stability: Multidimensional Configurations

- Tokamaks

« External Modes

Sharp Boundary Model: surface current model
- Within the plasma J = 0, p = const.
- Circular cross section

By(a,0) 1

b,(0) =
0 (0) B, 0

T 2 win? 1/2
(ZEj[l—k sin“(6/2)]

B _

2
(ﬂj E: complete elliptic integral of the second kind
&

4E

If kK — 1, equilibrium limit

IB'[ < 72-2
¢ 1607 1 4(pY" 7’
__)_(_tj ’ ngp_)_
5 <7z'2 g x\é& 16
g S —
" 16
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- Tokamaks

« External Modes
Sharp Boundary Model: surface current model

W = W, + W + W,
oW
WO

p 2
—— = ["dele] [0 +(B,/ £)cos6] for high 5
27 0
W, =27°¢°BZR, / i,, b, =B, /B,

toroidal field curvature

\%
high B ballooning effect (pressure-driven term)

destabilising effect due to the parallel current
(kink term)

- For low B, the ballooning contribution negligible
19
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Stability: Multidimensional Configurations |

- Tokamaks

« External Modes
Sharp Boundary Model: surface current model

Stability analysis £(0) = exp(—in ¢)Z & exp(imo)

oW
W

G, :% [ dorL-K?sin®(012)]% cos( - m)& )
—
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- Tokamaks

« External Modes

Sharp Boundary Model: surface current model
- Ballooning instabilities do not in general set limits on B; or I,
but only on the ratio B, g+?/€ (plus shape factors).
In contrast, external kinks set individual limits on both S,/ and g«.
- The system is unstable along the equilibrium boundary for g« < 1.7:
the kink mode is unstable even though g, = o
— g« rather than g, is the critical parameter.
- External ballooning-kink modes require both a current limit g« > 1
and a pressure limit B,/ < 0.21 for stability:
most dangerous ideal MHD instabilities.

UNSTABLE

STABLE

structure of pressure-driven kinks 1 17
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- Tokamaks

 Numerical Results: The Sykes Limit, the Troyon Limit

Once an equilibrium is established, the following stability tests are made.
(1) Mercier stability

(2) High-n ballooning modes

(3) Low-n internal modes

(4) External ballooning-kink modes

- Helpful in the design of new experiments and in the interpretation
and analysis of existing experimental data

- Playing a role in the determination of optimised configurations

- Quantitative predictions for the maximum B; or I, and that
can be stably maintained in MHD equilibrium

22
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 Numerical Results: The Sykes Limit, the Troyon Limit
Ballooning Mode Studies: first region of stability

Sykes limit
,Bt:0.04z(al—éj
°/ g=alR,, 0.=2B,A/ Rl
ﬂtzo.zz(ﬁ
0.

- The absolute maximum value of 5, depends upon how high k
and how low g« can be made.
- One limit is due to Mercier stability, and strong triangularity is
required to delay the onset of these modes.
- The other limit is due to external kinks, although not included
in the ballooning mode studies.
23
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 Numerical Results: The Sykes Limit, the Troyon Limit

Full Stability Studies: against the Mercier criterion, ballooning modes,
the n = 1 internal kink, and low-n external
ballooning-kink modes

Troyon limit |
B = 0.028[—°j

aB,

. =0.1 ﬁj
p-014 2

- Optimised profile: g, slightly above 1, flat g profile with rapid rise
near the plasma surface, broad pressure profile
- n = 1 external ballooning mode sets the most severe S, limit.
- The value of g, must be slightly greater than 1 to satisfy the Mercier
criterion and the n = 1 internal kink condition.
- The maximum value of B, occurs for the lowest allowable value of

g« which is, in general, a function of k as set by external kinks. 24
—
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 Numerical Results: The Sykes Limit, the Troyon Limit
Second Region of Stability Studies: bean-shaped cross section

#8370273

Ay —>

' ‘ Conducting Shell
A =
‘ Vacuum Region % 5

I

Zan
l:'\\))\‘_\} rn
) i

)¢
- Indentation i/ = d/2a created by V/

adding a pusher coil in the ¢ /N b
region of indentation %
- Difficult to achieve and S —
e e I
maintain / ~ 0.3 technologically - R

l 4
-
&
.
/\3//\\
7
\\ < 3
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 Numerical Results: The Sykes Limit, the Troyon Limit
Second Region of Stability Studies: bean-shaped cross section

20

R/a=4
second region
of stability

20¢p

R/a=7

final operating

/ point

. first region of stability

0 A 2
; ¢
20 n
R/a=4
15k
B, %0 | 2 3
ok R/a=7 i
o5}
R/a=10
1 i 1
%o ol 02 03

26




- Tokamaks

 Numerical Results: The Sykes Limit, the Troyon Limit
Second Region of Stability Studies: bean-shaped cross section

Princeton Bean Experiment (PBX)
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Stability: Multidimensional Configurations
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 n = 0 Axisymmetric Modes
- Macroscopic motion of the plasma towards the wall
- Directly coupled to toroidicity and noncircularity
-m=1,n =0 — dW = 0 indicating neutral stability
- Plasma treated as a thin current-carrying loop of wire with perfect
conductivity embedded in an externally applied vertical field.
- The effects of plasma pressure and the internal magnetic flux neglected
- Objective: to determine the appropriate constraints on the shape
of the vertical field to provide stability against rigid vertical
and horizontal displacements

B RAR22
O | O

o|b ~o|o-

Vertical Horizontal

Vertical \ /

Pure vertical field is neutral by symmetry. which is good for stability? o
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Stability: One-Dimensional Configurations
 The “Straight” Tokamak

« External Modes (The m = 1 Kruskal-Shafranov Limit)

Considering the m = 1 mode
- Minimising eigenfunction by §(r) = §, = const (independent of g profile)
— integral contribution vanished

oot

Kruskal-Shafranov criterion:
qa >1 stability condition for the m = 1 external kink mode
for the worst case, n =1

Imposing an important constraint on tokamak operation:
toroidal current upper limit (I < Ixs)
— aBO
HoRols 1 27
30
—

|« =2m°B, / 4,R, =5a°B, /R, [MA] 4,
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- Tokamaks

* n = 0 Axisymmetric Modes

—

Classical mechanics formulation B, =B,

Force acting on plasma: F(R,Z)=-V¢

Equilibrium: F;(R,,Z,)=F,(R,,Z,) =0

Vertical and horizontal stability: Restoring force is opposite to
displacement.

oF, (R,,Z,)/0Z <0
oF.(R,,Z,)/ R <0

31
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- Tokamaks

* n = 0 Axisymmetric Modes
Classical mechanics formulation

Z By

A
A/

Potential energy: ¢(R,Z) :% LI® L(R) = 14, R[In(8R/a) —2]

Flux linked by plasma: w(R,Z)=LlI —ZEIOR B, (R’,Z)R'dR’ = const
9,0

Equilibrium: FZZ_@Z — 8—2_0
2
0 o rdl g
OR oR 2 dR »

—
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* n = 0 Axisymmetric Modes

Constraint:  =const— v = oy =0
OR 0Z

oy — Lé—I—Zﬂ'IR B, (R ’Z)R'dR'
oL oL 0 oL
ol - 0B, 1 oR'B,

—L—+2RB, =0 <— V.B=0: -
oz 0z R R

a_l//: La_l_|_ | a_l_zﬂ-J‘R aBZ(R ’Z)erRr
OR oR  OR 0 R
L9t oRe, =0
oR dR

33
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- Tokamaks

* n = 0 Axisymmetric Modes

Eliminate dI/dZ, dI/0R from force relation:

Fz:_%z—ua—I:ZﬂRIBR:O
0Z 0Z
2 2
FR:_%:_U a_1 dL=|(|%—2nRBZ)—'—%=o
oR oR 2 dR drR 2 dR
B (R.Z)=—db _ 4l [ln%—l}
Y azr, dR, 4R, a

N . 3 8R0}
<—— B, = +Lt——+Ih—
47zR0{ P2 2 a

Shafranov result

34
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* n = 0 Axisymmetric Modes

Vertical stability

F=-9%__ 19 _omiB, -0
oL 0L
ok, =2ﬂR(BRa—I+| aBRj:Z]ZRI 0By < 0 for stability
oz o0z o0Z oL 5 ol
< a;:La—Z+27zRBR=O
VxB=0: B =aBZ
oZ OR

R 0B
Define field index N(Ry,Z,) :_(_5 z]
Ro.Zo

B, R
Oz o1 B o1 Be . ominBeo oy 1Oy 61050
oz oz oR R 47R, dR
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* n = 0 Axisymmetric Modes

Horizontal stability

oF, 1?2 dL[n 1dinL _1dIn(dL/dR))

R 2R, dR,| = 2dInR, 2 dInR,

InBR,/a) >>1

By 5 By ——-—-——-I—b Bp BZ < O
f\ﬂ 2 6B, B,
oW N = >0
/ N / Vo 6Z R
________ % n=-2 B2
74 ez

Z
]
®,—> By
v
l X ER restoring force in
stable direction 36
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Stability: Multidimensional Configurations

- Tokamaks

* n = 0 Axisymmetric Modes
- n = 0 axisymmetric modes can lead to potentially serious instabilities in
a tokamak.

- For a circular cross sections a moderate shaping of the vertical field
should provide stability.

- For noncircular tokamaks, vertical instabilities produce important
limitations on the maximum achievable elongations.

- Even moderate elongations require a conducting wall or a feedback
system for vertical stability.

Upper ELM coil

ITER: current design of the in- mid og

vessel coils to stabilize ELMs e

and the vertical displacement

events, shown for a Lower ELM col _
40° vacuum vessel sector s ot — TRESTST
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