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El +f(X)=0 o fw) ldx =0 2E1| 31 2% 31 1P |6 M, :
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Chapter 3. Element : Shaft
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Element : Shaft*

T : shear stress

Shaft
® cc'=rddl
c’ @ assume, 7 <1
V
cc' rdé
yrtaNy =—=—
l ac' dx
T

do ) ]
® let v ¢ , [ ¢:angle of twist per unit length )

y="r¢
@ Hooke’s law in shear for the linearly elastic material
=Gy =0Grg¢

G : shear modulus of elasticity
7 : shear strain

Cf) o=Ec¢
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G : Shear Modulus

d
Element : Shaft* d—f=¢ .7=Gy =Gr¢

® the shear stress at an interior point [ radius 2
r=Gpg
® we consider an element of area dA located at radial distance o

= shear force acting on the element : 7 dA = GpgdA
= moment : px7dA=Ggp” dA

@ the resultant moment equal to the torque
do

. 2 . 2 . — b
T—L\quo dA_G¢jAp dA=GgJ [ T=GJ ™

% J : Polar Moment of Inertia (J = jA,OZdA)

for a bar in pure torsion, the total angle of twist

0 H
t equal to the rate of twist times the length of the bar
0 =gl
T=Gg¢J = %9
_T1l
GJ
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Equation of Motion for Torsional Vibration of a
Shaft

> X
X
T(x,t)+dT (x,t)
O(x,t)+de(x,t)
Inertia torque action on an element of length dx
| d 0°0 . S :
X? , | : mass polar moment of inertia of the shaft per unit length

The application of Newton's second law yields the equation of motion

2
(T +dT)+ fax—T =1 dx 22
ot

2
or =T | aT(gx’t) dx-+ (X, t)dx = | dx%
X

OX

OT (X, 1) 0°0(x,1)
divided by dx L» T+ F(xt)=1I 2
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Equation of Motion for Torsional Vibration of a
Shaft

do
homogeneous J :IAPZdA T=GJ O
Equation of motion c.f. Utt =c’U X
Z
ar (x,t) t) F ity =1 2050 0°6(x,1)
ox at < nonhomogeneous ol.
Relation between torsional deflection and the twisting moment Fixe
00(x,t G: Shear modulus L >
T(xt)=GJ(x)——= ( )

GJ : Torsional stiffness

o 00(x,t) 520(x,t)
dx[GJ() X } =127 o’

if J is constant

L 9%0(x,)
fa=1 =2

0°0(x, t)
ox*
structural vibration

2 structural statics
o Q(X t) ] Z (0 ructur i

GI LA L x ) =1 S0

& 0(x)

GJ
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T : Torque

Element : Shaft I length

G : Shear Modulus
J : Polar Moment of Inertia

Shaft O(X) =, +CX

500 | GJ(doY Gif[1 -1[a] [Mm,
C—Q @5 0= OEM{ (dx) (m)Jd x=0 |[_1 J{«%HMJ

= Reference : Chapter.1 Bar

u(x) =a, +a,x
Bar EAd u(x)

> ae T =0 E>5I{EA(3UJ‘” ’}dx ° ${—11 ﬂBH”
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Chapter 4. Superposition of Stiffness Matrix

Coordinate Transformation
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located at the ends of the elements for most common
structural shapes such as bars and beams.

.. The nodes are points at which equilibrium will be
f1 enforced and displacement found. They are generally

ex.1) ex.2)

NN\

element 1

100cm

element 2

e element 2

node 3

***d-“element 1

node 2

3m

100cm

node 2

node 1
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Coordinate System

2 2
Local Coordinate System e Global Coordinate System fro Oy0
: pgr-coordinate system : Xyz-coordinate system -
node 2 node 2
fq2 5q2 y2
node 1 node 1
—
5p1 fpl 5x1 1:xl ‘
y fu Ou y f, 0,
L. L.
Sign Convention : positive moment
61 q
y node 1 node 2
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Angle

= Angles in global coordinate system : counterclockwise at the lower number of node

node 2 node 1

node 1

node 1

node 2

node 2

node 1
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Rotational Transformation : Point

= Rotational Transformation : Point

A (2 components of point A
y
AGLX, X, =rcos(a +6)
""" 9 y, =rsin(a +6)
r/ ,
""" i" A(X1!X2)
T ® by using the angle sum identities
o X, =rcosacoséd—rsinasinég
. i i
' - = (rcosa)cos @ —(rsina)siné
X -
= X,C0S0—Yy,sInd
y, =rsina cosé@+rcosasin g
= (rsina)cosé + (r cos«)sin @
(M trigonometric identities : angle sum =Y, €086+ X, sing

sin(a + f) =sina cos S + cos asin
cos(a + f3) = CoS & COS 3 —COS «x COS 3 Ol L e X, cos@ —sind || x,
y,| |sind cosé ||y
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Rotational Transformation : Coordinate System

= Rotational Transformation : Coordinate System

— XHEZ=0] 69t3 M — EAJL -T2 3A
X y A y A q A
g, 0
\\\P/\ A(X:L’ Xz) A(Xl’ Xz)
\\ ----- S B . 1 H '
N e : A(p, )
x ! I . , :
Y L — . AP ay)
\ I 2 ¥ |
\\\ i /:,"’ p :
N >9 !
X X p
% Rotational Transformation : Point Rotation of point by —@
X, cos@ —sind || X, P, | |cos(=0) —sin(=0)| x| | cosd sind || X
y,| |sin@ cosé ||y, 9, | |sin(-6) cos(-0) ||y,| |-sin@ cos@|y,
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Rotational Transformation : Coordinate System

rotation along with z axis by 0

y y

p,| | cosé sind || x, ! :
q,| |-sin@ cosé |y,

= 3 Dimension (xyz — pqr)

= 2 Dimension (xy — pq)

rotation along with y axis by 0

(p,| [ cos@ sing 0] x, | y q
i : rotation along with z axis
g, |=|—sin@ cosd O]y, P
n| | 0 0 1]z |
o L X 0 6 X
P, cosd 0 siné || x i 2,4/
: rotation along with y axis
0. |= 0 1 0 Y1 : \ - by B
| _—sin 0 0 cos 9_ 7| rotation along with x axis by
_ o y
P, 1 0 0 || x
q, |=[0 coso sine |y, : rotation along with x axis
| |0 —sin@ cosd ||z | X
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Rotational Transformation : Coordinate System

= 2 Dimension (xy — pq)

_| rotation of coordinate

| system of node 1 by 0
fi| [cos@ sing | O 0 W f
fa _ —sind cosé 0 0 f, |
fo2 0 0 cosd sind| f,, ) ooss B
o] [ O 0 |-=sin® cosd | f,, . 9 -
R rotation of coordinate f cos0 > ;(
system of node 2 by 6

=3 Dimension (xyz — pqr)

A\ 4

rotation along with z axis by 6

(f,] [cos6 sing 0] 0 0 O f,] [
fo —sind cosé O 0 0 O f
My| | © 0 1,0 0 0|lM,
fo| | O 0 0 |cos® sind Of f
fy 0 0 O |-sing cos@ Of f
M, | | O 0 0| 0 0 1M
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Element : Bar

Differential |:>

Element Equation
Mx=>"F ,where X=0
Bar EAd u(x)
> dx?

ﬂotation

A4

Variational
Method

*Approximation

E :Young's Modulus, A:sectional area

Finite Element
Method

Kd=F

*Discretization

EA

u(x) =a, +a,x 1 -1Tu f
+f(x)=0 E>5I{EA(d_uj—(fu)}dx 0 |_|:—1 1}|:u1:|:{fl}
2 2

bar element

|
=

B

—> stiffness matrix

[T]=I[K][o]

stiffness equation
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Element : Bar - Linearity

Linearity (. Scalar)

L(Vy +V,) = L(vy) + L(v,)
L(aV,)=a-L(Vv,)

> Definition of Linearity

A(Sectional Area)

E(Young’s Modulus) f
Zil -2,

»
V|

= Bar - Linearity

(. Scalar)

f(o,+0,)=k(o,+0,)

f(5)=ks, , T(5,)=kKs, f(5,)=K3,
£(5)+(3,)=kd, +ks, =k(5,+5,) | Tla-&)=k(ad)=kas,

~ (0, +6,) = T(6)+ T(6,) L f(a-6)=a-1(5)

—aks)=a-(5)

in Automation Lab. 20/28



Element : Bar - Superposition

,&FV\;\/\/ L f, ||k, k 852
0, 0,

0
. W\/\/ Lo f,|=[0

tomation Lab, 21/28



Element : Bar - Superposition

ex.) Find a stiffness equation of the following system:

ky
f S,
W 1
9% [noses]

W\/Vj;él

0, [node 4 |

(] [k, -k, |0 0][s,] (f,] [0_0 0 0][s,] f,1 [0 0 0 0 1][8]
f,| II-k, k, |0 0|6, f,| (0| k, -k, |0]|5, f,] |00 _0 0 |5,
f, 0 0 0 0}|d, f,| (0| -k, k, |0||5, f,] |0 0 k, —k_||&,
f,] |0 0 0 0]|d,] f,] |0 0 0 0]|J, f,] |0 0| -k, k. ||&,

RARI —k 0 0 1[4,

fl |- k,Hk, -k, 0 ||o,

f, | —k, k. =k || S,

£, | 0 —k, k. ||

Seoul
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Element : 2-Dimensional Bar

= Solution of 2-Dimensional Bar

yA

-
-
-
-
-
-
-
-
-
-
-

Step1. Find stiffness matrix in the local coordinate system (pg-coordinate system)
Step2. Find transformation matrix between the local and the global coordinate system

Step3. Find stiffness matrix in the global coordinate system (xy-coordinate system)

Seoul
Nat ional @ Advanced Ship Desi ign Automation Lab, 23/28
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Element : 2-Dimensional Bar

Step1. Find stiffness matrix in the local coordinate

y
system (pg-coordinate system)
Notation
5pi : displacement perpendicular to the p axis at node i
5qi : displacement perpendicular to the g axis at node i /,\/g ’

fpi : force perpendicular to the p axis at node i

fqi : force perpendicular to the g axis at node i

f k O _k O 5p1

L 00 0110 ®[F][K][5]
f, -k 0 kK 0O Sos pq pgdL¥pg
fo] LO 0 0 0],

Seoul
Nat ional @ Advanced Ship Desi ign Automation Lab, 24128
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Element : 2-Dimensional Bar

Step2. Find transformation matrix between
the local and the global coordinate system

(1) the forces with respect to the global

coordinate system
= fIol u fql
x: f,cosd x: —f,sind

y: fyusind y: f,cos6

= Total force in the global coordinate system

x:f,="1,c080—1f,sino X :

y:f,="1,sin0+f, cosd

f,| [cos@ —sin@ O 0 o
fu|_|sing cosg 0 0 || fu
f. 0 0 cosgd —sind || f,,
T | O 0 sin@ cosé || fq,

* In the same way

fo="1,,c080—1f,sin0

inverse

— —h — —h

pl
gl
p2

g2

[ cos@ siné 0 0
—sin@ cosd@ 0 0
0 0 cos@ sindg
Lo 0 —sing cos6
[Fo ]=[TI[F,]

Seoul S D A L

National Advanced Ship Design
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Element : 2-Dimensional Bar Sq

Step2. Find transformation matrix between
the local and the global coordinate system

(2) the displacements with respect to the global
coordinate system

x: 0,C086 x: —0y,sing

y: 0,Singd y: 0,C0860

= displacements in Global Coordinate * In the same way

x: 0,y =0,C080—05,SIn0 x: O, =0,,0080—-0,,sIn0

Yy:6,=06,5IN0+05,cosb y: 6,=0,,8In0+0,,c080 |-' RIS TR0 T
(6, ] [cos@ -sin@ 0 0 [6,] (6, | [cos@ sing O 0 1[J, ]
Oy sind cosd O 0 Su| 0 Sy | |-sin@ cose 0O 0 || o,
So| | O 0 cosd -sing|d,, S,| | 0 0 cosé sind || d,,
0y, | O 0 sind cosé || S, 02| | O 0 —sind cos@ | d,,

@ oo m oo _
[6,,1=[T]l5,]
Nt SdD//e%L;m Lov. 26/28




Element : 2-Dimensional Bar

Step3. Find stiffness matrix in the global coordinate system (xy-coordinate system)

® @,: [K pq]l[_éﬁ

@[F, I=[TIF,]

@ [6,4] =[T1[5,]

yA

o)

y2 Iyz

[TI[F, 1=K ,1[T]l5, ]

multiply [T]™ =[T]"

[F,1=[T1"[K I[TI[5,,]

(f.] [c?* cs -c? -cs

fie _\| CS S -CS -§°?

f, -C* -CS C? CS

f,| |[-CS -S* cCs S* |

C:cos
S:sin

o

o
5x2
o)

x1

&> [F,1=[K,, 1[5, ]

stiffness equation
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Element : 2-Dimensional Bar

C:cos, S:sin
ex.) Find a stiffness equation of the following system:
(1) Stiffness equation of bar a
y A \(\/ ~ _ B o _
o C?0, CoSH, —-C?9, —-COSH,| ox
al|_y | COSE, S’9, -COS6, -S%6, ||d,

f
f

fo| °| —C?9, -C6S6, C?, CO,S6, || J,
f,| |-C6S6, -S?0, Co,S6, s?6, ||o

bar a bar b

(2) Stiffness equation of bar b

p f.] [ cC?, c:e»zsa2 —C?, —Cezsez"%‘

> flo _k, Co,S6, s%9, -C6,50, -S%, |5,

frs -C%9, -C@,50, C?0, CO,56, || O

(3) Superposition [ Tye ] |-C6,80, -S°6, Co,50, $°0, ||9ys
] [ k,C%6,  k,C6,56, ~k,C?%6, ~k,C6,56, 0 0 |[64]
foa k,CO,S6, k,S?%6, ~k,C8,56, ~k,S2%6, 0 0 5,1
fo| | —k.C?60, -k,COS6, k,C%0 (fk,C?0, | k,C6S0,{k,CO,S0, —k,C’0, —k,CH,56, | .
f.| ||-k,C6S0, —k,S%0, k. COHSH, 4k,CH,86,|| k,S*0, Hk,S%0, -k, COSO  —k,S%, | I,
fes 0 0 —k,C?6, —k,C6,56, k.C?0,  k,C0,50, | I,
fs| | O 0 ~k,C6,56, —k,S?%0, k,C6,S6, k,S%0, || 9s |
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