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Application

Bar

Beam

Shaft

Summary

Element Behavior

Tension

Bending

Torsion

Midship Cargo Hold
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Structure

•Superposition of Stiffness Matrix
•Coordinates Transformation

Truss

Frame

Grillage
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GJ f x
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
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Beam Theory : Sign Convention, Deflection of Beam

Elasticity : Displacement, Strain, Stress, Force Equilibrium, Compatibility, Constitutive Equation

:A Sectional Area :
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Young’s Modulus
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:J Polar Moment of Inertia:l Length

Differential 
Equation
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Variational
Method
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Finite Element 
Method

•Discretization
•Approximation

Grillage Modeling

•Equivalent Force & Moment
•3D 2D

•Boundary condition

Engineering 
Concept !

Solution

•programming
•visulaization

:u

Vertical Displacement

:G Shear Modulus

: Angle of Twist:w

Axial Displacement
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-Chapter 5. Element : Shaft

Element : Shaft*

O

ra

b

c

d





c’

rdcc '①

'
tan

'

cc rd

ac dx


   

② assume, γ≪1



 GrG 

④ Hooke’s law in shear for the linearly elastic material

: shear modulus of elasticity

Cf.)  E

 r





dx

d
③ let               , (    : angle of twist per unit length )

*Gere, J.M., Mechanics of Materials, 6th Edition, Thomson, 2006, pp 189~195

dx

Shaft

: shear stress

O

c d

d

c’

r

dx

G

: shear strain
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Element : Shaft*

⑤ the shear stress at an interior point ( radius    )

 G

O

c d



⑥ we consider an element of area       located at radial distance 

☞ shear force acting on the element : 

☞ moment :

dAGdA  

2dA G dA   

⑦ the resultant moment equal to the torque

JGdAGdAGT
AA

  
22






  A dAJ 2※ J : Polar Moment of Inertia

⑧ for a bar in pure torsion, the total angle of twist    , 

equal to the rate of twist times the length of the bar

l 


l

GJ
JGT 

GJ

lT




*Gere, J.M., Mechanics of Materials, 6th Edition, Thomson, 2006, pp 189~195

:G Shear Modulus

, G Gr   



dx

d

d
T GJ

dx








r dA

dA 

5/28



2009 Fall,, Computer Aided Ship Design, Part 3. Grillage 03-Shaft Element

SDAL@Advanced Ship Design Automation Lab.
http://asdal.snu.ac.kr

Seoul 
National
Univ.

Equation of Motion for Torsional Vibration of a 
Shaft

z

r
o

a c

b d
x dx

( , )f x t

L

x

a
c

b d

dx
( , )T x t

( , ) ( , )T x t dT x t

( , ) ( , )x t d x t 

( , )x t

( , )f x t dx

x

2

2
( )T dT fdx T I dx

t


   



The application of Newton’s second law yields the equation of motion 

2

2
I dx

t





Inertia torque action on an element of length dx

, :I mass polar moment of inertia of the shaft per unit length

Rao S.S., Mechanical Vibrations, Fourth Edition, Prentice-Hall, 2004, pp.606-607

Fixed

2

2

( , ) ( , )
( , )

T x t x t
dx f x t dx I dx

x t

 
 

 

T
dT dx

x





2

2

( , ) ( , )
( , )

T x t x t
f x t I

x t

 
 

 
dxdivided by
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Equation of Motion for Torsional Vibration of a 
Shaft

2

2

( , ) ( , )
( , )

T x t x t
f x t I

x t

 
 

 

Equation of motion 

( , )
( , ) ( )

x t
T x t GJ x

x




 :GJ

:G Shear modulus

Torsional stiffness

Relation between torsional deflection and the twisting moment

2

2

( , ) ( , )
( ) ( , )

x t x t
GJ x f x t I

dx x t

    
    

2 2

2 2

( , ) ( , )
( , )

x t x t
GJ f x t I

x t

  
 

 
structural vibration

Rao S.S., Mechanical Vibrations, Fourth Edition, Prentice-Hall, 2004, pp.606-607

d
T GJ

dx




2

A
J dA 

if is constant J

z

r
o

a c

b d
x dx

( , )f x t

L

x

Fixed

z

r
o

( , )f x t

x

z
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o

x

( )f x
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2

2

( , )
( , )

x t
f x t I

t






2

2

( )
( ) 0

x
GJ f x

x


 



rigid body dynamics

structural statics

2. . tt xxc f U c U
homogeneous

nonhomogeneous
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Element : Shaft
T : Torque

l : length

G : Shear Modulus

J : Polar Moment of Inertia

Shaft
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 Reference : Chapter.1 Bar

Bar 2

2

( )
( ) 0

d u x
EA f x

dx
 

2

0
( ) 0

2

l EA du
f u dx

dx


  
   

   


1 1

2 2

1 1

1 1

u fEA

u fl

     
    

     

0 1( )u x a a x 

8/28



2009 Fall,, Computer Aided Ship Design, Part 3. Grillage 03-Shaft Element

SDAL@Advanced Ship Design Automation Lab.
http://asdal.snu.ac.kr

Seoul 
National
Univ.

N
a
v
a
l 
A
rc

h
it
e
c
tu

re
 &

 O
c
e
a
n
 E

n
g
in

e
e
ri
n
g

SDAL@Advanced Ship Design Automation Lab.
http://asdal.snu.ac.kr

Seoul 
National
Univ.

Computer Aided Ship Design
Part.3 Grillage Analysis of Midship

Cargo Hold

2009 Fall

Prof. Kyu-Yeul Lee

Department of Naval Architecture and Ocean Engineering,
Seoul National University of College of Engineering



2009 Fall,, Computer Aided Ship Design, Part 3. Grillage 03-Shaft Element

SDAL@Advanced Ship Design Automation Lab.
http://asdal.snu.ac.kr

Seoul 
National
Univ.

Application

Bar

Beam

Shaft
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Element Behavior

Tension

Bending

Torsion

Midship Cargo Hold
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Structure

•Superposition of Stiffness Matrix
•Coordinates Transformation

Truss

Frame

Grillage
2

2

( )
( ) 0

x
GJ f x

x


 



Beam Theory : Sign Convention, Deflection of Beam

Elasticity : Displacement, Strain, Stress, Force Equilibrium, Compatibility, Constitutive Equation
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Finite Element 
Method

•Discretization
•Approximation

Grillage Modeling

•Equivalent Force & Moment
•3D 2D

•Boundary condition

Engineering 
Concept !

Solution

•programming
•visulaization

:u

Vertical Displacement

:G Shear Modulus

: Angle of Twist:w

Axial Displacement
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Node

f1 f2

k
node 1 node 2

δ1 δ2

The nodes are points at which equilibrium will be 

enforced and displacement found. They are generally 

located at the ends of the elements for most common 

structural shapes such as bars and beams.*

element 1

node 2

x

y

1tonf
node 3

node 1

100cm

1
0
0
c
m

element 2
22kN

x

z

y

element 1

element 2

node 1

node 3

node 2

3m

3m

ex.1) ex.2)

*Sennet, R.E., Matrix Analysis of Structres, Prentice-Hall, 1994, p.4 12/28
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Coordinate System

x

y

1pf

2pf

1qf

2qf

Local Coordinate System 

: pqr-coordinate system

node 1

node 2

x

y

1xf

2xf

1yf

2yf

Global Coordinate System

: xyz-coordinate system

node 1

node 2

1p

2p

1q

2q

1x

2x

1y

2y

x

y

z

Sign Convention : positive moment 

node 2
node 1

θ2

θ1
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Angle

 Angles in global coordinate system : counterclockwise at the lower number of node

node 1

node 2

x

y

 node 2

node 1

x

y



x

y

node 1

node 2



x

y
node 2

node 1

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Rotational Transformation : Point

 Rotational Transformation : Point

② components of point A

)cos(2   rx

)sin(2   ry

 sincoscossin)sin( 

① trigonometric identities : angle sum

 coscoscoscos)cos( 















 










1

1

2

2

cossin

sincos

y

x

y

x




④ in matrix form

x

y


r

r









sincos

sin)sin(cos)cos(

sinsincoscos

11

2

yx

rr

rrx













sincos

sin)cos(cos)sin(

sincoscossin

11

2

xy

rr

rry







③ by using the angle sum identities

1 2( , )A x x

1 2( , )A x x
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Rotational Transformation : Coordinate System

x

y

 Rotational Transformation : Coordinate System





좌표축이 θ만큼 회전

x

y



p

q

점A가 -θ만큼 회전
















 










1

1

2

2

cossin

sincos

y

x

y

x





※ Rotational Transformation : Point


















































1

1

1

1

1

1

cossin

sincos

)cos()sin(

)sin()cos(

y

x

y

x

q

p









Rotation of point by 

1 2( , )A x x

1 1( , )A p q

1 2( , )A x x

1 1( , )A p q


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Rotational Transformation : Coordinate System

 2 Dimension (xy → pq)





























1

1

1

1

cossin

sincos

y

x

q

p























































1

1

1

1

1

1

100

0cossin

0sincos

z

y

x

r

q

p




: rotation along with z axis

x

y

r




x
z

y

rotation along with z axis by θ

x
z

y

rotation along with y axis by θ

x
z

y

rotation along with x axis by θ

q

x
z























































1

1

1

1

1

1

cos0sin

010

sin0cos

z

y

x

r

q

p

























































1

1

1

1

1

1

cossin0

sincos0

001

z

y

x

r

q

p





: rotation along with y axis

: rotation along with x axis

z

y

p





 3 Dimension (xyz → pqr)
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Rotational Transformation : Coordinate System
































































2

2

1

1

2

2

1

1

cossin00

sincos00

00cossin

00sincos

y

x

y

x

q

p

q

p

f

f

f

f

f

f

f

f









x

y



fp1fq1


fp1cosθ

fp1sinθ

fq1sinθ

fq1cosθ

fp1

fq1

fq2

fp2

rotation of coordinate 

system of node 1 by θ

rotation of coordinate 

system of node 2 by θ

 2 Dimension (xy → pq)

1 1

1 1

1 1

2 2

2 2

2 2

cos sin 0 0 0 0

sin cos 0 0 0 0

0 0 1 0 0 0

0 0 0 cos sin 0

0 0 0 sin cos 0

0 0 0 0 0 1

p x

q y

z z

p x

q y

z z

f f

f f

M M

f f

f f

M M

 

 

 

 

    
    


    
    

    
    
    
    
       

3 Dimension (xyz → pqr)
rotation along with z axis by θ
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Element : Bar

Bar

Element

2

2

( )
( ) 0

d u x
EA f x

dx
 

Differential 
Equation

Mx F , 0where x

Variational
Method

2

0
( ) 0

2

l EA du
f u dx

dx


  
   

   


1 1

2 2

1 1

1 1

u fEA

u fl

     
    

     

0 1( )u x a a x 

Kd F

Finite Element 
Method

•Discretization
•Approximation

f1 f2

k
node 1 node 2

δ1 δ2

bar element

! Notation































2

1

2

1





kk

kk

f

f

]][[][ Kf 

EA
k

l


: , :E Young s Modulus A sectional area

stiffness equation

stiffness matrix
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Element : Bar - Linearity

Linearity

 Bar - Linearity

)()()( 2121  fff 

)()(

)()()(

11

2121

vv

vvvv

LL

LLL







2211 )(   ,   )(  kfkf 

)()()( 212121   kkkff

)()( 2121   kf

11)(  kf 

111 )()(  kkf 

)()( 11  fk 

(      Scalar):

)()( 11  ff 

(      Scalar):

Definition of  Linearity

f2f1

A(Sectional Area)

E(Young’s Modulus)

L

f1 f2

L

EA
k 
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Element : Bar - Superposition

f1 f2

ka
node 1 node 2

δ1 δ2

f2 f3

kb
node 2 node 3

δ2 δ3

f1

f2
ka

node 1

node 2δ1 δ2

kb

node 3
δ3

f3

























































3

2

1

3

2

1

0

0







bb

bbaa

aa

kk

kkkk

kk

f

f

f























































3

2

1

3

2

1

000

0

0







aa

aa

kk

kk

f

f

f





















































3

2

1

3

2

1

0

0

000







bb

bb

kk

kk

f

f

f
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Element : Bar - Superposition

ex.) Find a stiffness equation of the following system:

f3
f1

f2
ka

node 1
node 2δ1 δ2

kb

node 3
δ3

node 4
δ4

f4

kc





























































4

3

2

1

4

3

2

1

0000

0000

00

00









aa

aa

kk

kk

f

f

f

f




























































4

3

2

1

4

3

2

1

0000

00

00

0000









bb

bb

kk

kk

f

f

f

f




























































4

3

2

1

4

3

2

1

00

00

0000

0000









cc

cc

kk

kk

f

f

f

f

































































4

3

2

1

4

3

2

1

00

0

0

00









cc

ccbb

bbaa

aa

kk

kkkk

kkkk

kk

f

f

f

f
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Element : 2-Dimensional Bar 

 Solution of 2-Dimensional Bar

x

y



Step1. Find stiffness matrix in the local coordinate system (pq-coordinate system)

Step2. Find transformation matrix between the local and the global coordinate system

Step3. Find stiffness matrix in the global coordinate system (xy-coordinate system)
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Element : 2-Dimensional Bar 

Step1. Find stiffness matrix in the local coordinate 

system (pq-coordinate system)

Notation

qi

pi



 : displacement perpendicular to the p axis at node i

: displacement perpendicular to the q axis at node i

x

y



qi

pi

f

f : force perpendicular to the p axis at node i

: force perpendicular to the q axis at node i

































































2

2

1

1

2

2

1

1

0000

00

0000

00

q

p

q

p

q

p

q

p

kk

kk

f

f

f

f









]][[][ pqpqpq δKF 

fp1

fq1

fq2

fp2

1p

2p

①
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Element : 2-Dimensional Bar 

Step2. Find transformation matrix between 

the local and the global coordinate system

x

y



fp1fq1


fp1cosθ

fp1sinθ

fq1sinθ

fq1cosθ

(1) the forces with respect to the global 

coordinate system





sin

cos

1

1

q

p

f

f

 fp1

x :

y : 



cos

sin

1

1

q

q

f

f

 fq1

x :

y :

 Total force in the global coordinate system 

x : 

y : 



cossin

sincos

111

111

qpy

qpx

fff

fff





 In the same way 

x : 

y : 



cossin

sincos

222

222

qpy

qpx

fff

fff





































































2

2

1

1

2

2

1

1

cossin00

sincos00

00cossin

00sincos

q

p

q

p

y

x

y

x

f

f

f

f

f

f

f

f








































































2

2

1

1

2

2

1

1

cossin00

sincos00

00cossin

00sincos

y

x

y

x

q

p

q

p

f

f

f

f

f

f

f

f









fp1

fq1

fq2

fp2

]][[][ xypq FTF 
②

transformation matrix

f1

inverse
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Element : 2-Dimensional Bar 

x

y



δp1

δq1 

δp1 cosθ

δp1sinθ

δq1 sinθ

δq1 cosθ

δp1

δq1

δp2

δq2





sin

cos

1

1

p

p

 δp1

x :

y : 



cos

sin

1

1

q

q

 δq1

x :

y :

 displacements in Global Coordinate

x : 

y : 



cossin

sincos

111

111

qpy

qpx





 In the same way 

x : 

y : 



cossin

sincos

222

222

qpy

qpx





































































2

2

1

1

2

2

1

1

cossin00

sincos00

00cossin

00sincos

q

p

q

p

y

x

y

x
























































































2

2

1

1

2

2

1

1

cossin00

sincos00

00cossin

00sincos

y

x

y

x

q

p

q

p

























]][[][ xypq  T

③

transformation matrix

inverse

Step2. Find transformation matrix between 

the local and the global coordinate system

(2) the displacements with respect to the global 

coordinate system
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Element : 2-Dimensional Bar 

]][[][ pqpqpq δKF ① ]][][[]][[ xypqxy TKFT 

]][][[][][ xypq

T

xy TKTF 

T][][ 1
TT multiply 

]][[][ xypq FTF ② ]][[][ xypq  T③

Step3. Find stiffness matrix in the global coordinate system (xy-coordinate system)







































































2

2

1

1

22

22

22

22

2

2

1

1

y

x

y

x

y

x

y

x

SCSSCS

CSCCSC

SCSSCS

CSCCSC

k

f

f

f

f









C:cos
S:sin

x

y



fx1

fy1

fx2

fy2

δx2

δy2

δx1

δy1

]][[][ xyxyxy KF 

stiffness equation
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Element : 2-Dimensional Bar

ex.) Find a stiffness equation of the following system:

x

y

1
2

ka kb

node 1

node 2

node 3
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













































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



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












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2

1

1

1

2
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2
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2

111

2

1

2
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2
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2
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2

2

2

1

1

y

x

y

x

a

y

x

y

x

SSCSSC

SCCSCC

SSCSSC

SCCSCC

k

f

f

f

f























































































3

3

2

2

2

2
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2
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2
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2

2

2
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2
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2
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2

3

3

2

2

y

x

y

x

b

y

x

y

x
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SCCSCC

SSCSSC
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k

f

f

f

f

















(1) Stiffness equation of bar a

(2) Stiffness equation of bar b
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







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
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

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


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




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


















































3

3

2
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1

1

2

2
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2
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2
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2

2

2

2

2

1

2

22111

2
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2
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2

1

2
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2

1

2
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2
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2
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2

3

3

2

2

1

1

00
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00

y

x

y

x

y

x

bbbb

bbbb

bbbabaaa

bbbabaaa

aaaa

aaaa

y

x

y

x

y

x

SkSCkSkSCk

SCkCkSCkCk

SkSCkSkSkSCkSCkSkSCk

SCkCkSCkSCkCkCkSCkCk

SkSCkSkSCk
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f

f

f

f

f

f

























(3) Superposition

C:cos , S:sin

bar a bar b
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