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Chapter 2. Element : Beam
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Element : Beam - Differential Eqn.

6, =0l ,¢g =¢ ,0=0K y=yj o=Ee¢

e S

ds

@ strain at Y in x-direction :

g =¢l .
g:(p_y).dg_pdgz_ %:_l ,ds :initial length /,’
ds ds p ,Yy-d@:elongated length

N
neutral >
surface

~

e o
<

* neutral surface : Longitudinal lines on the lower part of the beam are > X
elongated, whereas those on the upper part are shortened. Thus the
lower part of the beam is in tension and the upper part is in ’
compression. Somewhere between the top and bottom of the beam is a dX
surface in which longitudinal lines do not change in length. This surface

is called neutral surface
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Element : Beam - Differential Eqn.

o, =cl , g =¢l ,0=0K y=Yj T=155 +Y

e S

d(9 1
L, | prdf=ds = —==
ds  p
ds
@ strain at Y in x-direction :
g =¢l
(p—y)-do—pdo do y ,ds :initial length
&= =—\ — ==
ds l ds P , y -d@:elongated length

@ stress at Y in x-direction : 6, =ci=E-¢i ,where &= Y S0, =0l= Y|
P P
@ force acting on (JA in x-direction :dF, =06 dA = (oi)dA=cdAi - dF =—E Y dAi
yo,

2
@ moment about z-axis : M =y xdF = (y]j) x (—EldAi) = Ey—dAk
P P
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Element : Beam - Differential Eqn.

Gx:Gi "(;x:gi ’Bzek’y:yj o=E¢
+Y

e ~

d¢91

| p-d@=ds = =2 —
p ds p

ds

@ strain at Y in x-direction : ¢ = (p-y)-do—p-dé __de

_ ds T ds
g, =<l ,d@ :initial length, y-d@&:elongated length
@ stress at Y in x-direction : Gx:UiZ—E%i
@ force acting on dA in x-direction :dF = —E%dAi
2 2
@ moment about z-axis : M =y xdF = (yj)x(—EldAi) = Ey—dAk - M =IAdM :IAEy—dAk
Y P P
El El
U El _El
Define I_fAy dA then, M= p k, M - IZ> M:Ek
Yo,
® assume ds ~ dx, 6 ~ tan(0) = &y g
S
E% d(dyj d(dyjﬂt>d9 dy = T =
ds dsldx) dclde) o g5 o ‘ M=El Yk M=El_3
o - X
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Element : Beam - Different

o, =0l , g =¢l ,0=0K y=yj o=Eege
(p—y)-d@—p-d@__yd@

@ strain at Y in x-direction : ¢ =

] ds 7 ds
g, =¢l ,d@ :initial length, y-d@&:elongated length
@ stress at Y in x-direction : Oy = ol = _E;i
@ force acting on dA in x-direction :dF = —E%dAi
@ moment about z-axis :
y y* y? El
dM =y xdF = (yj)x(-E = dAi) =EZ~dAk M= dM =] E-dAK ==k 1= y'dn
A A ) y
P P P A
d(9
® assume s ~dx, 6 ~ tan(f)= dy D — 19 _ 6 Y o M=k - El —ko M=El d yk M = Eld )
dx  ds dx? P ds dx’ dx®
® relationships between loads, shear forces, and bending moments
: o\ : oM
\Lq_vlli:{r’f)fx ‘ Vl :VJ, V2 =—(V +&deJ, Ml :—Mk, M2 :(M +§dek
M,
" i \;) «force equilibrium ZFy =V, +V,+f(x)=0
& (vlj)+[—(v +aa dxjj (- f (x)dxj) =0
Vv
(v -V, _M gy f(x)dxjj 0 d— =—1f(X)
Ox dx
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Element : Beam - Different

o, =0l , g =¢l ,0=0K y=yj oc=Eeg
(p—y)-d@—p-d@__yd@

@ strain at Y in x-direction : ¢ =

] ds 7 ds
g, =¢l ,d@ :initial length, y-d@&:elongated length
@ stress at Y in x-direction : Oy = ol = _E;i
@ force acting on dA in x-direction :dF = —E%dAi
@ moment about z-axis :
y y* y? El
dM =y xdF = (yj)x(-E 2 dAi)=EZ-dAk ~.M=[ dM=] E-dAK ==k 1= y'dA
A A ) R
P P p
d(9
® assume s ~dx, 6 ~ tan(f)= oy D — do _d’y E> M——k El —ko M=El d* yk M = EId y
dx  ds dx? P ds dx’ dx®
® relationships between loads, shear forces, and bending moments
AT 5 V,=Vj, V, =—(V +ﬂdxjj, M, =-Mk, M, Z(M +ﬂdxjk
aé(v OX
- _5 \;)MJ -force equilibrium —— =—f(X)
dx

*moment equilibrium Z M, =M, +M, +dxxV, +%dxx(f(x) -dx) =

dx
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Element : Beam - Different

o, =0l , g =¢l ,0=0K y=yj o=Eege
(p—y)-d@—p-d@__yd@

@ strain at Y in x-direction : ¢ =

] ds 7 ds
g, =¢l ,d@ :initial length, y-d@&:elongated length

@ stress at Y in x-direction : Oy = ol = _E;i
@ force acting on dA in x-direction :dF = —E%dAi
@ moment about z-axis :

y y* y? El
dM =y xdF = (yj)x (-E=dAi)=EZ-dAk ~.M=] dM :jAE—dAk =Kk 1= ydA

P P p A

do
® assume s ~dx, 6 ~ tan(f)= oy D — do _d’y E> M——k El —ko M=El d* yk M = EId y
dx  ds dx? P ds dx’ dx®
® relationships between loads, shear forces, and bending moments
TR VALY R VA =—(v +%dxj i, M, =-Mk, M, :(M +%dxjk
- s _5 \:})HJ “force equilibrium d—V =—f(X) -moment equilibrium d—M =V (X)
dx dx
0 >3 LV Ly

=-f(%)
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Element : Beam - Variational Method

multiply by OU and integrate

j (EI M+ fj§vdx:0
dx*

Differential Equation

Hiinu)o
dx*

Boundary condition

L.H.S:
d4
j El S sv+ fov dx =0 V=0
dx’ dv dv
integration by part EIdTX:O_O EIdTXZI =0
d3v d3v d (5\/) I O operation
:E||:dx oV :|0 jO[E dx3 dx jdX+jo(f5V)dX A f5V=5( fV)
i 1,
d e v§v=5(—vj
——j dv o) dx+J' f v )dx ; e e
dx 9 v55 vV 15 oV
2 dov] 2 oo 2°\oe
:—El{d_;/@} +IIEId\2/d52de+f|(f5v)dx g q ;
dx- dx , 0 dx- dx 0 . e SV=O—V
o d2s g dx dx
1d“v d“ov ! ;
=El [ o7 dx+ [ (fov)x e 5[ hegdx = [ sh(x)d
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Element : Beam - Variational Method

multiply by OU and integrate

j (EI M+ fjévdx:o
dx*

L.H.S:

d4
_[ (EI —5v+ favjdx
dx*

integration by part

| d?v d3Sv !
:J' El e dx+jo(f5v)dx
d vd \Y;

5]{ : [gx\zljﬂfv)}dx
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Differential Equation

Elﬂn(x) 0
dx*

Boundary Condition
=0 v , =

ElM —0E|M

dx? dx?

x=0

o operation

° f5v:5(

fv)
ov5v=5(1v2j
2
2 2
.5v55v:1
OX>  Ox* 2
d d

o —OV=0—V
dx dx

sv )
o5
OX

o5 j bh(x)dx _ j " sh(x)dx
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Element : Beam - Finite Element Method

Variational Method

5. {'52' (g—;’]z +( fv)} dx

HX

discretization

finite element method l 1 element , 2 nodes

/@I\Vl v(X) @VZ
% 9,

assume: V(X) = C, +C X +C,X° +C,X°, vd(O) =V, V(IZI:VZ
Vv Vv
, —— O = , —— I =
O =a —(1)=¢,
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Element : Beam - Finite Element Method

Variational Method
5| | — +( fv) |dx
S & f [ j (V)

o 2 | dx?

assume: V(X) = Cy +C X+ C2X2 + C3X3 ,V(0)=v,, v(l)=Vv,

dv dv
, &(0) =@, &(l) =9,

v(0) =c, = ¢ =V,

vil)=c, +cl+cl®+cl°=v, —

dv
L 5@=a = oa=4 [ _2

%(|)=C1+2C2| +3cl°=¢, |
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Element : Beam - Finite Element Method

Variational Method

/@I)V;l v(X) @VZ@ 5j0 ‘%[3_)2(\2/)2 (%)

dx

assume: V(X) = C, +C X +C,X° +C,X°, véO) =V, V( 21=V2
v v
, —— O = , —— I =
O =a —(1)=2

C,=V, ,C,=¢ C, :—I%(vl—vz)—%(2¢1+¢2)

C :I%(Vl_v2)+|£2(¢1+¢2)

N

v(X) =V, +¢1x+[—|§2(v1—vz)—%(2¢1+¢2)} X? +L33(v1—v2)+|£2(¢1+¢2)} X°
or v(x) = I% (2x° =3x°1 +1P)v, +|£3(x3l —2X°17 +x1°) g, + Ii?’ (—2x° +3x°1)v, +|£3(x3I —x°1?)g,
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Element : Beam - Finite Element Method

y Variational Method
/QI\Vl V() /52 El(d2v Y
o — o ||l [ 2 [dx j +H()

v(X) = %(Zx?’ =31 +1°)v, + Ii?’ (X1 = 2x%1% +x1°) g, + Ii?’ (—2x° +3x°1)v, + I% (X’ = x*1?) g,

dx

V
v ¢1 N, zlig(zx3 _3x21 + 1)
v(x)=[N, N, N; N,] Vl 1
2 N, == (T —2x°1° + x1°)
& |
| 72 ]

N, = I% (—2x° +3x°1)

N, :Iis(xigl —x°1?)
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Element : Beam - Finite Element Method

Variational Method

é’;l T V(X) /SZ% ) {Ezl [ngjz ()

V(X) = I%(ZXB =31 +1°)v, + I% (X°1 = 2x%1° + x1°) g, + Ii?’ (—2x° +3x°1)v, + IiS Ol =x21%) g,

dx

iy v, | N, =|13(2x3 —3x+1°) N, =|13(x3l —2x%1% +xI?)
v(x)—[N N, N, N ] A N, = = (=25 +3x°) 1 s 202
—L'V1 N2 N3 1Ny v, 3T N4:|—3(xl—xl)
8
@ differentiation with respect to X twice
_V1 i B, =|13(12x_6|) B, =Ii3(6x| —41?)
g v(2x) [B B, B, B] 2 B3=13(—12x+6|) B4=33(6x|—2|2)
dx v, | |
d *v(x
7. ~v(=Nd, 9V _pgq
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Element : Beam - Finite Element Method

/C/T\Vl $ VOO /52 Variational Method
) i @, 5". [ 2

= EI[d vj ()|
v(x)=Nd 2 dx’
o
1V _gd
1| El {d®v | é
o 4,

= 5{—j;(dTBTBd)dx—:(:(f Nd)dx}:

! B derivation
B (12x-+6l)

1
= (6x1—41%)
BB= || [13(12x—6|) %(6x|—4|2) 13(—12x+6|) %(GXI—ZIZ)}

%(—12x+6l) | | ' |

%(6xl 212
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(derivation)

5j EA(div) + (V) [dx T
of 2 dX f Nd=(Nd) f=d'N" f -.-Nd:scalari

i o
5 E'j d'8'Bd) dx+j ("N f )dx - K=El(B"B )ox
° ; (12 6l -12 6l ]
| 6l 41> —61 217
_[OIEI(BTB)dx}d+dTUI(NTf)dx}} S v
= i 6l 212 -6l 417 ]
K=K
| symmetry
=§(§d) Kd+§(§d) Kd—(5d)"F -(6d)' Kd=d"Kad EFZ_J’;(NTf)dX
S 4::::2: E
(5d) Kd (5d)T F d=[v, 4 v, ¢52]T
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(derivation)

K=EI[ (BB )dx

| I%(ux—al)lla(lzx—el) I%(lzx—sl)lia(exl 41 %(12x—6|)|£3(—12x+6l) I13(12x—6|)13(6x| o1 |

| %(6x|—4|2)i3(12x—6|) %(6x|—4|2)l3(6x|—4|2) %(6xl-4l2)l3(—12x+6|) %(6x|—4|2)33(6x|—2|2)
~E (12x+6|) L 1ox—sl) (12x+6|) L ox1-a12) (12x+6|) L C12x+6l) —( 12x+61) L 6x1-21%) ”

|—3(6xl—2I2)|—3(12x—6I) |—3(6xl—2I2)|—3(6xI—4I2) |—3(6xl—2I2)|—3(—12x+6I) |—3(6xl—2I2)|—3(6xI—2I2)

16(144x2 —144xI +3612) Iie(?zle —84xI2 + 241°) Iiﬁ(—144x2 +144x1 —3612) Iie(?zle —60x1% +121%)

Iie(?zle _84xI2 +241°) = (36217 —48xI° +161%) Iie(—?zle +84x12 — 241%)

-

1 (36x217 —36%1° + 81)

dx
1 1 1 1
|_6(_144XZ +144x1 — 3612) |_6(_72le +84x12 — 241°) |—6(144x2 ~144x1 +361%) = (=72x?1 +60xI> —12I°)

%(72le —60xI% +121°) I16(36le2 —36xI° +81*) I%(—YZXZI +60x17 —121°)

|13(36x2|2 —24x1° + 41%)

(12 61 -12 6l ]
_EI| 61 4 -6l 2

1P|-12 -6l 12 -sl
6l 212 6l 417
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Element : Beam - Finite Element Method

/C/T\Vl $ VOO /52 Variational Method
) i @, 5". [ 2

= EI[d vj ()|
v(x)=Nd 2 (dx
pas
d v(2x) _Bd
""" ?,

= 5{—]0'(& B'Bd)dx —.'(:(f Nd)dx} =
B derivation
> (6d)' (Kd—F)=0

F_—j (NT f )dx

12 6 -12 @l
Kd I: where, K — E 6l 42 -6l 2’
~12 -6l 12 -6l

6l 21> -6l 417
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Element : Beam - Finite Element Metho =T

equivalent nodal forces

assume:V(X) =C, + C X+ CZX2 5 C3X3 | v(x)
B Vl V(X) v, P — ?> .
Kd=F é@ . /5 2 ¢ V(O0) =V, v(l)=V,, | | | X
(12 6l -12 6l ||V, | V() =, V() =4,

constant external force per unit length

EI| 61 41> -6l 2I°| ¢

|
— :F ,F:_ NTf dX V(X)
T2 612 -6l v, LD 138831,

| 6l 217 —6l 41° b, f (x) = f : const

S - %

equivalent nodal forces 4 = =
i L@ -3¢141) - L
e 4 2 2
: l(X‘°’I—2x2I2+xI3) X _2.92, X L
m 3
o] Py AN
rr12 |—3(—2x3+3x2I) —X?+x3l _|Ef
L2
2
ENSECD XX &
| 1 2 3 R ETI
Vl
V(X
—fIZCé &) i?)iﬂz
12
lfI lﬂ
2 2
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Element : Beam - Finite Element Meth

equivalent nodal forces

Variational Method

55

)} dx

assume:V(X) = Gy + C X+ C,X* +C,X° YW
Vl V(X) V2 R — *>
Kd=F | Ay, 1 fé : e ' — X
% * z V(0) =, v(l) =V,
12 6 -12 6l [y V) =4.v(D=¢,
e EIf 6l 47 -6l 2|4 | ,
Flo12 -6l 12 —el||v,| " F=—J,(N"f)dx ~
6l 212 -6l 4% || g,
______________________________________________________________________ |_;"""""c_ciﬁé'té_rit"é)iféf'hél force per unit length
V, f,] |2
V(X A S :
iﬂzc T () Z)Eflz o m| -+ v(X)
12 ‘ =l |7
1 1 AN X
= fl —fl m, 12 f _ f . t
2 2 - (x) = f:cons
----------------------------------------- =y
equivalent nodal forces free body diagram boundary condition
Ly Co [ o] v(X)
LR e ERR NN N NN A basiiaea
Ll
cee 1Y 012 U; f (x) = f : const H X
L f. f. _
2 2 , 5 — f (x) = f:const
Fe | Lo Ly
12 12 |
OV __________________________________________
126 12 el | L 1 T V() vw 1o
EIl 6l 42 -6l 2| 4| |12 —fl 3 12
—>® |12 6 12 -6I||0| [0 12 | |
6l 21> -6l 41> ||¢,| |12 f =0 f,=0
T 22/37




Element : Beam - Finite Element Methqﬁr‘?f"é"f‘“““‘if

equivalent nodal forces

v(X)
IRRR R NN Y N

f(x) = f:const

f,=0 f,=0
>
12 61 -12 6l ][0 ] E
el 6 42 -6l 27 |g| | T2 Kd=E
I*|-12 -6l 12 -6l|l0| |0 2 A
6l 21> -6l 4lI? b, |2 find given
12 ]
fl°® fI°
V :0, =, V :0, e
1=0.4 24E| " 2 & 24E|
displacement
v(X) = _(XSI_szl +xI° )6 + 3(X X2|2)¢2 0<x<| given : X V(X) = f (2542 = xI%)
“4E find : V(X) 24El
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ref.) I:(—u'v’ +uv—xv)dx=0

Galerkin’s Residual Method

. . . Thus substituting the approximated solution into
Differential Equatlon residual the differential equation results in a residual over

4 d ‘ the whole region of the problem as follows
dv() a5, 0-R o

El —=+ =0 it —
% dx [[[Rav
since it is @ \Y
approximated In the residual method, we require that a weighted value of
_N d solution the residual be a minimum over the whole region. The
U(X) — weighting functions allow the weighted integral of
Vi residuals to go to zero
where[N=[N, N, N, N,]| d=|®
" j JJRWdv =0
e e 2 o >weighting function or
test function

Ve
Galerkin Method

the basis functionsN, are chosen to play the role of
the weighting functions W

H RN.dVv=0 (i=12)
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Element : Beam - Galerkin’'s Residual Method

Beam - Galerkin’s Residual Method

d*v(x)
Jo|:EI dx*

X

N, =

,(1=1,2,3,4) N

Iig(zx3 _3+1%)

+f [N, dx=0
where, v(x)=Nd

) :%(xe'l —2X%12 + x1®)
1 3 2
N, :|—3(—2x +3x°1)

i 3 2)2
integration by parts N, =55 (1 =xT°)

{NEl—} jEldVde + £ N dx=0 ,(i=123,4)

ref.) [1 (-uV'+uv—xv)dx=0

Galerkin Method

the test functions N;are chosen to play the role of
the weighting functions W

jRNdV 0 (=
J

1,2)

AR >weighting function

E"""""">>re5|dual (test function | used)

Differential Equation

4
g1 V) ¢ g
integration by parts again dx
dev dv dN div]| g .
{N' 2 dx dxz}o*'J.OfNidX:O (1=1,2,3,4) 3Recall, 2
d°v d-v
, T2 =V, =m(x)
1d?N, dN. | _ dx®
iBdxd+El| NV ——m +j f N dx=0 ,(i=1234)
dx 0
In matrix form,
T |
Elj'BTdedzEl[dN m—NTV} ~['N"f dx=0
0 dx . 0
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Element : Beam - Galerkin’'s Residual Method

ref.) [1 (-uV'+uv—xv)dx=0

Beam - Galerkin’s Residual Method . Galerkin Method
d V(X) ] N, :F(ZXS =314P) | ihe test functions N;are chosen to play the role of
J- El +f [N.dx=0 ,(I =1 2) 1, ., .o s theweighting functions W
0 dX4 ! N2:|—3(xl—2xl +xI%) 1 .
) HiRNdV 0 (=12
Where, V(X) = N d N; = F(_2X3 +3x°1) Lo >weighting function
N, :%(X3I ~x212) E"""""">>re5|dual (test function | used)

integration by parts
! Differential Equation

EI[ B'Bdxd = E{dN —NTV} ~[IN"f dx=0
Tk dx 0o d*v(x)
- 1 El .+ =0
N(x):|—3[2x3—3le+l3 Xl =2x°17 +x1I°  —2x° +3%° xsl—lez] dx
s
dlg(x) |13[62—6xl 3l —4x1” +1°  —6x* +6x 3x2I—2xI2} KZEIJO(B B)dx
X
12 6 -12 6l
N(O)=[1 0 0 0] ,N()=[0 0 1 O] CEI| 6l 47 -8l 212
. s TP -12 -6l 12 -6l
: ) =[0 1 0 0] , ) =[0 0 0 1] 6l 21> -6l 4?
dX x=0 x=I
N
R.H.S
dN’

) +V (0)NT (0) — j N" f dx

El{ddlm NTV} jNde _m(I)—(I) ~VHN()-m(O)~
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Element : Beam - Galerkin’'s Residual Method

Beam - Galerkin’s Residual Method
d*v(x
I{E' (),

dx*
integration by parts

f}Nidx=O ,(1=12)
where, v(x)=Nd

Nl=%(2x3—3le+ls)

N2

:I%(xe'l —2X%12 + x1®)

N, = %(—Zx3 +3x°1)

ref.) [1 (-uV'+uv—xv)dx=0

Galerkin Method

the test functions N;are chosen to play the role of
the weighting functions W

J‘;RNdV 0

(i=12)

AR >weighting function

E"""""">>re5|dual (test function | used)

________ dN | N, = I%(x:"l x%1%)
T
' El E’_B_Omd = [&m NV} _IodeX Differential Equation
R.H.S £l d v(x) 0
T dx*
E{d'\' —NTV} jNde _m(I)—(I) ~V(I)N() - m(O)dN (0)+V (0)N' (0) - jNdex
. If"""'_', K= EIJ BT dx
L :V(O)“f : 12 6l —12 6l
0 0 0 1 2 || - » : _El| 61 4 -6l 27
0 0 1 0| |12  —m ‘_2 ! TP |-12 -6l 12 -6l
=m{l) =V, MO FVO 1 S ; 6l 212 -6l 42
e b vay-Le |
1 0 0 0 2 | 2 |
|2 1 |
=f ! : N@©=[1 0 0 0] ,N()=[0 0 1 0]
% [0 10 0], dN(X) =000
12 el 0
|::> y Kd — F where K—E ol ar
o o — TP -12 -l
21°
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Element : Beam - Galerkin’'s Residual Method

ref.) [1 (-uV'+uv—xv)dx=0

Beam - Galerkin’s Residual Method Galerkin Method
the test functi N;are ch to play the role of
[ {EI d V(4X) f}Nidx=0 (i=1,2) the weighting functions W
0 g
dx J‘iRNdV 0 (=12
Where, V(X): Nd Lo >weighting function
E"""""">>re5|dual (test function | used)
12 6 -12 6l Differential Equation
. _EI| 6l 4 -6l 21°
E> . . Kd — F where, K=T31 1 o 12 el| F= [f f f f ] d4v(x)
6l 217 —6l 4l E —+f=0
dx
For simple support beam, n:v«»—%f f, ——mmyJ%f

2

v(X) f3:—V(I)—IEf, f4:m(l)+i—2f
itiiititFeX

f (x) = f:const

0
V(O):IEf,m(O):O,V(I):—IEf,m(I):O p
recall Nlﬂ’@d" F=[f f, f, f,] = 012
. 4 —} ;M 2
ffi. 28/37




Element : Beam - Potential Energy Approach

the principle of minimum potential energy

Of all the geometrically possible shapes that a body can assume,
the true one, corresponding to the safisfaction of stable equilibrium of the body, is identified

by a minimum value of the total potential energy

the total potential energy I1 is defined as the
sum of the internal strain energy II;, and the potential energy of the external forces II,;

Il= 1_[in + 1_Iext
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Element : Beam - Potential Energy Approach

the total potential energy I1 is defined as the

sum of the internal strain energy II;, and the potential energy of the external forces Il

To evaluate the strain energy for a bar,
we consider only the work done by the internal forces during Oy o, =E¢
deformation.

dIl., = jo‘” o de, dxdydz

Ey l 2 O gX >
= | Es, ds, dxdydz = ~E(2,) "de,dxdydz P
(Hooke’s law)material
1
3 oe, dxdydz

1, = [[fan, - - [[[ove.av

the strain energy for one-dimensional stress.
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Element : Beam - Potential Energy Approach

the total potential energy I1 is defined as the
sum of the internal strain energy II;, and the potential energy of the external forces Il

The potential energy of the external forces, being opposite in sign from the extenal work
expression because the potential energy of external forces is lost when the work is done by

the external forces, is given by
2 2
S i=1 i=1

ebody forces X, typically from the self-weight of the bar (in units of force per unit volume) moving

through displacement function V

e surface loading or traction T, typically from distributed loading acting along the surface of
the element (in units of force per unit surface area) moving through displacements V,
where V;are the displacements occurring over surface s,

e nodal concentrated force fiy moving through nodal displacements V,

y’V/:\ I !
m, /TN / Er-- s
f /.sz X
H ] Ty . f2y

2009 Fall, Comp%er Aided Ship Desian, Part 3. Grillage 02-Beam Element

- & Mo 'y Seoul
= v @ﬁ.\ National Advanced Ship Desi ign Automation Lab, 31 137
- =, Univ. http://asdal.snu.ac.



Element : Beam - Potential Energy Approach

the principle of minimum potential energy

Of all the geometrically possible shapes that a body can assume,
the true one, corresponding to the safisfaction of stable equilibrium of the body, is identified
by a minimum value of the total potential energy

the total potential energy Il is defined as the sum of the internal strain energy II;, and the potential energy of the
external forces Il 1 2
[T=TI1_+II 1, =5 [[foedV My =—[[Tyds=3 -3 mg
In ext vV S i=1

Apply the following steps when using the principle of minimum potential energy
to derive the finite element equations.

1. Formulate an expression for the total potential energy.

2. Assume the displacement pattern to vary with a finite set of undetermined parameters (here
these are the nodal displacementsV;), which are substituted into the expression for total
potential energy.

3. Obtain a set of simultaneous equations minimizing the total potential energy with respect to
these nodal parameters. These resulting equations represent the element equations.
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Element : Beam - Potential Energy Approach

the principle of minimum potential energy

Of all the geometrically possible shapes that a body can assume,
the true one, corresponding to the safisfaction of stable equilibrium of the body, is identified
by a minimum value of the total potential energy

the total potential energy Il is defined as the sum of the internal strain energy II;, and the potential energy of the

external forces II,, 1 2
| H — Hin + Hext t; :E‘U:J.Gxé‘xdv g :_J;Zl. sds Z fly i ;miﬁ

assume that there is no surface traction and body force and the Y, VA
sectional area A is constant " | N

1 \
m, ¥ ) @___>X
Apply the following steps when using the principle of minimum potential f, m,
energy to derive the finite element equations. g T f2y

1 y h

The differential volume for the beam element

dV = dAdx

The differential area over which the surface loading acts is

dS =bdx ,b: width of beam
B H - 1_[in +Hext

oy - [[Tuas =3 1,y - Smg
V Sy I=1 =

= % [[] o.&dAdx - jo' bTvadX—Zz: f,V, —immi.
X A L =1
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Element : Beam - Potential Energy Approach

the principle of minimum potential energy

Of all the geometrically possible shapes that a body can assume,
the true one, corresponding to the safisfaction of stable equilibrium of the body, is identified
by a minimum value of the total potential energy

the total potential energy Il is defined as the sum of the internal strain energy II;, and the potential energy of the

external forces II,, 1 2
| H — Hin + Hext t; :E‘U:J.Gxé‘xdv g :_J;Zl. sds Z fly i ;miﬁ

assume that there is no surface traction and body force and the VA
sectional area A is constant Y, L | o
1 e [ 2 M, 4 @rﬁ">x
=3 [|| o5, dAdx— [ bT,v,dx— Z £V, Z;miqi, f, 1 o
O du d ) ' y '
E =— = —y—
* o dx dx? ]
Vv
=-yBd i ¢
o, =E¢, =—yEBd | _l
dx

bT, = f, , | bT,v,dx=[ bT,d"N"dx iy | T dv
| 2 2 [ m U=-—-V—
| [ fydTNde—; f,V, —Z];migzﬁ, =—d" [ N"f,dx—[V, ¢, V, 4] fl = d'F dx
i= i= 2y
m, |

n_—j d'B"Bddx—d'F -

; "'\ T - .- Seoul
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Element : Beam - Potential Energy Approach

the principle of minimum potential energy

Of all the geometrically possible shapes that a body can assume,
the true one, corresponding to the safisfaction of stable equilibrium of the body, is identified
by a minimum value of the total potential energy

the total potential energy Il is defined as the sum of the internal strain energy II;, and the potential energy of the

external forces II,, 1 2
| H — Hin + Hext t; :E‘U:J.Gxé‘xdv g :_J;Zl. sds Z fly i ;miﬁ

assume that there is no surface traction and body force and the
sectional area A is constant

1
N

1= [fosanox- [oTax- 3 - X QeI L
0 i i=1 1y T f2y

n_—j d'B"Bddx—d"F

Y VAN |

3. Obtain a set of simultaneous equations minimizing the total potential
energy with respect to these nodal parameters. These resulting
equations represent the element equations.

The minimization of IT with respect to each nodal displacement requires that

W02 5. o o g
N, od, v, 0,
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Element : Beam - Potential Energy Approach

the principle of minimum potential energy

Of all the geometrically possible shapes that a body can assume,
the true one, corresponding to the safisfaction of stable equilibrium of the body, is identified
by a minimum value of the total potential energy

the total potential energy Il is defined as the sum of the internal strain energy II;, and the potential energy of the

external forces II,, 1
: [M=11, +IT,, HinZEL':J.Gxgde T, ——mx udv — ”TudS Zf,x,
\Z | (12 6l -12 6l |[v, ]

El

I 2 2
H:7 OdTBTdeX—dTF dTBTBd:_g[V1 4 v, Uz] 6l 4l -6l 2l ]
| 12 -6l 12 -6l|v,
6l 27 -6l 417 | g |
dI1=0
o
I T _ _ m,
E|_[0|3 Bdxd—F =0 ,where F = jonydx .
_m2_

12 6l -12 6l

EI| 61 417 -6l 2I? ! m V)
A Kd=F et P
o o I|-12 -6l 12 -6l o Y f2y X

61 21> -6l 4l m, f (x) = f :const
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Element : Beam - Potential Energy Approach

the principle of minimum potential energy

Of all the geometrically possible shapes that a body can assume,
the true one, corresponding to the safisfaction of stable equilibrium of the body, is identified
by a minimum value of the total potential energy

the total potential energy Il is defined as the sum of the internal strain energy II;, and the potential energy of the

external forces II,, 1
: [M=11, +IT,, HinZEL':J.Gxgde T, ——mx udv — ”TudS Zf,x,

12 6 -12 6l f,

EI| 61 41> -6 217 | m,
Kd — F where, K=T51 15 61 12 el ’F:LnydX* f

6l 217 6l 42 “
LM, |
For simple support beam with uniform load f O 1]
I LI
f fl1] 2 2 0 |
- _r 2 2 2
v(x) fy==t. f,=2 | . —i—2f+0 —1|—2f
i, meo el 2|l
f(x) = f :const f, _f 2 E
y R
’ 0 Ef+0 12
m, =0 12 ]
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