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Deflections of Beams £,

 Introduction

» Differential Equations of the Deflection Curve (X & = &1 2|
Ol =2 & Al

« Deflections by Integration of the Bending-Moment Equation
(= 2YHE dEHA HE=0 2let HE)

« Deflections by Integration of the Shear-Force and Load Equations
(M=ot AL =0 2/et HE)
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» Method of Superposition (S & &) oX
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* Introduction
+ Types of Statically Indeterminate Beams (£ & & 2 2| & Ef)

» Analysis by the Differential Equations of the Deflection Curve
(HE 2L 02 LH A0 28 oH &)

» Method of Superposition (=& &)

S

R4
propped cantilever beam
Rp
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Statically indeterminate structure

Definition SEQUL NATIONAL UNIVERSITY
Ny « Statically determinate (& &, &%)
M’ — reactions and internal forces can be obtained
R=FK+h from equilibrium equations alone (via Free
Unknowns can be BOdy Diagram)
< solved by Equil. Eq. .
e >m3 — No need to know the properties (e.g., E, v,

G) of the materials
« Statically indeterminate (£ & &, N2 3E)

— Equilibrium + additional equations related to
R, +R; =P the displacement

Equil. Eq.is notenough  — Need to know the properties (e.9., E, v, G) of

f to solve the unknowns
Ry

| e the materials
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« Statically indeterminate structures:

— Number of reactions > Number of independent Egs. of Equil.

— Method of Analysis
1)

2
89 _Evom

dx?

2) Method of superposition

Supplement Equil. Eg. with Differential Eg. of deflection curve

| Supplement Equil. Eq. with Compatability Eg. and Force-Displacement

(Deflection) Eqg.

S
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« Most of structures in everyday life are statically indeterminate
— Automobile frames, buildings & underground structures

— More sophisticated techniques are needed for analysis

» Degree of static indeterminacy (2 & & Xt=):

— Number of unknown reactions - number of independent
equilibrium equation

— Static redundants: excess reactions

¢ S




Types of Statically Indeterminate i3,
Beams SEOUL NATIO:':L UNIVERSITY

» Degree of static indeterminacy (2 & & Xt=):

P

’75. —=3 Statically indeterminate to the 15 degree

( A L 1”1 B
i 4 4 Statically indeterminate to the 15t degree

P

Hz".

v‘C 1’;-/—51 f}’ Statically indeterminate to the 3 degree

Clamped beam

,«_.A_/ﬁ Statically indeterminate to the 15t degree




Analysis by the differential equations G
Of the defiECtion curve SEOUL NAT|O:'§LUN|VERS|TY

Example 10-1

— Reactions, shear forces, bending moments, slopes and deflections?
— 3 Unknown reactions: M,,R,, R,

— 2 independent equilibrium Equations
>F=0 —3 R,+R,—qL=0

Y M =0 qL’
—_—> MA_7+RBL:O

¢ prdiy
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Analysis by the differential equations Y
Of the defiECtion cu rve SEOUL NATIO:?L UNIVERSITY
— Bending moment, M at distance X
2 Ry=0dL—-R; 2 2
M =R, x—M, - 2 o> M=glx—Ryx- I 4R L
2 M, _OE R, L 2 2

— Differential equation of the def. curve

2 2
EIV' = M :qu—RBx—%+RBL—% ,

— Two successive integrations

3

2 2 2

2
glx’ Ryx® gL’x’ L Re Lx*  gx
6 4 2

Elv

4

Elv=

+C,x+C,



Analysis by the differential equations
of the deflection curve

Example 10-1

SEOUL NATIONAL UNIVERSITY

— Boundary Conditions ¢ 9! }_Jil 1] li_ |
v(0)=0 —> C,=0 o P ;
V(0)=0 ——5 C,=0
3gL 2R =0 5gL qL’
V(L):O — RB: > RA:— MA:—
S'M =0 | .

— Shear Forces and Bending Moments

V=RA—qx:%—qx } \

2 2 2 ’ st ‘
M:RAX—MA—qX _oqlx gl”  gx 4_84 o
2 8 8 2 91>
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Analysis by the differential equations (Y
Of the defiECtion curve SEOUL NATIONAL UNIVERSITY

Example 10-1

— Slopes and Deflections of the beam

. OX 2 2 gx*
V= —6L° +15Lx —8x =— 2_ 2
A8E] ( ) v 28E] (3L S5Lx+2Xx )

— Maximum deflection

V=0=(-6L2 +15Lx-8x¢)x  x—o, 183 x1:15_1(;/£L=0.5785L

16
gL’ gL
o =—V_ = 39+55v33 )=
R 65,536EI( \/_) 184.6El
— Point of inflection Y
: : O
| Curvature and bending moment change sign 4 150 | ™ /93 B

X
5qL* \\T
00 = Vyerss = S048El L
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— Reactions, shear forces, bending moments, slopes and deflections?

— 3 Unknown reactions: M,,M;R,,R,

— 2 independent equilibrium Equations
YF=0 —>» R, +R,-P=0

2M=0___5 MA—P%+RBL—MB:O
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— The number of Boundary Conditions and other conditions is always
sufficient to evaluate constants & redundant reactions
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« Key Words/Questions:

P I A
— Statically Indeterminate Beams ™ |, y
dz . . RB.
— Can we use Eld—x\zleIv”:M to find reactions for statically
Indeterminate structure®?

— Point of inflection (4 = &)

— —/ O

Conditions for Method of Superposition?

q

:R.-u/ L ) Ry 3




Final Exam LER
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e 14 June 08:30-11:00

If you can solve the home assignment with confidence, you will do
a good job.

More than 50% from the home assignments (with some
modification).

~90% from the examples and the problems from the textbook.

Level of difficulty will be similar to that of the 15t & 2" exam.

— Scope: Entire Textbook except ch.6 and ch.11

Partial point will be minimized this time (at most 30%)



Method of Superposition il
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 Separate redundants
— Ry as redundants or

— M, as redundants




Statically Indeterminate Structure d
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Statically indeterminate structure

example
. Statically indeterminate structure Y, B
Fixed support R . VL
SEQUL NATIONAL UNIVERSITY
RM
A 444 A o |
JA(RA " 1) Equilibrium Equation SFE, =0 —> R,~P+R,=0
l 2)  Clue for additional equation:
[ A
A — A bar with both ends fixed does not change in length
1 a , s — €< Compatibility equation: the change in length must be
P 1 f Cap — compatible with the conditions at the supports
P " 5 B 3) Compat. Eq. in terms of Forces: force-displacement relations
' s_PL s _Ra R,b
o0 =— 0, —— Op ——
I L EA _— dC F4 CB %
* By combining 2) and 3), Why minus here?
B7 77 B ;
N R,a Rb 0
C =0, - =
% RB1 . {B - AC CB . EA EA
« Finally, combining above with 1) Equil. Eq.
Fixed support F E 3 B 2 Pb Pa
Same E %Rﬁ T Ry AT R, = o
+ We can also calculate the displacements
,«5 = (S = —1(7 = P{?b
© 4 E4 LE4
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 Separate redundants

Released structure (0| 22 X 2):
remove restraints corresponding to redundants

Y L 4 A Y
‘( Yy Y Yy Yy vy Y
A
A / -—
B £ -— A
4
#

I
5l
+

—_—
g
ra



Method of Superposition i,
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« An example of when Method of Superposition does not
apply?

— Strain energy

U P’L _EAS°
2EA 2L
P~ ; e~ e
b — —
P1 P2 P1+P2

PPL PL (R+P)L
EA EA EA




Method of Superposition s
R; as Redundant ({ & =
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« Total defl. = defl. due to uniform load + defl due to redundant
« Equation of compatibility

— Deflection due to uniform load - deflection due to redundant
65 =(05), (%), =0

qL* R, L
(58 )1 = (58 )2 =

- 8EI 3El

gL R, Equil. Eq ,
O, = — =0 3qL SqL L
° 8EI 3El T Ry=— T 7 Ri=-n M=
8 8 8

/ A

| (59)

(6p) + F
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Method of Superposition Wty
RB as Redundant ((\H —Z_ é) SEOUL NATIONAL UNIVERSITY

« Total defl. = defl. due to uniform load + defl due to redundant

2 2
~ RgX

gXx 2 2
V, =— 6L —4LXx+ X V, = 3L—X
. 24EI( ) > G6EI ( )
2
V=V, +V, =— P (312 —5Lx+2x7)
48E|
/ o




Method of Superposition Y
MA as Redundant (LH _Z_ 2 SEOQUL NATIONAL UNIVERSITY

( L\ Yy v Y 1 MO
= y Y Y y ¥ +
3 : —
“af - ‘}RB q (63)
\ R \ AR P + A—\
(£ >
(64)1
_qv 0 _M,L
( A)1_24E| ( A)2 3El
qgl>° M™,L 2
0= (0. = 24E1 3m1 ° _>'V'A:%
Equil. Eq. 5gL 3gL
— Wt BTy



Method of Superposition

Example 10-3
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— Reactions?
q
Yy VY : vy ¥V VY y
A A o
) © ¢ IX
R4 Rp R¢
|" /6 I L
(a)
q
Yy V¥V VY Y VY Y Yy Y
Y “~
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Method of Superposition i),
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— Reactions & deflection at point D?

A /S
p (64 (6p),
(b)
,C If——‘ b q } }
(&
M,y Mg ™7 G0, (e
RA——a——k—b Ry ©

< L .

A \)

(QA)3 (98)3 - MB
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— Reactions?

My

| l B
(’ﬁMah Bi) (. v v v v.ﬁ)
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« Magnitude of tensile force T?

o
=
<L
=

(a) (b)
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* Key Words/Questions: P N

— Statically Indeterminate Beams " 1, y

d? : : ;
Can we use El d—XZ= Ev'=M to find reactions for statically
Indeterminate structure®?

— Point of inflection (4 = &)

— —/ O

— Conditions for Method of Superposition?
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