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1D 1G Neutron Diffusion Equation

e Neutron Diffusion Equation

dJ (x) 1
+2Z_ (X)p(x) =21 -vZ, (X)g(X) , A=
dx keff
Fick's Law: J(x):—D(x)d¢(X) - —i(D(x)d¢(X)}+Za(x)¢(x):/Ivzf(x)¢(x)
dx dx dx
e Boundary condition with Albedo
— Right (x = x3)
R
1) a, = ‘]_i 2) IR =1 - _Dd_¢ — Dd—¢+aR¢=0 (Robin condition)
R ¢ AL X=Xg dx v, dx
— Left (x=x_)
L dg _
1) asz—l 2)J-=-1J :—(—Dd—qu:Dd—‘é - D tag=0
¢ R dx dx|,_,
J : positivie
—>
Jt I
Left Right

e Homogeneous D.E. with Homogeneous B.C — Homogeneous problem, Eigenvalue problem
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Albedos for Various Boundary Conditions

; ¢
a = —=— J : positivie ‘]OUT
¢ > ‘]IN
J;
® :
a=0 a =05 a=Big
d¢ :
a) a=0 — J=-D—=0 :Reflective BC
dx
b) a=w — ¢=0 : Zero-flux BC
c) a=05 —> J, =0 : Zero-incoming current BC
( -1 1 1
I =j p(puduy=—¢-—1J
1 3 J 0 4 2
pu)=—¢+_Ju = (u =cos@)
e 2 K fl (W du=—g+l]
=l ep)p dpu=— -
[ ouT 0 4 5
1 1 J
Jy=0 & —9¢-—J=0 < a=—=05
4 2 ¢
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Positiveness of Eigenvalue

e Neutron Diffusion Equation
d dg
——(D—j+2a¢ =1V ¢

dx dx
: d d
— Multiply ¢(x) - ¢j 6 + . ¢ = AVE p-4
dx dx
— Integrate above eqn. over [X,, X, 1
- dg¢ [* . _dg d w (dg\
A= 4 p & ¢—|dx=—D—¢-¢ [0l 82, =apfgta g +| D —¢j dx > 0
XLL dx J dx [ "% dx dx X X
B =IXXR[2a $-¢ldx >0
C:jXR[vZf-¢-¢]dx >0
A+ B . ) . .. .
A= c >0 (Always) physically A is an adjustment factor for nontrivial solution
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1D Problem in Other Coordinates

e Extension of 1-D to other coordinates

V-J=-V.DV¢ =-DV?¢ if D =const.

—_ — —_— = ——db —
dr dr

r dr dr r

— Pol
olar 1d(r d¢j d(Dd—¢j 1Dd¢ dJ J

— Spherical

_izd_[rdei):_di(Ddlj_ngl :d_‘]+2_
r

dr
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Discetization

e Point scheme

. * e ¢
°
¢1 ¢|+1
i i+1
D, D, N
T | : ] ! \.
Xi—l Xi Xi+l
e Box scheme scheme ¢
1
¢|—1 ¢|+1
y oz
' D, Dy ¢N
X X X
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Discretization with Point Scheme

_i( D (x) d¢(x) j +2_ (X)p(x) = 4 -vZ, (X)p(X)

i+1

dx dx
dJ o b= AT A A A R
R — V. —_— ; =
dx ° f dx AX. 1 1
' —h. +—h
2 2
(J.LZ—D. ¢i_¢i—1
1 1 hl
| ‘JiR = _D|+1 ¢i+1 = ¢I
[ hi+1
o fu=b [ ph—b)
- i+1 - T i
d‘] h|+1 L hl J 2 (
a) —= . . = h{—D
dx “h+=h it
2
— h +h ¥ .
b) y - ia,i i+1 7 a,i+1
hi + hi+l
— hv . +h vX. .
C) VZf,i _ i fi i+1 fli+l

hi + hi+1
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Discretization with Point Scheme

—if hy=h_,=h a2 4(_ i+1¢”1_¢i+Di¢i_¢”]> "
dx hi + hi+1 L hi+l h, J ol
2) d_Jzi(_Dm b=t & —¢._1]
dx h h h
D fem] o
D, D, 2 24
- hlzl (¢i+1 - ¢i)+ h_gl(¢| - ¢i—1) h [Cm

Diffusion Xsec!

= _ZiD+1(¢i+1 _¢i)+ z“iD (¢' _¢i‘1)

= _ZiD—l¢i—l + (ZiDu + 27 )¢| - ziD+1¢i+1

i+1

b) E _ z“a,i +Za,i+l

— V.. +vX, .
C) szvi _ fi fli+l

2

— At X = X;

dJ D D D D < =
d_+za¢:/1'vzf¢ - _Zi—l¢i—1+(zi+l+2i )¢i_2i+l¢i+l+2a'i¢i =A-VZiid,
X

_ziD—l¢i—1 + (ZiDﬂ + z:iD + z:a.i )¢| - 2ilil¢i+1 = AV f’i¢i
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Boundary Condition with Point Scheme

—At left boundary (x =0) J;
] b
I
4~ ¢ ) |
JO :—0[L¢O J: = D1 1h < 22 Dl
1 I
|
X l X
¢1_¢o
-D — ¢ 7
d I -7, "o, (~e.40) (2D, 2a,) 2D h
R —_ — 1+ L ¢O_ 1¢1 2
dx hil hil L h12 h, J hl2
2 2
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Boundary Condition with Point Scheme

—At right boundary (x = H ) Py 3t
%
by — by i )
‘]N :aR¢N ‘JI\I] :_DN : — Z.n Dy ®=y
h, "
\ XN i XN
Py — P
.4, —|-D, Pn " PN ' \ %h
d‘]_‘]N_‘]N hN __2DN 2DN+2aR -
i = hiN = hN h; N -1 h; hN N 2
2 2
( 200, ) 2
=_223¢N_1+L225 + haRJ¢N cf :Lzzf + aLJ(éo—ZZlD(zﬁl —> same as left
N 1
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Linear System for Point Scheme

e Point scheme — Result

( p a1 \ D -

|20+ D [ - 24 = A R

L h 2 2
_ziD—1¢i—l +(ZiD+1+ZiD+§a,i)¢i _ZiD+1¢i+l :ﬂ“'vgf’@i

)

(x=0)

(%, ~ Xy

( a., 1 1
N N R
_2D¢N—1+|2D+h_+52a,N |y :/I'Evzf,N(bN (X:H)

N
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Matrix Form of Tridiagonal Linear System

""" = (—— {(—/ " —
o — | =2
ASS 4
ASY < ASY
|
r- " " | ¥/ /1

=z
«
N
|
oz +
o o
O
I | =
IT
a =z
N
-
|
=2
©
WA
+ oz
o o oz W
N |
|T
o=
W
i
oz
o R o
|
o o
[a N
o W o
|
ﬂ1&.1
WA
o 4 +
z [a N (@) (@)
[ 2
+
[a g
N
=
N
|
+ [a g
4 L W o o
S| <= |
+
[S [
N
- . - . . o o 1

VXt N-1

VZia
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Box Scheme

e To derive conservation form

d—J+Z p=AVvE $p " ) oo, J,
dx !

—Integrate (1) over [x. ,, X ]

DI D 2ai+ D|+
A= I —dX = J — J a,i i i+l 1

X dX
X; — - 1 .x Xi—l Xi Xi+1
B = IX_ T8()dx =% -4,-h <@ = h—J'X.1¢(x)dx :average flux ——

C=[" 2vE, p(00x = 2z, 4, h

J. —J, YA Vv, -gi -h. < Mesh Balance Equation

¢ =¢ (drop the overbar from now on)
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Current in Box Scheme

— Current in terms of surface flux 9
¢s’ ‘]i
JiR =-D, ¢Sh;¢l ‘]iL+1 =-Di, ¢i+tl1._ ? J iR \
e i+1 JiL - [ +1
2 2 => :\[>Jil-_+1
Za*i Di Zai+1 D|+1
‘]iR = ‘]iL+1 |
— — Xi—l Xi Xi+1
_Di ¢sh¢|:_Di ¢i+;] ¢s %hlﬂ‘
2 2 P« Diffusivity
B sy B s D,
¢ hi i hi+l " ¢ +(1 ) ¢ hi ﬂi
s = = w; 9, W) P < W= =
I;)i+ E”l 34_% Bi+ B
oo P Coupling Coefficient
o0+ (1-ow. = 0. -
‘]iI:rl = ‘]iR = _Di “ ¢I ( 0).) ¢|+1 ¢I = —Z,b’i b= a)i) ( ¢i+1 _¢i) D = —Z'Biﬂ”l
Zﬁﬂl h|/2 iy | 'Bi+ﬂi+1
=-——— ¢i+ _¢i :_Di ¢i+ _¢i i
Vi +ﬂi+1( . ) ( ! ) (Surface Quantity)
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Mesh Balance Equation

—In the i-th node, x, , < X< X,
Ji=-Di(¢,, - 9) LDi

Jin = _6i—1(¢i ~¢:.1) (Dil

'Ji_‘] Jrz:a,i'¢i'hi :ﬂ’.vzf,i’géi’hi

i-1

_[Si(¢i+1_¢i)+ 6i—1(¢i —$ )+, 4 -h=A-vE -4 -h

_6i—1¢i—1 + ([Si—l + ISi + Za 'hi)¢i - ISi¢i+1 =4 VZ 'hi '¢i
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Boundary Condition with Box Scheme

—At left boundary

b,
h
¢ —¢ S g =—t B B
J = - :—D—S s 1 - ¢1_ ¢1
o = THS =BT Doa” o a” g
2 h, 2 2
By
20(7",8
. ~ ~ 2 o
Jo=—a, Lo =2y - Dy, D=L yith g, -
ﬂ0+ﬁ1 ﬂ0+ﬂ1 ﬂo+ﬂ1 2
J,=J,+2Z 4 -h=2-vZ -4 -h
—[51(¢2—¢1)+60¢1+Zay1-¢1-h1=/1-V2f-h1-¢1
([50 + [31+Za‘1-h1)¢1— [51¢2 =A-vi,  -h-¢ —At Left Boundary (x =0)

_DN71¢N,1+(DN,1+ DN +2a,N 'hN )¢N = Z‘sz’N 'hN '¢N —At nght Boundal’y(X =H )
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Tridiagonal Linear System for Box Scheme

e Box scheme — Result

(D0+D1+2a,1'h1)¢1 _D1¢z :ﬂ"vzf,l'hl.¢l (Xo)
- Di—l¢i—1 + (Di—l + Di +2a 'hi)¢i - Di¢i+1 = ﬂ“'VZf 'hi '¢i (X1 - XN—l)

_DN—1¢N—1 +(DN—1+DN+Za,N'hN)¢N :ﬂ"vzf,N.hN.¢N (XN)
{dl u, 0 0 ]{ ¢0} |rvzf,1 0 0 1{ ¢0]
||2 d2 u2 O O || ¢1 | | 0 sz,Z 0 0 || ¢1 |
R T L
| b & 5 @ I 9 = € I
e o o
| O 0 IN—1 dN—l uN—1||¢N—1| | 0 O sz,N—l 0 ||¢N—l|
o o 1, ¢ e |0 o vl ]

M ® =1AF O

d =D 1+|5_+2 .h 1.Generalized Form
U ——-D —Same form every where
I IS 2.Conservation Form
' I . — Nodal balance assured because of starting
a=U =-D_, = Symmetric (M =M")

from integration
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Analytic Solution for Matrix Eigenvalue Problem

e For a single region

d?¢

2

-D

+3T.p=AVE
dx

— Point scheme with ¢, =0,¢, =0

D D D, v . D _ e D
_zi—1¢i—1+(zi+1+zi +Za")¢i_zi+l¢i+1 =A-vIiif, L = [—: Diffusion Length
Ea
. D D D
—if Z; :Zi+1:h_2’ za,i:Za,Hl:Za’ sz,i:VZf,Hl:VZf
D (b= 26, + Ben) + Suby = AVE 9 h? ’ K
— — q = N a = -V o _ . 2 = =
2\ k-t k k+1 k f 7k 1) D(Za A sz) ) Ko 14 L2B2
h’ ( )
¢k1—2¢k+¢k+1—3(2a_,1.vxf)¢k:o =—h22—a(1—ﬂ, vE ) Bzziz & _alls @ [y .
DL Za J L keff
- or
¢k—1_2¢k +¢k+1+ Bz¢k =0 5 L ( 1 )
= —h Ftl_k_'k‘”J AvE,-%,
eff =
=h’B*® 0
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Analytic Solution for Matrix Eigenvalue Problem

¢k—1 - 2¢k + ¢k+1 + Bz¢k =0

—Let ¢ =e™

k- k k iy k
e _ oM LMD L B2e™ — 0

Coshm(=1)=1- 7(< 1) Not possible

—Let ¢, =e™
eim +e—im B2
=1-—
2 2
32 —imk
cosma=1—— $, =€ as well

imk —imk _ < S~ i
$,=Ce  +C,e  =C,cosmk+C,sinmk
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Buckling Eigenvalue

¢, = C,cosmk + C, sin mk

$,=C, =0
B.C ~ |7
L¢N:C25inmN:O, mN =Iz (I=1,..n-1) - m:W
5 S2
r B’ «—~cosm=1-—
Fundamental Model Only (I =1); cos (szl—T 2
7o | ] 1(~n i 1(rx * ]
B =2 1—cos( =2]1- 1——(— +— —J +o |
L N J L [ 2N 41 N J J
T 2(1 1 (7 ) o T ° H -
= = _— — =+ = _ _
NJL Q(NJJ Nj N=-- B=hB
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Eigenvalue

— Analytic Solution for differential eqn.

2 4

oGO

A= lef (Ea + D[%sz

1 D(rn , ,
+—| — | h"och
v, 12 H

f

Error AA=
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