Reactor Numerical Analysis and Design
1st Semester of 2010

Lecture Note 2

I-2. Power Method and Wielandt Shift
Il. Multigroup Neutron Diffusion

March 16, 2010

Prof. Joo Han-gyu
Department of Nuclear Engineering

NWE

- SNURPL



Power Method

e Eigenvalue problem

1
M¢ = AF¢=-F¢ kp = M “Fo 0<k <k =k
T

O e adJUStment of v (Largest eigenvalue corresponding

— minimum A Ag = k¢ (A:M_lF)

— maximum k

)
Lto fundamental eigen vector (=1st harmonics)J

— Iterative scheme to find the fundamental eigenvector of A(largestk) _ How to obtain k™ 2

9" = Ap"™P = A'” - Power method For sufficiently large |

(Let u. be thei-th normalized eigenVector )
let ¢ =cu, +c,u, + + ¢y | M _ Ag(D gD
¢ 1 272 NN LofA and corresponding to k; J ¢ = Ao = k¢
M M\ _ M (-1
¢(I):AI¢(0):AI(C1U1+C2U2+ ''''' +CyUy ) <¢ 9 >_k<¢ 9 >
_ I L e [ M ()
c,-ku, +c¢,-k,u, + +Cy kyuy 0 <¢ N >
IIORPY(EY
( o (6.0")
k. ) |
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Power Method with Scaling

e The problem of power method

—

¢

e Scaling

. 1 ) o o o
¢ = W(]ﬁ(l Y« Divide in advance anticipating mutiplication by k

K
K

M _ A 0= oy 201 (1-1)
¢ - A¢ - k¢ - k(|_1) ¢

<¢(|)’¢m>

k = k(|—1) _ k(')
<¢(l) ¢(|—1)>

e Power Iteration Scheme with Scaling
(1-1)

— From known k"% and ¢

~ 1
1) ¢(|) _ A¢(|—1) _ A¢(|—1)

T as 1T = Scaling is needed (if k >1)

c.f) Power method Only

G 50 = AgtD
2 kO = kD <¢(I)’¢(I)> <¢(I),¢(I)>
) k= <¢(I) ¢(I—1)> Kt = (1) 0-1)
| (6.0°7)
3) Repeat
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Convergence of Power Method with Scaling

1 11

M _ . . I ,(0)
p = k(D =20 (0 AY

(11 1\|r n (ki\'ﬂ o Ir n (_\'ﬂ
= L g k(—')jl k1 {Clul + 2 LCiUI Lk_lJ JJ «— A ¢( )= kl {Clul + é (Ciui L%J JJ
(|-1 k1| \F n ( (k\lﬂ
@ fer 2o (] ]
(7 k)
~ L 1 TJClul (as|— o) { t_l< 1}
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Inverse Power method

o = e ——Ag! ™ (A=M"F)

9 = EL TF¢"? - Difficult to obtain M "

Mg = MET ——F¢"P =b : Inverse power method requiring solution of a linear system
except for 1D problems

M ¢(') =D — need to be solved iteratively in practical cases

— another level of iteration — outer and inner iteration (nested loop)
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LU factorization

e For 1-D Problems

M = LU
o [d, -u 0 07 [1 o 01{51 —u, 0 0 T|
Mg¢™ =b (M =LU) I—IZ d, -u, 0 I I—I 1 I|o d, -u, 0 |
lo T ol=lo " o |l o |
LUg" = b | . 1 A | R S0
| 0 i 0 0|I 0 0 . . I
LO 0 -l dNJ LO -l 1J|_0 0 0 d~NJ
T c -
—Foward Substitution d,=d; m = &' d,=d,—mu, ;l. =m
LU4" =b Ly=b
_ 0" 1 o 01y, 1 [b, T y,=b =Y, =b
Ly = b (SUbS“tUte y=U ¢ ) I—I2 1 0 H Y, } b, I =Ly, +y,=b,=y,=b,+1y,
lo ™ 0 I S J J
I 0 OH : I : i Ly +yi=b =y =b+ly,
—Backward Substitution o 0~ 1[v] [by] .
¢1(|) = _”_(yl v U1¢2(|))
U ¢(l) _y Ug® =y d
(6, -u 0 o 87 T, !
| 0 d~2 —u, 0 |i¢2(l)i I Y, ¢i“)=*1°-(yi+ui¢i(+'1))
}o o . . o0 H : H : d;
o0 o I ! i
lLO 0 o d”N JlM”J UN 60 = %N_ store inverse of d,
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Convergence of Power method

¢(|) e 5(k \I ~ (ﬁrkl \| ) |~ ~(kz\
= 1U1+ ZL—J U2 SIEEERRE «— Ck: T Ck - H¢ H: Cl C2 £ << 1
kl \ i=0 Lk J) L 1J
|
M c, [k, )
¢~—: u, + ~—2L—2J U, +° " (u; : Normalized eigenvector)
Cl 1 1
— Error vector
o < ( K _ _
el(l)=~——u1=~—26|u2+ """ o = —2<1:Dominace ratio
C1 1 kl
— How to find o ? As o becomes smaller, problem converges FASTer.
(|) ~ | As o becomes close to 1, problem converges SLOWer
(|) _ —u, = ~_2(0_) U+
1
(1-1) -
| oy ¢ c I-1
e =—-u = —(o u, +-°°" [ I I- 1-2
{ 3 1 1( ) s — 4 1):G(¢( D _ ))
S() S(1-1) .
) (1-1) ) ) —> e =o€ seudo error
He H = UHe H Practical Method to determine o I 2
. . ()
He(l)H el —ge'™ 5 gV _y" = 0'(¢(|_1) — ¢ ) o = He H
S (1-1)
o = (-1 * (1-2) > He
e $°7 ¢ =o (" -4
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Wielandt Eigenvalue Shift Method

e How to obtain smaller o ? (= How to make it converge FASTer)?
Ad =Ko
Ag—K g = k¢ — k ¢
(A-k1)g=(k-k,)¢ [Condition: max(k, )<k, ]

- through eigenvalue shift, o is smaller than before

— improved convergence —» Wielandt shift method

(k) A Kk ko —k.)
O-L:_ZJ > J|=—~2—— 2 > |
1 \ k1 kl_ks)
k2 0.99 ~ 0.99-0.9
ex) o =-2=-""_-099 ) &= ~0.90
. 1.00 1.00 - 0.9
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Wielandt Shift Method for Neutronic EigenValue Problem

" 1F\ (1 1\F o (M -AF)p=(1-2,)F¢,
L _E J¢ - LQ_EJ / A > A, to retain RHS positive
- 1 (1 1 1)
WS = = k. =k +Jk ,06k>0
AEPELG D o=k >0
kg =M 'Fg

— How to obtain ¢(') at the I-th step?

(Power method with Scaling )

M (D50 _ 1 |
Solve with LU fact.

[
_—EHF¢( Voo

|

F
|
|
KO kD 4 sk ok >0
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Determination of Eigenvalue in Wielandt Shift

— How to obtain k" ?
1 - -1
o = WD/I ("1)] Fg'"™Y : Power method with Scaling
k' -

—_———

— k4" (for large 1)

1 o 1 oy
P

1 1 (1 1 )
Kk k(Y #" :Lku—n - k(l—1>)|¢“ !
1 1 (1 1 ) .
ko kY <¢(I)’¢m>=|\k“” ) k"”)|<¢m’¢(I )
L (1 . \<¢(|)’¢(|—1)> . - <¢(I)’¢(I—1)>
K :\k("” - ks(ll))| <¢<u>,¢(|>> * KD A <¢(l)’¢(l)>

(1 1 ) 1 1

= | (I-1) (1-1) |7 =T (7|/_1)+( 7) (I-1)
\k K ) K k kg
1
k = k®
y 1
K (D +(1-7) (D
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Reduction in Dominance Ratio with Inverse Wielandt Shift

e Dominance ratio o

—Original dominance ratio

1 smallest eigenvalue
k k A
o= —2_-_1 -1
kl i j’2 ‘
k, |
—New dominance ratio 0
L 1 1
Y
k, Kk, Kk

1 1
As —| = is close to —, converge FAST.
K, k, + ok K,
— As Jk is close to 0, Converge FAST.
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Il. 1-D, Multigroup Neutron Diffusion Problem

Node index:k(not k-th power), Group index:g
) \

k
d ( k d¢g \ k k k( © k k\ ( ©
-—| D +IEPE = Axl | sl gl |+ sk g .
dXL 9 de 979 g\gZ_:l fg* 9) \gzl 9'g 9) Total unknowns: N = K xG
G
k ( \ kK _ ¢k kK ok k
d dg ) oo (& )| E RIS R D A I
-—1| D, +Z,, 4, = A, |sz g¢ |+ 2 )
dX dX Kg’:l ) '=1 J G
'#9 k k k
=2, FZ,+ Z I
2@:2 -3 = =
i Romf : 9'#9
eDiscretization (Assume same node size(h)) Removal Xsec
~ - - _ (G \ |( G \
k-1 , k-1 k-1 k k k k ,k+1 k k k k k
-D, "¢, +(D, +D +2 h)g —D g :i;{gLZvng,¢g,Jh+Lz 2g,g¢g,Jh
g'=1 9'=1
g9 #9

< Nodal balance Eq. after dividing by mesh width h!

K k-1 K,k K, k+1
_Ig¢g +dg¢g_ug¢g a,
k-1 k-1 k
|[|k=Dg zi Dg Dg K © K k\ |(G K k\|
| ‘ h h® D:_1+D: a, :/Ilg|zvzfg'¢g' |+ Z Zgg¢g'
J ~ g'=1 ) g::l
D ) D p X+ g'#g
K g g9
u, =—=—
g 2 K K+1
| h h Dg Dg
| .« K K
|dg:I +tu, +%
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Discretization at boundary

At ¢ = ¢, (Left side albedo)

1 1 1 1 1,2 1 . 1 1 1
(|g U+ )¢g —u ¢, = q Note : superscript is for node index, not exponent

At ¢ = ¢ (Right side albedo)

K K -1 K K K K
_Ig ¢g +(Ig +Uu, +2rg)¢g =4,
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Ordering scheme

@ Group Major Ordering @ Node Major Ordering
primary sort variable : Group (g) primary sort variable : Node (k)
secondary sort variable : Node (k) secondary sort variable : Group (g)
[} |F¢T|
. :
| } }
| 4 | b4
M
. '
1
L¢1K J L¢G J
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Matrix Structure with Node Major Ordering Scheme

G G

K k-1 K,k K, k+l k k Kok Ko,k

_Ig¢g +dg¢g_ug¢g =4, :llg szfg'¢g’+zzg’g¢g’
g'=1 g'=1

| —

) g'#g
G 4
k k-1 k ,k k , k+1 k k k k
_Ig¢g +dg¢g_ug¢g _zzg’g%’:ﬂlgl//
'=1
g’¢g
Mg = AF ¢
| |
k k
[D, U, © 0 ] | =2 2o, |
| | | b
| L2 D2 U2 O | | |
. . . _ k k k k k
M :I 0 i ' E 0 I D, _i_zlg _229 _Zg—l,g rg _29+1,g I
| 0 LK—l DK—l UK—1| | ) |
LO O LK DK I | k k. k I
s L 26 20 _ZG—l,G ErGJ
Block Tri-Diagonal [(G xK)x (G x K)]
|F—|1k 0 0 T| lF—uf 0 0 T|
| 0 0 | | 0 - 0 |
H:I 0 1Y o0 Iukﬂ 0 -u 0 I
| 0 -~ 0| | 0 0 |
o o -it] Lo 0 -ul |
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Matrix Structure in Node Major Ordering Scheme

—

e ——|

|

e —|

|

L |

e —————1
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Matrix Structure in Node Major Ordering Scheme

[fo 0 0] i
| | | Area NOT
|0 0 0 0 0 | having Fission
|FF1 0 o?| HO 0 0] I
| 0 o0 | | [p p p] |
F = I 0 F* 0 I = I 0 I p pi 0 I
| 0 0 | | 0 0] |
Lo 0 FKJ | |
: o
I 0 [P PPy
I Lo 0]
Fission block matrix for node k
L
k R i A
rll_' [ 651 f_k k K <k K T K
| 2 | ¢1 |_Zl szl ZIVZ fg ){11/2 fG —||_¢1 —I
| f] I - ol
k ,k |,{k |I[ k k < jI kI |szzfl szzfg ZZVEfG || ’ |
Fig" = |77 [|vZh, VI vE |l g I : ] ]
Q| ¢g
|ng| i : | | gk sk sk | S |
I 0 { ) |}(g'v f1 Zg'v fg Zg'v fG || ) |
k
o J______T_____WG L 0 0 0 0 0 JUGJ
W
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Fission Matrix Structure in Group Major
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Scattering Matrix Structure in Group Major Ordering
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5 | 5 | | N
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Matrix Structure According to Ordering Scheme

Node Major Group Major
Interior Scattering Shape Tri diagonal matrix
Exterior Tri diagonal matrix Scattering Shape

Problem to Fit

A Few Group Problem (2G)

Many Group Problem

Ex.) 2-Group Problem with Node Major Ordering Scheme

:
|
|
|
|
|
|
|
|
|
|
L

NGE
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Eigenvalue Update with Fission Source

(1-1)
: ) i
Mg =—Fg Power Method with Scaling: ¢ " =M 'F =
k
-1 A 1
MAF ¢ =k¢ Inverse Power Method: M ¢ = F A= v’ . 7xeRY,N=GxK

Let=[l, " 1,]eR“" with I, being identity matrix of Rank K (N = K xG)
G

—>Ty=1, "> y, =1 irrespective of k
g=1

1
M _ (1-1)
Mg = = 74
1 1
For large I, M ¢(') = ;}(l//(l) ->T M ¢(') = ny(')

ok <pPy>  <pPys iy <w Py
<l//(|),FM ¢(I) > o 1 (1-1) <y Ly >
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Source lteration for Group Major Ordering

e Assume that fission source are known from the flux and eigenvalue of previous step (power iteration)

1

7

.
|
|
wﬂwk
|§
v

K

|r
1
||
|_|
||
-
gk

L

Zv29¢

]
2
|
]
§1VZQ¢I
: |
|

|

]

K
vZ g¢g

=l

Iteration Scheme

1. Determine ¢, (Solve for Group 1) :

2. For g=2:G, solve for ¢é') :

()]
M 9 ¢9

MZ
_SZQ M 9
M, ¢ = 50
=21,

ﬂv(l_l)){

g'=1

o] [
-l 1
B
[ I .

Mo Lo ] [zow]

w " (No upscattering)

g'=g+1

g-1 G
(1-1) (1) (1-1) :
+Y T B+ D TPy (Gauss-Seidel)

NGE
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lterative Multigroup Solution Algorithm

Loop for outer iteration step i
1) Determine fission source at each node and fission source adjustment parameter
Loop over groups Wielandt Shift
2) Determine source at each node for the current group
3) Solve for flux for the group

4) Determine new fission source

CIN0)
5) Estimate new k KO ey <Y >
<y, 0m

6) Estimate pseudo error
7) Estimate Dominance Ratio
8) Check Convergence and Exit outer if convergence is met else go (1)
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Nested Iteration Flow Chart (when upscattering present)

Fission source lteration
(OUTER)

Group Sweep (Middle)

Group 1 Update DOWN
Scattering Source

7Group g

Group G

Update A,
and Fission source

Update
UP Scattering Source

Estimate Pseudo Error

Estimate Dominance ratio
Check convergence

NGE
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Problem with Wielandt Shift for MG

Fill in by moving fission source in case of Wielandt

— Additional group sweeps required
M-—F =

s Q The solution is "Chebyshev Polynomial Acceleration Method".
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