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Chebyshev Acceleration Method

 As ,  1.0 (or or )a D      

2

2
,    [0, ],   (0) 0,   ( ) 0

f

d
D x a a

dx


           

2

2
 Rearrange after dividing by D,   0

fd

dx D




  
  

2

2 2

2
 Let 0

f d
B B

D dx

 


  
      0  Flux Boundary C ondition  

n

n
B

a


  

2 2

2
2

  Eigenvalue = n

n

f f

n

DB a




 

 
 

 
 

2

2
2

2

2

1

1

  D om inance R atio =  
1 4

     for sm allest eigenvalue

D
a

D
a










 



 

▣

 Discretization would lead to A  
Eigenvalue of the diff. eqn. being 

     the same as that of matrix equation



 Example of Large Dominance Ratio Cases (Causing Slow Convergence of Power Method)

 Consider an eigenvalue problem in 1-D particle diffusion

 Diffusion problems for large domain have large dominance ratio

 Slow convergence of power method
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Properties of Chebyshev Polynomial (1/2)
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Properties of Chebyshev Polynomial (2/2)
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Significance of Chebyshev Polynomial (1/2)

coefficient of the m -th order term  being  

 Am ong the various norm alized polynom ials of order m   

    ( ),
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Significance of Chebyshev Polynomial (2/2)
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 O ther interpretation: Am ong the various  polynom ials of order m  

   passing through (1+a,b) (a,b>0), 

   C hebyshev Polynom ial has the sm allest  m axim a in [-1,1].  

   And the m axim a is 1.0.



 P roof

 U nder the sam e assum ption as the above, 

   E (x) has m  zeros in  [-1,1] 

   since there are m +1 alternating m axim a, 

   and one m ore zero at 1+a 

   leading to  a total m +1 zeros. 
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Chebyshev Acceleration Method
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 Single Parameter Method

 T w o Param eter M ethod

 Extrapolation using two previous iterates

 Extrapolation of eigenvector using the current estimate 

   by power method and the previous iterate



 The extrapolation parameter is the single parameter and it is iteration depe t nden
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Two Parameter Chebyshev Acceleration (1/4)

( ) ( ) ( ) ( ) ( ) ( 1) ( ) ( 2 )
(1 )   

 
    

k k k k k k k k

Pow
x x x x

( ) ( 1) ( ) ( ) ( 1) ( ) ( 2 )

( 1)

1
(1 )   



  


    

k k k k k k k

k
Ax x x

( 0 ) (1)

1 1 2 2
 For and 0

n n
x c u c u c u     

( ) ( )

1

Let ( )

n

k k

i i i

i

x c p u


  

 Drawback's of Single Parameter Method

 The polynomial order (K) is preset

 The extrapolation parameter becomes very large for large K  

    too much extrapolation


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 T w o Param eter M ethod
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Two Parameter Chebyshev Acceleration (2/4)
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Two Parameter Chebyshev Acceleration (3/4)

( ) ( ) ( ) ( ) ( 1) ( ) ( 2 )

( 1)

1

1 ( ) ( )

n

k k k k k k ki

i i i ik

i

x c u


       


 





  
      

  


( ) ( ) ( ) ( ) ( 1) ( ) ( 2 )1
( ) 1 ( ) ( )

2

k k k k k k k
          

  
     
 

( ) ( )
 Choose  and  such that the above recurrence relation

   be the same as ( )

k k

k
T

 





2

1

2

i

i


 


 

 C ontinued D erivation

( ) ( ) ( ) ( 1) ( ) ( 2 ) ( )2

( 1)

1 1

1
      1 ( ) ( ) ( )

2

n n

k k k k k k ki

i i i i i i ik

i i

c u c u


         


 



 

  
       

  
 

2 2

( 1)

1

k

 


 


 



SNURPL11

Two Parameter Chebyshev Acceleration (4/4)
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Practical Estimation of σ
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Error Reduction at l-th step of chebyshev (1/4)
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Error Reduction at l-th step of chebyshev (2/4)
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Error Reduction at l-th step of chebyshev (3/4)
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can be obtained during iteration without knowing 
*

1
 =

l




( 1)

1
(1) (1)

l

l
T




 

 

 

( 1)

2 2

( 0 )

2 2

1 (1)  

1 (1)

l
c u

c u

 

 







1

1 1 1 1

(1) 1

( ) ( )

l

l l

T

T T 



 

 

* Error reduction in practice obtained a fter power iteration at the -th step 

   can be the theoretical error reductio n for ( -1) th step if all the parameters  used ( )  are correct.

l

l 

( 0 )
(1) 1 

*

1
But in reality because faster decay of h igher m odes in early stage 

w here higher m odes are present

l l
 




 
( ) ( ) ( 1) ( 1)

2 2
1 (1)

l l l l

Pow Pow
e x x c u 

 
   
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Error Reduction at l-th step of chebyshev (4/4)

 
 

 

1 2

1 2

1 1

Let 
l

l l

l

T
T

T


 










 

2

2

2

2 1






 

  New dominance ratio  from chebyshev acceleration 

   1 2 1 1 *

1

l

l l l

l

T T


   


 



   

  2
cosh 1 coshl     

1

2

cosh
cosh

1l





 

   
 

2
1

2


 


 

2

2 2

1

2


 


 

 Error reduction factor practically obtained is a value 

      corresponding to a >1 


 New dominance ratio

 2  1 2

 2 1   2   1

l

*

l

*

1 1
sm aller larger sm aller 

l
  


 

*

1l




means that previously used was too low.
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Chebyshev Acceleration Logic (1/3)

 Chebyshev Acceleration Logic

0 0
1. Perform power iteration for first  iterations ( 3) and estimate n n 

 0
2. Start chebyshev acceleration at 1 th s tepn 

0 0 0

0

( 1) ( 1) ( )

( )

1
ˆ Determine

n n n

pow n
x Ax Ax



 
 ①  

0 0

0 0

0 0

( 1) ( 1)

( 1) ( )

( 1) ( )

,
 Determine

,

n n

pow pown n

n n

pow

x x

x x
 

 




②  

0 0 0( 1) ( 1) ( )
 D eterm ine pseudo error 

n n n

pow
e x x

 
 ③   

1

2
 D eterm ine extrapolation param eter   ,

1
10

2 2


 



 




   


④  

 0 0 0( 1) ( 1) ( )
 Perform extrapolation    1

n n n

pow
x x x 

 
  ⑤  
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Chebyshev Acceleration Logic (2/3)

 0 0
3. Continue chebyshev acceleration at least two more steps, 3,    chebyshev orderl n m l n   

( ) ( ) ( 1)

( 1)

1
ˆ Determine

l l l

pow l
x Ax Ax






 ①  

( ) ( )

( ) ( 1)

( ) ( 1))

,
 Determine

,

l l

pow powl l

l l

pow

x x

x x
 




②  

( ) ( ) ( 1)
 D eterm ine pseudo error

m l l

pow
e x x


 ③    

 

 

1 1

1

4

m

m
T

T




 




 Perform extrapolation⑤

 M onitor R elative Error R eduction factor⑥

 Determine extrapolation parameter④

 
( ) ( ) ( 1) ( 2 )

1
l l l l

pow
x x x x   

 
    

( )

(1)

m

m

e

e
 

1 1
2


 

  
 

 1

2
1



 
  

 

 1 1*

1

m

m m

m

T


  






 
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Chebyshev Acceleration Logic (3/3)

4. Reset cycle if neccessary

( )

( )

5. continue 3,4 until convergence

   and 3

m

l

e
m

x
     

 
MAX

m m②

*

1
 If  :  Error reduction with the current is not effective.

m m
  


①

 Replace   ③  =

 R eset 0m ④  

1

'

2

cosh
cosh

1m





 

  
 

  Estimate new dominance ratio from cheby order 2⑦

1

2


 


 

1

'

2

cos
cos

1m





 

  
 

*

1

if  >1, m

m


 




 
 

 
if  1 
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Chebyshev for Multi Group Problem

1
f

M
k

   

1

k


1

G

1

G

1
M F

k
 

1
f

M
k

   



  

1
M

k
 

 f
F  

Apply Chebyshev to 

 Group Major ordering
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Eigenvalue Update with Fission Source

1

1
M F

k

M F k

A

 

 






( 1)

( ) 1

( 1)

( 1)

( ) ( 1) ,

( 1) ( 1)

Pow er M ethod w ith Scaling: 

1
Inverse Pow er M ethod: , ,

l

l

l

l

l l N K

l l

M F
k

M F R N G K
k k





  











 



    

 
,

1

Let =   w ith  being identity m atrix of R ank K ( )

1 irrespective of 

K N

K K K

G

k

K g

g

I I R I N K G

I k 


   

   

( ) ( 1)

( 1)

( ) ( ) ( ) ( )

( ) ( ) ( ) ( ) ( ) ( )

( 1)

( ) ( ) ( ) ( 1)
( ) ( 1)

( 1)

1
 

1 1

linear system : Equatio

For large ,  

,

n  for entire 

, ,

1, ,

grou

,

p
l l

l

l l l l

l l l l l l

l

l l l l
l l

l

M
k

l M M
k k

k
M

K

k

K

k

 

   

     

   
 












  

   

     
   

   
 




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Fission Source Iteration

1. Determine fission source at each node and fission source adjustment parameter 

1

1
      

G

i i

i fg g

g k
   

 



  

Loop over groups

2. Determine source at each node for the current group

m ax( )

,

' m in( )

G g

i i

i g g i g g g

g G g

s   
 



  

3. Solve for flux for the group

4. Sweep over groups (one sweep)

5. Upscattering sweep if necessary

6. Determine new fission source

7. Estimate new  k

8. Estimate pseudo error

9. Estimate dominance ratio

12. Monitor effectiveness of the current Cheby cycle

10. Determine extrapolation parameters

11. Do extrapolation


