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Classical lterative Solution Methods

e Block(Line) Jacobi with Natural ordering B I O
-
~-L¢ ,+D.p —U.¢, < < - -
¢ ¢ ¢ 1= [—L} [\\Di] [—U] ¢ = bi
N\ \\ \ ] ]
Di¢i(l) + L ¢(I ) Ui¢i(+|1_l) 4 - -

— Need LU factorization, then forward and backward substitution

e Block (Line) Gauss-Seidel with Natural ordering
—Li¢_, +Dig, —Uid,, =Db

D¢ =b, + Lig) +U 4"

i+1

e SOR

00 = opll +(1- o)
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lterative Scheme and Convergence Condition

e |terative scheme
Ag =D (M=Dand N =L+U :Jacobi) A:[a..]:
LetA=D-L-U=M =N LMzD—Lanszu : G-S J !
(M -N)g=b - Y
M¢@g=b+Ng

M ¢(') =b+ N ¢('_1) . Iterative scheme
e Convergence criteria
Mg =b+Ng'™ ¢ : Exact solution

-IM¢" =b+Ng

Me® = Ne'™

e =M INe!' ™ QT =M N : Iteration Matrix

e _ Tl _12,0-2 _ 11, :TIZ cu, = Z }Lilciui

Converge if [p(T)|= ‘max(/li)‘ <l ®p(T):Spectral Radius
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lterative Method in Matrix Form

e Jacobi
Ag=Db
LetA=D—(L+U)=M — N
(M:DandN:L+U)
M¢g=b+ N¢

D¢ =b+(L+U)g" ™" ®T =M N

¢(I)=D_1(b+(L+U)¢(I_1)) :D_l(L+U)

e Gauss-Seidel

Ag =b

LetA=(D-L)-U=M —-N (M=D-LandN =U)
Mg =b+Ng
(D-L)g=b+Ug ®T =M N

1
D4 =b s Lg® 4 U g0 =(D-L) U

4" =D (b+Lp® +Ug" )
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lterative Method in Matrix Form

e SOR
Ag =D

o Ap = wb

E— e ——

Let ©A=w(D-L-U)=wD-oL-0U+D-D=D-w0l-[(1-oD)+aU |
M
N

(M =N)g¢=ob
Mg =wb+Ng
Mg = b+ Ng'™

(D_a’l—)¢(l)=a)b+((1—a))D+a)U)¢('_1) ~T=M"'N
b oo g gt omppgrs (07 TRy o]

40— 048+ (1-0)p"

— How to find a proper @ for min p(T) ?

— can be answered by knowing the property of Jacobi iteration Matrix
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Properties of Jacobi Iteration Matrix

e Properties of Jacobi Iteration Matrix

1) Jacobi Iteration Matrix with various Iteration Matrix Structure
@ Natural ordering (2D)

LetA=D-(L+U)=M -N (M=DandN=L+U)

NN N AN
NENINI= 1 INE T+ NN
NN L DIN L ANN
AN
T=M7N=D"(L+U)= NI\
AN\

NEE 6 SNURPL




Properties of Jacobi Iteration Matrix

O Point Jacobi Iteration Matrix with C-M

LetA=D-(L+U)=M —N (M=DandN =L+U)

A =
|FD1*1 0 0 T|r 0 U, 0 |F 0 DU, 0 1|
o D o0 |I L, 0 U, I |D,’'L, 0 DU, |
= D‘l(L+U):I 0 D' 0 H L, 0 U, I—I D,'L, 0 D,'u, {
I 0 D' o0 I| L, 0 U, I D,'L, 0 DU, {
| o 0 D5’1JL 0 L o] | o D,'L, 0 |

— Diagonal blocks are all zero : consistently ordered
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Properties of Jacobi Iteration Matrix

© Red-Black

LetA:D—(L+U):M—N (M:DandN:L+U)

D, U,] [D, O] [0 U]
A:LLZ o,| |o o0,]7|L, o]
T—D_l(L+U)—I_D1_1 ° ero UlT—Ir ’ D1_1qu
_ Lo oopflh o) o, o)

® Discussion
— Depending on the ordering scheme, the diagonal blocks of the Jacobi iteration matrix can be 0 or not.

— Consistent ordering scheme = ordering with which the diagonal blocks are all 0 (C—M, R—B)

— The natural ordering can be a consistent ordering scheme for the Line (Block) Jacobi

and is NOT a consistent scheme for the pointwise Jacobi except for 1D problems
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Properties of Jacobi Iteration Matrix

2) Diagonal Dominance

~D:h’g,.—D¥h’g, ~Dih*g  —DIh'g . + (DEh)+DYh) +Dih+D h*+Z V. ) g, =SV,

= Z ‘aij‘< a; Vi <« Digonal Dominance

— Let u be the fundamental eigenvector of T with A being the corresponding eigenvalue

Namely, Tu = Au
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Properties of Jacobi Iteration Matrix

2) Diagonal Dominance - conti.

— k-th row Zt U= Au,

Ztkjuj = 4y Yt =0

|’1||“k|S > ‘thHUJ‘S > ‘tkj““k|

j#=k j#=k

iSZ‘tkj‘ <1

j=k

& Discussion

u :[ul’...’uk’...’un]

Let u, be the maximum element (Absolute)

|uk| is Max

— If A'is diagonally dominant, then p (T ) <1 where T = D_l(L +U)

— As absorption increases, p(T) approaches to 0. So converges faster.

— As the diffusion coefficient increases, p (T ) approaches to 1. So converges slower.
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Properties of Jacobi Iteration Matrix

3) Eigenvalues of T appear in + pairs for the consistent ordering scheme

lf 0 DU, 0 T|
=il -1 -y
1 DL, 0 DU, | (Block Tridiagonal Structure)
T=D (L+U)—I oL o by,
I D,'L, 0 D4'1U4I
| DL, 0 |

Let Ty = Ay, then — A1 is an eigenvalue of T as well
Proof) — Let ¢ = (_1)i W,

Ty =4y
D (L+U)y =y

1 1
D 'Ly, +D; Uy, =4y, —> Ly, ,+Uwy,,=1Dy,

—Apply Tto ¢ (T9)
DL +DiVUidy =D'L(-1) v+ DU (-1)

= _(_1)i |:Di_1Lil//i—1 + Di_lu il//i+1:| = _(_1)i Ay, =-4¢,

. —A is another eigenValue corresponding ¢ = [(—1)i z//i}
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Properties of SOR Iteration Matrix (1/5)

-1

Teor = M IN = (D — a)|_) [(1_0)) D + wU ] For which w, p(T) gets minimized?

i . i . . i T : SOR Iteration Matrix
e Relation eigenvalues of Jacobi and SOR iteration materix

T, :Jacobi Iteration Matrix
—LetTg=yp and T,w=Ay

[ 4,1 [ v, |
HEl
(D-oL) [(1-0)D+wU |¢ = ¢:I¢-i I’W:I%I
I
(1-w)D¢+wUg=y(D-wlL)g L¢NJ \J//NJ

(1-®)Dig, + @V 4., =7(Dip — L, ) > Assume ¢ =a'y,
(1-o) Dia'y, +wUa' "y, = 7/(Diail/li - wLiai_ll//i—l)

Y
(1-@)Dy,;+oU,ay,, =Dy, - a’;Lil//H

v
a)[_l‘i(//i—l +U ial//i+1] =(r +o-1)Dy;
a
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Properties of SOR Iteration Matrix (1/5)

T...=MN = (D - a)L)_l[(l_w) D + wU ] For which w, p(T) gets minimized?

T : SOR lteration Matrix

e Relation eigenvalues of Jacobi and SOR iteration materix

T, :Jacobi Iteration Matrix

~LetTg=ypand T,y=2y
To=yo
(D-oL) [(1-w)D+aU]p=y
(1-®)D¢+wUgp=y(D-owlL)g
(1— a)) D¢, + wU ¢, = V(Di¢i — a)Li¢i_l)

olig , +oUp = (7/ O 1) D¢,

Assume ¢, = ail//i

Y
a)(_l‘i(//i—l +U ial//i+1] =(r +o-1)Dy;
a
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Properties of SOR Iteration Matrix (2/5)

Y

S

T.w=4
w(_Li'/li—l“LUia‘/’Hl]:(7+w_1)Di'/’i Wy
/ Ly, +Uyi, = ADy,

4 1
‘0(_ Ly, +U iawi+l} =(y+ow-1) ;( Ly, +U i'//i+1)

(04
1 i
a)L:(;/+a)—1)— ¥ ¢i:\/;'7”i
A —>—2:1—>a:\/;
¢ N
wa=(y+a)—l); | 1 |
o
\/_a)l (r +o-1) ¢:I\/;l/ji I
If =1, T is iteration matrix of Gauss seidel L/_N |
/4 V/NJ

\ﬁizy - 7/:22

— Gauss Seidel is two times faster than Jacobi.
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Properties of SOR Iteration Matrix (3/5)

yoi=(y+o-1) > yo’A*=(y+w-1)" > Find root y which is dependent on .

5 [ 0’2’ 2
y —2{(1—0))+ » J}/+(a) 1) =0
2,2 2,22 242
A (2% @ 4 D 4
7:(1—a))+a) + 0’2 (1- o)+ ¢ | =(1-o)+ iw|ﬂ|\/(1a))+
? L2 ) ’
[
7, =(1-w)+ » +a)/1\/_ 0227
) where 6 = (1-w)+ . whenwill|y|beminimum?
A
|Ly_:(1—a))+0)2 —wANO
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Properties of SOR Iteration Matrix (4/5)

e Proof of Property-conti.

— If 6<0, then y is complex.

2
2,2 2,2
A ( a)/l\
5:1—&)4*60 <0 ‘7/‘2:|1—a)+ | _a)2/12(_5)_>7/:w_1
E \ 2 )
-1fo=0
w’ 1’ 5
o=1-w+ =0
4

0’2~ 4o +4=0

a):/11—2(21\/4—4/12):;—2(11\/1—12) g 0,
[ . 2 2
A v S (2=p(T))<1)
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Properties of SOR Iteration Matrix (5/5)

e Proof of Property-conti.

2,2

A x
Aso T— 7+=(1—a))+w T = Choose smaller a)(a)_) | (Im)
2 \\\\
. 2 2 =Rl
a)opt:a)—: =
1+v1- 2% 1+1- pgs
0 - +.+R(R
i re i R(Re)
—Whena):a)o|0t )
Yy=w-1>1for w,
2 452
o A
o=1-w+ =0
4

0’2’ =4(w -1)

2,2
A
)/iz(l—a))+a) t wi s
a)zzﬂp2
2

=(1-w)+2(w-1)

=(1-w)+

=w-1
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Estimation of .

e Eigenvalue Problem for Iteration Matrix

- 1
M 'Ng =14 Inverse Power Method : M ¢" = =N ¢! ™2 M=D-L
A

e Solve an arbitrary linear system iteratively

Mg b+ Ng™
Mgl =b+ Ngt?

M (¢(|) _¢(|—1)) =N (¢(|—1) _¢(|—2)) N e~(|) - M _1Ne~(|_1) :Te~(|—1) _ pé“—l)

p(MTIN) =

e Practical way to obtain p.
- perform a few G-S iteration with b=0

- monitor pseudo error reduction, then determine pg
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Cyclic-Chebyshev lterative Method

e Disadvantage of SOR
— Good performance with o,

— Bad performance when o is outofan o/, , even a little.

— Time and cost are needed for obtaining o,
e Normal Iterative Scheme
Ag =D
(M -N)g=b
Mg =Ng"™ +b

" =M Ng"V + Mo

=T¢" P +g for Jacobi
=D ' (L+U)p" P +g

D 'Lg" P + D Ug" + g

Very Sharp

Optimum value

19
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Cyclic-Chebyshev lterative Method

e Consistently ordered scheme for Jacobi

[Natural ordering for Line Jacobi]

T=D'(L+U)=

nz =105

mn | m |um
uml ul u
CERCHC
ua uw

-F'T

0 25

[Cuthill-Mckee ordering ]

o o o |
P L, o v, 1o, o Db, |
I D,’ II L, 0 U, I I D,'L 0 D,V I
I D, II L, 0 U, H p,’L, 0 DU I
I D’ il L, 0 U | { D, 'L 0 J'U, I
| ;' | o 0 el Dy'ls 0 DU
'L o - ol | o]
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Cyclic-Chebyshev lterative Method

e Solution vector of consistently ordered scheme for Jacobi

[Cuthill-Mckee ordering]

[Natural ordering for Line Jacobi]

|
RN
R SUEREEN NG S N
e
[l
—_— 1 T /1
— o (32} <t LO O coe
S S S = S ©
_ 1
R
[l
<.

N ——
— N 32 <t
SR SN SN SN
- - . . . e e
I
-/ ‘™"—“¥ ¥ /—/#HH—/—/—— ¥/
————— 1
| - —
< c + S m £
00 z o IS E . =
A S ¥ - < Y
e — | L
S
I
=

55555
S B B Q

SNURPL
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Cyclic-Chebyshev lterative Method

e Change the sequence of variables

IV¢?1—I I— 0 D171U1 1|I7¢;.1—I |[¢ = D l¢2 + gl \\|
] Bt 0 P 1 |¢;—D L.d, +D;'U 4, + 0

— : = g |
|¢33| I 'Ly D,'U, H¢I ) |- B =
MH DL, DU, HMW | ¢ = D;'Log, + D U5¢6+g5|
g || -1 -1 . | :

%0 | R R [ t )
| g | | D, L 0 Dy U || ¢ |

o] | ot o Jls,]

¢(|) _-|—¢(|—1) n é
(l) (I -1) (| 1)
~—_— ¢ =DLg" P +D U g,

[41] [/, 14|

22 D;'L, | D;'U, s

% D;'Ls | D;'Us 3

L ]1= D'y | © At

¢, D;'L, | D;'V, 4 ) )

é, D,'L, | DU, b |r¢l—I [T, ‘¢2—} (9, ]
- — ~ _ o — o +
__¢6__ i D61 DGlUG___¢6__ |_¢2J 0O T ¢1J \\QZJ
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Cyclic-Chebyshev lterative Method

e Change the order of variables

(1 1T 04,1 Te)
HEEEA N

:J%l) T¢2(I 1)_|_g1
Lz T¢1(Il)+92

— Cyclic iterative method ( advangtage of consistently ordering )

¢'51(0) &1(1) él(Z) 51(3) ¢Zl(4)

— One path is enough.
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Cyclic-Chebyshev lterative Method

e Extrapolation ¢‘

— Jacobi ¢

M 7400 4 g

Jacobi

— Extrapolation

Q) (M () Q) ) (1-1) (" ,(1-2)
$0 = a Vo +(1-a + )00 - gV

— I-th error iteration

¢(|) _ a(l)(-l-¢(|fl) n g)_|_ (1—0(“) n ,B(l))¢(|*l) _ﬁ(|)¢(|*2)

*

Tl =aV (T +9) +(1-aP+ V) -y (¢" : Exactsolution)

NONESMORN(EY F(1-a® 4 gV)el D — pel-D
n n
e =3 pM (4, with e =" cu,
i=1 i=1

— Should minimize the I-th error — Chebyshev polynomial
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Cyclic-Chebyshev lterative Method

— Change of variable i ‘

( A i\

SAVIRRCY |
ANE VA
o) _ Z_: 0 (A )cu, = 277()(7.)Ci“i — \/ \-ﬂ;

. “’(y) T(7) - T
=7 0);77“)( ;) iU %n(')(y):TI'(;):T,(y)for minimization 1=71=% =7

e Recurrence relation of Chebyshev polynomial

T(7)=2yT_ () -T_,(»)

T|(7/) :27T|_1(7) _T|_2(7) 227T|_1(7/0) T|_1(7/) _TI—2(7/0) T|_2(7)
T|(70) T|(7/o) T|(70) T|(7/o) T|—1(7o) T|(70) T|—2(7/o)
- T|1(70) (70)

T,(y)=2y (7 )—— ,(7)

7 T|(7o) k T(7o) "
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Cyclic-Chebyshev lterative Method

e Extrapolation parameters

— Compare two formula

[ - T (70) - T, (7o)
[ho=2r G TG
|

1 =aPayn P )+ (1= )0 P00 - 80P ()

. (1)
T4 (70) a(l)ziTl—l(70)_i i LEJ

T, ()

= " A T(r) A {1) °ﬂWﬂ
TI—Z(l\ /1
B T (70)_ L/?‘lJ
T|(70) T(l\
(%)
-Aftermath
LM —1-2y Tl—l(7/0)+Tl—2(7/0) :1_T|(70)+T|—2(70)+T|—2(70):
i T|(70) T|(7o) T|(7o) T|(7o)
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Cyclic-Chebyshev lterative Method

e Advantage of cyclic iterative method for applying Chebyshev

) () () ) ) (1-1) (" ,(1-2)
$ =@V +(1-a + )00 - gV

:> A0 = 0

¢71(|—2)

5 (1-2)
2

— Do it only for half.

— Convergence ratio

_ 0402

é(l -1)

5(1-1)
2

Pccsi

— Total calculating quantity

| calculate half (each step) ] x|[ calculate double (iteration) | = 1

— Good for not exact o,

(" 1-a"+ " =0)

¢Zl(|)

2 (1)
2

1
- E(wopt -1)
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Consistently Ordered Matrix

Let the N x N matrix A be pa;'tilioned into the form

Ay oo t‘il.q
A=| : =~ | (9-2.1)
Aq‘l -ee A

where 4; ;is an n; x n;submatrix and ny + --- + n, = N.

Definition 9-2.1 The g x g block matrix 4 of (9-2.1) is said to have
Property «f if there exists two disjoint nonempty subsets S and Sy of
{1,2,...,q} such that Sg U Sy = {1,2,...,4} and such that iff 4, ; # O and
i -',p“-'j., then iESl aﬂdjESB or iESg aﬂdjES:.

Definition 9-2.2. The ¢ x g block matrix A of (9-2.1) is said to be consis-
tently ordered if for some t there exist disjoint nonempty subsets S,,..., S,
of {1,2,...,q} such that [ }i-, S; = {1,...,q} and such that if 4; ; # 0 with
i # jand §; is the subset containing i, then jeS;, ifj>iand jeS,_, if
J<L

9.9
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