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Classical Iterative Solution Methods
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Iterative Scheme and Convergence Condition
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Iterative Method in Matrix Form
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Iterative Method in Matrix Form
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Properties of Jacobi Iteration Matrix

1) Jacobi Iteration Matrix with various Iteration Matrix Structure

 Properties of Jacobi Iteration Matrix
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Properties of Jacobi Iteration Matrix

 Point Jacobi Iteration Matrix with C-M㉡
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Properties of Jacobi Iteration Matrix
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Properties of Jacobi Iteration Matrix

2) Diagonal Dominance
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Properties of Jacobi Iteration Matrix

2) Diagonal Dominance - conti.
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Properties of Jacobi Iteration Matrix

3) Eigenvalues of appear in  pairs for the consistent ordering schemeT 
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Properties of SOR Iteration Matrix (1/5)

Let  and  =
J
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Properties of SOR Iteration Matrix (1/5)

Let  and  =
J
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Properties of SOR Iteration Matrix (2/5)

 Gauss Seidel is two times faster than Jacobi.

If 1,   T  is iteration m atrix of G auss se idel 
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Properties of SOR Iteration Matrix (3/5)
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Properties of SOR Iteration Matrix (4/5)

 Proof of Property-conti.

 If <0,  then  is complex. 

2 2

1 <0
4

 
   

 If 0 





1 2

0 * 

* 

2 2

1 =0
4

 
   

   2 2

2 2

1 2
2 4 4 1 1  

 
     

2 2
4 4 0    

 

 

* 2

2 2

* 2

2 2

2 2
1 1 2

1 1

2 2
1 1 1

1 1

 
 

 
 






    


 



     
  

  1
J

T  

 

2
2 2

2 2 2
1 1

2

 
      

 
        
 
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Properties of SOR Iteration Matrix (5/5)

 Proof of Property-conti.

   
2 2

*
1   C hoose sm aller 

2
As

 
    




     

*

2

2

1 1

2

1 1
opt

GS

 

 


 
 



 

  ReR

  ImI

0
1


1


2


2


R iI 

2 2

1 =0
4

 
   

 W hen 
opt

  

2 2
4( 1)   

 
2 2

1
2

 
   

   

 
2 2

1
2

 
  

   1 2

1

1 



  

 



  ReR

  ImI

0

if 0 

R iI 

1 1  

1   

*
1 1 for   


  
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Estimation of 

 Eigenvalue Problem for Iteration Matrix

GS


( ) ( 1)

( 1) ( 2 )

l l

l l

M b N

M b N

 

 



 

 

 

M D L 
1

M N 


 ( ) ( 1)1
: ?

l l
Inverse Power Method M N 






 Solve an arbitrary linear system iteratively

( ) ( 1) ( 1) ( 2 )
( ) ( )

l l l l
M N   

  
  

( ) 1 ( 1) ( 1) ( 1)l l l l
e M Ne Te e

   
   

( )

1

( 1)
( )

l

l

e
M N

e







 Practical way to obtain 

   - perform a few  G-S iteration with b= 0

   - monitor pseudo error reduction, then determine 

GS

GS









SNURPL19

Cyclic-Chebyshev Iterative Method

 Normal Iterative Scheme

A b 

 M N b 

1 ( 1) 1 ( 1)l l
D L D U g 

   
  

( ) ( 1)l l
M N b 


 

( ) 1 ( 1) 1l l
M N M b 

  
 

 
1 ( 1)l

D L U g
 

  

( 1)l
T g


 

 Disadvantage of SOR

 Good performance with 
opt

 Number 

of Iteration

wOptimum value

Very Sharp

 Bad performance when  is out of an ,  even a little.
opt

 

 T ime and cost are needed for obtaining 
opt



for Jacobi
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Cyclic-Chebyshev Iterative Method

 Consistently ordered scheme for Jacobi

 
1

T D L U


  

1 1

1 1 1
1

1 1 1

2 2 2 2 2
2 2

1 1 1

3 3 3 3 33 3

1 1 1

4 44 4 4 4 4

1 1 1
5 5

5 5 5 5 5

1 1 1
6 6

6 6 6 6 6

1 17
7 7 7

0
0

00

00

0 0

0 0

0
0

0
0

D D U
U

D D L D UL U

D D L D UL U

L UD D L D U

L UD D L D U

L U
D D L D U

L
D D L

 

  

  

  

  

  

 

   
    
   
   
   
      
   
   
   
    

   



















0 5 10 15 20 25

0

5

10

15

20

25

nz = 105
0 5 10 15 20 25

0

5

10

15

20

25

nz = 105

 Natural ordering for Line Jacobi  Cuthill-M ckee ordering  
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Cyclic-Chebyshev Iterative Method

 Solution vector of consistently ordered scheme for Jacobi

0 5 10 15 20 25

0

5

10

15

20

25

nz = 105

0 5 10 15 20 25

0

5

10

15

20

25

nz = 105

 Natural ordering for Line Jacobi  Cuthill-M ckee ordering  

1

1

1

2

2

2 1
3

3

4

m

m

m

m

m











 










 
  

 
  

 
  

 
     
 

 
  

 
  

 
  

 
     
 

    
 

  
 

  
 

     
 

 
 

 
 

 
 

 
 

 
 

  
 

 1 1

2

2

3

4

5
3

6

4

5

 

















  
  

    
    
 

  
   
   
    
    
  
  
  
  
  
  

   
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Cyclic-Chebyshev Iterative Method

 Change the sequence of variables

( ) ( 1)

( ) 1 ( 1) 1 ( 1)

1 1

l l

l l l

i i i i i i i

T g

D L D U g

 

  



   

 

 

  

1

1 11 1

1 1

2 22 2 2 2

1 1

3 33 3 3 3

1 1

4 4 4 44 4

1 1

5 5 5 55 5

1 1

6 6 6 66 6

1

7 77 7

0

0

0

0

0

0

0

D U

D L D U

D L D U

D L D U

D L D U

D L D U

D L

 

 

 

 

 

 

 



 

 

 

 

 



    
    
    
    
    
     
    
    
    
    
    
       

g

1 11 2

2 22 1

0

0

T g

T g

 

 

      
       
      

1

1 1 1 2 1

1 1

3 3 3 2 3 3 4 3

1 1

5 5 5 4 5 5 6 5

D U g

D L D U g

D L D U g

 

  

  



 

 

  
 

   

 
   

 
 

1
1 21 1

1 1
3 43 3 3 3

1 1
5 65 5 5 5

1
7 7 7 1

1 1
2 2 2 22 3

1 1
4 4 4 44

1 1
6 6 6 66

0

D U

D L D U

D L D U

D L

D L D U

D L D U

D L D U

 

 

 

 

 

 





 

 



 

 

 

     
     
     
     
       
        
    
    
    
    
      

5

6

g



 
 
 
 
 
 

  
  
  
  
  
  
  
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Cyclic-Chebyshev Iterative Method

 Change the order of variables

1 11 2

2 22 1

0

0

T g

T g

 

 

      
       
      

(0)
1

(0)
2

(1)
1

(1)
2

(2)
2

(3)
2

(2)
1

(3)
1

(4)
1

(4)
2

( ) ( 1)

1 1 2 1

( ) ( 1)

2 2 1 2

l l

l l

T g

T g

 

 





  
 

 

One path is en . ough

 Cyclic iterative method ( advangtage of consistently ordering )
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Cyclic-Chebyshev Iterative Method

 Extrapolation

( ) ( 1)l l

Jacobi
T g 


 

 ( ) ( ) ( ) ( ) ( ) ( 1) ( ) ( 2 )
1

l l l l l l l l

Jacobi
       

 
    

   

   

 

( ) ( ) ( 1) ( ) ( ) ( 1) ( ) ( 2 )

* ( ) * ( ) ( ) * ( ) *

( ) ( ) ( 1) ( ) ( ) ( 1) ( ) ( 2 )

1

    1      

              1  

l l l l l l l l

l l l l

l l l l l l l l

T g

T g

e Te e e

       

       

   

  

  

     

      

    

 Jacobi

 Extrapolation

 -th errorl

 Should minimize the -th error   Chebyshev polynomiall 

 *
 :  Exact solution

iteration



*

( 2)l 

( 1)l 

( )l

Jacobi

( )l

( ) ( )

1

( )

n

l l

i i i

i

e p c u



 
(0 )

1

n

i i

i

with e c u




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Cyclic-Chebyshev Iterative Method

1

0

1

 =   ,  
1

=i

i









 
 
 

1

0

1

1



1

1

1

1





 

1.0

11

 Change of variable

( ) ( ) ( )

1 1

( ) ( )

n n

l l l

i i i i i i

i i

e p c u c u  

 

  

( )

( )

0 ( )

01

( )
( )

( )

n l

l i

i il

i

c u
 

 
 



   
 

 
 

( )

1

ll

l

l

T
T

T


  


   for minimization

 Recurrence relation of Chebyshev polynomial

 

 

 

 

1 0 2 0

1 2

0 0

( ) 2 ( ) ( )
l l

l l l

l l

T T
T T T

T T

 
   

 

 

 
 

     

1 2

0 0 0

( ) ( ) ( )
2

l l l

l l l

T T T

T T T

  


  

 
 

1 2
( ) 2 ( ) ( )

l l l
T T T   

 
 

 

   

 

   

1 0

1 0

21 2

0

0

20 0

( ) ( )
2

l

l

l l

ll

l

l

TT TT

TT TT

 


 






  







 



SNURPL26

Cyclic-Chebyshev Iterative Method

 

 

 

 

 

1 0 2 0

1 2

0 0

( ) ( ) ( 1) ( 1)( ) ( ) ( ) ( 2 )

1

( ) 2 ( ) ( )

( ) ( ) ( ) )1 (

l l

l l l

l l

l l l l ll l l

T T
T T T

T T

 
  

 

         



  

 

 

  
 


 




  

 

 

1 0( )

1

0

2
ll

l

T

T


 






 

 

 

 

1 0 2 0( ) ( )

0

0 0

1 1 2
l ll l

l l

T T

T T

 
  

 

 
    

 

 

2

2 0 1( )

0

1

1

1

l

ll

l

l

T
T

T
T

 










 
 
 

 
 
 
 

 

 

1

1 0 1( )

1 0 1

1

1

2 2

1

l

ll

l

l

T
T

T
T

 


  







 
 
 

 
 
 
 

 Extrapolation parameters

 Compare two formula

   

 

 

 

0 2 0 2 0

0 0

1 0
l l l

l l

T T T

T T

  

 

 


   

-Aftermath

 

 

1 0

0

0

2
l

l

T

T








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Cyclic-Chebyshev Iterative Method
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 Advantage of cyclic iterative method for applying Chebyshev
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Consistently Ordered Matrix


