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SOME DEFINITIONS

Let A be an n x n matrix and consider
AX = AX (1)

A, such that (1) has solution x = 0 is an eigenvalue or
characteristic value of A.

X are eigenvectors or characteristic vectors of A.
= The spectrum of A is the set of eigenvalues of A,
= max| A | Is the spectral radius of A.

= The set of eigenvectors corresponding to A (including 0) is
the eigenspace of A for A.

3
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SOME DEFINITIONS (cont)

B.D. Youn
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Homogeneous linear system in Xy, X,

| — Cramer's theorem

D(A) = det(A-Al) =0
D() is the characteristic determinant, and

D(2\) = 0 is the characteristic equation
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DETERMINATION OF
EIGENVALUES AND EIGENVECTORS

» Example

_ -5 2 2X1 + (_2_7‘))(2 =0
A =
2 -2
-5  2||X X —
AX = X - S (A-%D)x =0
2 -2|| X, X, 53 )
del (A—}ﬂ) = ‘ ) _Z_K‘
-5X, + 2X, = LX; (
= (-5-1)-(-2-2) - 4

2X, = 2X, = LX,

(-5-3)x, + 2 0 =)\ +7.+6=0
—9— A X X, =
L A = 49-(4)(6) = 25
2%, + (-2-2)x, = 0 et
A= - A =-1 -6
2
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DETERMINATION OF
EIGENVALUES AND EIGENVECTORS (cont)

Eigenvector for A = -1

(-5+Dx, + 2x, = 0
2x, + (-2+1x, = O
-4x;, + 2x, = 0
2X, - X, = 0
-2X, + X, = 0

&Y
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DETERMINATION OF

EIGENVALUES AND EIGENVECTORS (cont)

Eigenvector for A = -6

(-5+6)x, + 2%, = 0

2X, + (— 2+ 6)X2 = 0
(-)x, + (-12x, = (-1)0
2X, + 4x, = 0
X, + 2x, = 0
X, = —2X,
-2
o
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EIGENVALUES

B.D. Youn
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The eigenvalues of a square matrix A are the roots of the

characteristic equation
D(A)=0

An n x n matrix has at least one eigenvalue and at most
n different eigenvalues
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EIGENVECTORS

If X Is an eigenvector of a matrix A corresponding to an
eigenvalue A, so Is kx with any k = 0.

Proof:
AX = AX

K(AX) = kAx
A(kx) = A(kx)

B.D. Youn
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PROBLEM

Find the eigenvalues and eigenvectors for

B.D. Youn
2010

2 2
A=| 2 1
-1 -2
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MULTIPLICITY

The algebraic multiplicity is the order M, of A in the
characteristic polynomial.

The geometric multiplicity of A is the number of linearly
Independent vectors corresponding to A. (mA).

ZMK:n

m, <M
K12 A

A, =M, —m, (defectof 1)

B.D. Youn
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APPLICATIONS — Markov Process

Suppose that the 2004 state of land use in a city of 60 mi? of built-up area is
i Commercially Used 25% T Industnally TTsed 20%  E: Eesidentially TTsed 55%

FromC Froml FromR

[ ().7 0.1 0 To C
A=102 (.9 0.2 Tol
| 0.1 0 0.8 To R

The eigenvalue problem can be used to identify the limit state of the process,
In which the state vector x is reproduced under the multiplication by the
stochastic matrix A governing the process, that is, AX=x.

03 01 0] the limit state of the process

A-TI= 02 =01 0.2 » =2 6 1].'.

01 0 —02

B.D. Youn
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APPLICATIONS

A limit is reached iIf x = ATx

« AT should have eigenvalue 1

A and A" have same eigenvalue

* A sshould have eigenvalue 1

We can show VT =[1 1 1]"is an eigenvector corresponding
tor=1

B.D. Youn
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SYMMETRIC, SKEW SYMMETRIC,

ORTHOGONAL MATRIES

Definitions

A real square matric nxn

is symmetric if AT = A

is skew-symmetric if AT = -A
is orthogonal if AT = Al

Any real square matrix A

The eigenvalues of a symmetric matrix are real

A=R+S
R:%(A+AT)

S:%(A—AT)

The eigenvalues of a skew-symmetric matrix are pure imaginary

or O.

(Proof Later).
&
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ORTHOGONAL
TRANSFORMATIONS AND MATRIES

Y =Ax, Aisorthogonal

Example: Plane rotation through 6.

{yl} {cose —sin GHM}
y: = ]
Yo SinG  cosO || X,

« An orthogonal transformation preserves the value of

the inner-product of vectors
a-b=a'b

(a, b are column vectors)

B.D. Youn
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ORTHOGONAL

TRANSFORMATIONS AND MATRIES (cont)

Hence, It also preserves the length or norm of a vector:

la|=\a-a =42 a

Proof:
u=Aa A, orthogonal

v=Ab
We need to show u-v=ab
u =(Aa) =aTAT
ATA=ATA=I
u-v=u'v=a'ATAb=a'AAb

—a'b=a-b

B.D. Youn
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ORTHONORMALITY OF
COLUMN AND ROW VECTORS

A real square matrix is orthogonal iff its column vectors
a,, ..., a, (and also its row vectors) form an orthonormal

system

0 if j=k
ouma] =]

R 1 if j=k

B.D. Youn
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ORTHONORMALITY OF
COLUMN AND ROW VECTORS

Proof: A is orthogonal

%
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55,4
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L= W4
Rl
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DETERMINANT OF AN ORTHOGONAL MATRIX

The determinant of an orthogonal matrix is +1 or -1

Proof:

det(A-B)=det(B-A)=det A-detB
det (ATiz det A
1= det A-A‘l)
= det A-AT)
=detA-detA'
= (det A Y
detA=+1

e
S

B.D. Youn
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DETERMINANT OF AN ORTHOGONAL MATRIX

The eigenvalues of an orthogonal matrix A are real or complex
conjugate in pairs and have absolute value = 1

(|| =1 proved later)

The orthogonal matrix in Example 1 has the characteristic equation
242, 2
A EN L EA-1=0
3 3

Now one of the eigenvalues must be real (why?). hence +1 or —1. Trying, we find —1. Division by A + 1

gives —(1% — 5)/3 + 1) = 0 and the two eigenvalues (5 | jﬁ ], i 6 and (5 - iﬁ ], { 6, which have

absolute value 1. Verify all of this.

QLEDP
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COMPLEX MATRICES:
HERMITIAN, SKEW-HERMITIAN, UNITARY

Definitions:
A square matrix A = [a;] Is

e Hermitian if AT =A Symmetric
*  Skew—Hermitianif A’ =-A mp Skew-symmetric
*  Unitaryif Al =A" Orthogonal

B.D. Youn
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COMPLEX MATRICES: HERMITIAN,

SKEW-HERMITIAN, UNITARY (cont)

* If Aishermitiana;;=a;; — diagonal elementsare real

* If Aisskew -hermitiana;; =—aj; — diagonal elements are pure imaginary

® If a hermitian matrixisreal A" = AT = A — symmetric
* If askew - hermitian matrixisreal AT = AT = —A — skew - symmetric

° If a matrix is real and unitary, AT = AT = A™ - orthogonal

I E E E— E — —  ———————————————————————————————————————— ‘Q,A‘\
B.D. Youn
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EIGENVALUES

B.D. Youn
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Theorem:
* The eigenvalues of a Hermitian matrix are real.

e The eigenvalues of a skew-Hermitian matrix are
pure imaginary or 0.

* The eigenvalues of a unitary matrix have absolute
value of ""1"".

Engineering Mathematics II Module 2 23
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EIGENVALUES (cont)

Proof: Let A be an eigenvalue of A, X be a corresponding

eigenvector.
AX = AX

(a) Assume A is Hermitian

XTAX =X AX = AX ' X

_Xl_
_ - _ X
XTX:[Xl X2 e Xn] .2
| Xn |
:¥1X1+"'+¥nxn
o 12 2
bl -+
#0 sincex=0 MR
B.D. Youn o _ 5?@@‘3«
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EIGENVALUES (cont)

B.D. Youn
2010

YTAX
A= —
X' X

A is real if X' Axis real

T
X T AX = (YTAX)
\_ﬁ/_J

number

= xTATx

—xAX = (YTAX)

Hermitian: A' =A or A=A'

Engineering Mathematics II Module 2
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EIGENVALUES (cont)

(b) If Ais skew-Hermitian

oT
A= X_f‘ X since we made no use of propertry.
X' X
T
X AX = (YTAX)
=x"ATX
=-XTAX = —(XTAx)
Al =-A

(c) If Ais unitary
Ax=2x and (AX) =[x ) =%x"

¥ ]
P4
2
A1
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EIGENVALUES (cont)

Multiplying:

(A%)" Ax =1 xXTAx
= AAX"X
—[ A X"

(Ax)' Ax=xT ATAx
=X AtAx=x"x

[ =1
B.D. Youn Engineering Mathematics I Module 2

2010
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FORMS

B.D.
2010

Forms:

X' A'xiscalleda formin Xy, ..., X, and A is its coefficient matrix.

Example: (n=2)

dp; dp

X' Ax =X, Yz]{a“ alz}{

=[x, %,

= a71X1Xq +812X1Xo + 81X X1 +825X9X)

Youn . ) )
Engineering Mathematics II

X1
X |

_ ] |:allxl +a19Xo
dp1Xq +agpXo
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FORMS (cont)

In general

<T ATy :ZXTainj :ZZ\.YTI i X :ZZYi 8jj X
j ]

]
If x and A are real
—T . v, _
XTAX=) > ajX;X;
jooi
Quadratic form.

We can assume A symmetric.

B.D. Youn
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QUADRATIC FORM

laij + ;i ) laij + ;i )
aini Xj-l—aji Xj Xi = Xin-l— Xj Xi
2 2
Example:
3 41| X
XTAx=[x; X,] !
6 2| X,

I, XZ]{

= Xq (3Xq +4X, )+ X, (6X4 +2X5)

3X1 +4X5
6X, +2X,

= 3x12 +4X1X5 + 06X X5 + 2x§
:3x12 +10x4X5 +2x§

= 3x1‘2 +9X1 X5 +9X1 Xy + 2x§

bl gl

I E E E— E — —  ———————————————————————————————————————— (>
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QUADRATIC FORM (cont)

If A i1s Hermitian or skew-Hermitian; the form is called Hermitian
or skew-Hermitian form.

Theorem:

For every choice of x, the value of an Hermitian form is real,
and the value of a skew-Hermitian form is pure imaginary or 0.

Proof: Homework 1 (week 7)

Properties of Unitary Matrices — Complex Vector Space C".

Inner Product:

—
a-b=a'b
UED
)
Y ¥,
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QUADRATIC FORM (cont)

B.D. Youn

2010

Length or Norm

la|=ya-a =43 -a=yaa,+3,8,+-+8,a,
= 2y +-+]an

Theorem:

A unitary transformation, y = Ax, A unitary, preserves the
value of the inner product and the norm.

Proof:
u-v=u'v= (A a) (Ab)= (E)T (Ab)=a' ATAb
—a' A2Ab=a'b=a-b

Engineering Mathematics II Module 2 32
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QUADRATIC FORM (cont)

Theorem:

A square matrix is unitary Iff its column vectors (row vectors)
form a unitary system, I.e.,

Proof: . 1 j=k
j j Ak =

a;a, =a
< 0 j=k
Theorem:
The determinant of a unitary matrix has absolute value 1.

Proof:
1= det (A-A‘l): det (A-KT): det A - det (KT): det A-det (A)

:detA-detAz\detA\2

B.D. Youn
2010
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SIMULARITY OF MATRICES-BASIS OF
EIGENVECTORS-DIAGONALIATION

Similarity of Matrices:

An nxn matrix Ais calledsimilar toan n x n matrix A if

N

A=P'AP
for some (non singular)n x n matrix P.

B.D. Youn
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EIGENVALUES AND EIGENVECTORS
OF SIMILAR MATRICES

FaN

A - A
Similarity
Transfornation

If Aissimilar to A, then A has same eigenvalues as A.
Furthermore, if x is an eigenvector of A, y=Px isan

eigenvector of A corresponding to the same eigenvalue.

B.D. Youn
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EIGENVALUES AND EIGENVECTORS

OF SIMILAR MATRICES (cont)

Proof: AX =X Aaneigenvalue x =0

P'Ax=P*APP'x

-1
= AP X
-1
= AP X
AP "X=AP X
—
y
Ay = Ay
DULETN®
2010 Engineering Mathematics Il Module ,‘i?z\;vias(



PROPERTIES OF EIGENVECTORS

Linear Independence

Let A,, A,, ..., A, be distinct eigenvalues of an n x n matrix.
The corresponding eigenvectors are linearly independent.

Proof

Suppose it is not the case. Letr be such that {x,, ..., X;}
linearly independent.

r<n

=,
>
Sy
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PROPERTIES OF EIGENVECTORS

{X1, X5, ..., X, X4, } 1S linearly dependent.

B.D. Youn
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ic¢,,¢C,, -, C,,, notallzerosuch that:
Cy Xy +Co Xy +-++C, X, +C,,1 X,;, =0
A(C X, +Cy Xy + -+ C, X, +C, 4 X, )= A(0)
C, AX;+C, AX, +---4+C, AX, +C,,; AX,; =0
CoLAX +Co A, Xg 4+ +C A X, +C g Ay X1 =0
Aoy (C X +Cy Xy 4-4C, X, +C g X,y =0)—
(CL A Xy + -+ 4 Cryg Ay %pig =0)
Cy (ﬂ“r+1 _/lll)xl T+ G (/1r+1 _ﬂ’l)xr =0
c,=0=c,=---=cC,

c =0 — x.,#0 sinceitisaneigenvector. So,c,,, =

r+1 r+1

X,y =0 which is a contradiction

Engineering Mathematics II Module 2 38
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BASIS OF EIGENVECTORS

If an n x n matrix A has n distinct eigenvalues, then A has a
basis of eigenvectors.

A Hermitian, skew-Hermitian or unitary matrix has a basis of
eigenvectors that Is a unitary system. A symmetric matrix has
an orthonormnal basis of eigenvectors.

(not proved here)

B.D.
2010
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DIAGONALIZATION

If an n x n matrix A has a basis of eigenvectors then
D = X*AX

Is diagonal with the eigenvalues of A or the diagonal. X is the
matrix of eigenvectors as column vectors.

D™= X"'A™X
For example,

D?=D-D=X"AX - X TAX = X TA%X

B.D. Youn

2010
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DIAGONALIZATION

Example: Diagonalize
73 02 =37 A =30 =40, =0
A=|-115 10 55 - ‘
177 18 =93 -1 [ 1] [2]
3, | =1 |1
-1 | 3| |4
—07 02 03]|[-3 -4 300
D=X"'AX=| —-13 —02 07 9 4 =0 =4 0
08 02 -02 -3 —12 0 00
B.D. Youn
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TRANSFORMATION OF
FORMS TO PRINCIPAL AXES

Explained for quadratic forms
Q= X T AX
We assume: A Is symmetric
— A has an orthonormal basis of n eigenvectors.
X 1s orthogonal
— xl_oxT
D=X"'AX — XD=AX
A =XDX ™ =XDX'

S
5 A

!
N

S

B

E2
O
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TRANSFORMATION OF
FORMS TO PRINCIPAL AXES (cont)

Q=x"Ax=x'XDX x =x"XDXx
Set y:XBg y:X4x = Xy=X

And XX = (XTX)T =yl = X'x=y

M Y1
T Ao :
Q=y'Dy=[y;-Yy]
i Ao LY.
MYy |
LYo
Q=[y1 y2 - Vnl
i MnYn
=Myt +hoY5 + -+ hnYy
5\,_;4“"*5.:.3
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