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4.1 2DOF Bicycle Model

« Assumption of 2DOF Bicycle Model
1) Longitudinal speed is Constant (a, =0, A =0 )
2) Body slip angle is sufficiently small. ( f=v,/v,, sing; =0, cosd; =1)

3) Left and right slip angles are identical. ( @y =& =Qg, &, =0, =y )

* y-axis Motion Dynamic Equation

> F =m-a =mv, - (B+y)=2-F, +2-F,

 yaw-axis Motion Dynamic Equation

dYM,=H,=1,y=21-F, -2 -F,

« Dynamic Equation of 2DOF Bicycle Model m-a ‘_‘?—X*
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4.2 Linear Lateral Tire Model ‘ /—-

e Linear Tire Slip Angle at Low Slip Angle
tand=0 if (0<1)

Front Slip Angle

v, +1 -y
a, =5, -0=75, —tan' L — iy

Front Tire
Rear Slip Angle
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a =-0=-tan' L ——— = —
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Rear Tire



4.2 Linear Lateral Tire Model

e Linear Lateral Tire Force at Low Slip Angle

Front Slip Angle
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Where, C. = Cornering Stiffness .
: g Linear Lateral Tire Force
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4.3 State Equation of 2 DOF Bicycle Model

e Dynamic Equation of 2DOF Bicycle Model

« y-axis Motion Dynamic Equation

Y F, =m-a,=m-v,-(B+y)=2-F, +2-F,

vV, +1. -y v, —I| -
:2.Cf.[5f_y—fl//j+2.cr.(_ y vV

\' \'

X X

« yaw-axis Motion Dynamic Equation

M, =H,=1,-y=21-F,-2:1-F

r yr

v, +1. -y :
=21, -C, .(gf _Y—“W]_z.h .C, .(_—

* Define state = [Body Side Slip Angle, Yaw Rate]
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4.3 State Equation of 2 DOF Bicycle Model

* Define state = [Body Side Slip Angle, Yaw Rate]

o

« State Equation of 2DOF Bicycle Model

2(C, +C 21, -C, -1 -C 2-C
. . ( f r). n _1_ (f f 2r r) 'W"‘ f'§f
_ {ﬂ} m-v, m-v, mv,
X = =
o7 20 cm0) At | 2e
| Iz Iz'Vx z |
2(C, +C,) 2, -C, ~1,-C)] 2.C.
m-v, m-v,’ V;; mv,
= . +
2(,-C,-1.-Cy  20.2-C.+12.C) | v ] | 211, -C,
Iz Iz'Vx ] Iz




4.3 State Equation of 2 DOF Bicycle Model
- state = [Body Side Slip Angle, Yaw Rate] x=[8 y]'

- Lateral Speed: Vv, =V, [
 Yaw Angle: ¥ = _‘-l/)dt

* X Position: X = X, +J'vX -COSy —V, -Sinydt

*Y Position: Y=Y, + _[vx -Siny +Vv, -cosydt

-

Global Y coordinate

—l\
2

—
Global X coordinate



4.4 Consideration of road bank angle

m-g

(

« y-axis Motion Dynamic Equation

Y F =m-a,=mv,-(B+y)=2-F, +2-F, - F_,

Where, F_,. = m-g-sin(4,)
¢. = Road Bank Angle

 yaw-axis Motion Dynamic Equation

dM,=H,=1,y=21-F;-2:1-F,

« State Equation considering of road bank angle
A ~Zsin(g)| (B

X=A-]" |+B-d; +| V, =A-|" |+B-5;, +w,(4,)
4 0 4

wg (40)

Where, W, (@.) denotes the disturbance term by road bank angle.



45 Consideration of Crosswind disturbance

« Factors of Crosswind Disturbance

1) Air density

2) Relative velocity of crosswind to vehicle
3) Vehicle frontal area

4) Crosswind lateral force coefficient

/ Crosswind yaw moment coefficient

1) Air density
- 1.225 kgm™

under 1 atm, 20 degrees Celsius
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45 Consideration of Crosswind disturbance

2) Relative velocity of crosswind to vehicle

Vr =Vecw —Vx
T
Vi =VE Ve, — 20V, Vg, -cos(a—z//j

From cosine 2'nd law

Vv, Sin (ﬂ—l//j
=sin’ 2

Y

r

airflow side slip [

T
=—+4 v —
ﬁzl//
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45 Consideration of Crosswind disturbance

3) Vehicle frontal area

J
=

V

=

Crosswind drag force acts on the vehicle in lateral direction

2.15m*
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45 Consideration of Crosswind disturbance

4) Crosswind lateral force coefficient / Crosswind yaw moment coefficient

Lateral force/yaw moment coefficient due to vehicle side shape
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airflow side slip airflow side slip

2009 Abe, Masato "Vehicle Handling Dynamics : Theory and Application,
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4.5 Consideration of Crosswind disturbance

o Crosswind Lateral Force / Yaw Moment

v, =crosswind velocity relative to vehicle

Foy = %pCferA o = density of air

C, =lateral force coefficient
C, = yaw moment coefficient
A= front area of the vehicle
| = wheel base

M z,CW — Cn gIAVrZ
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45 Consideration of Crosswind disturbance

« Total Lateral Effects including Crosswind Disturbance acting on Bicycle Model

« y-axis Motion Dynamic Equation

> F, -m-v (B +y) = 2F, +2F, +Fg,

« yaw-axis Motion Dynamic Equation

DM, =l =2F, -1, -2F, -1, + M,

Linear Slip angle

|, -y | -u
f W) o =[x /4
\' V

X X

a; =6; —(B+

Linear Lateral forces

F: =C;a; F,.=C.a
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4.5 Consideration of Crosswind disturbance

« Modified State Equation of 2DOF Bicycle Model under crosswind disturbance

2(C, +C 2(1. -C. -1 -C 2-C
' . ( f r)'ﬂ+ 1- (f f 2r r) 'l/)+ f-5f+FCW
_ {ﬂ} m-v, m-v, mv, mv,
X = =
v] | 20,-C-I-C) _2(|f2-cf+|r2-cr)'w+2 L Co o Mg,
I |, |-V, | o,
2(C; +C,)) 2(|f'Cf_|r°Cr)_ | 2:-C,
m-v, m-v’ V;; mv,
= 5 2 . + 5f+
22(,-C-1-C)  2(1°-Ci+17-C) | Ly ] |2 | -C,
Iz Iz'Vx ] L Iz

= AX+BJ; + B, {

Fow }
M Cw
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4.6 Consideration of both road bank angle and Crosswind

* y-axis Motion Dynamic Equation
ZFy:m.ay:m-VX°(,B+W):2-Fyf+2-Fyr—Fbank+FCW m

Where, F,. =  m-g-sin(4,)
@ = Road Bank Angle
Fow = %pcfvrzA
v, = crosswind velocity relative to vehicle

 yaw-axis Motion Dynamic Equation

M, =H,=1,y=21-F,-2:1,-F, + M,

Where, M, ., =Cn§|AV}2

« State Equation considering of both road bank angle and cross wind

g 1 - . -
—— —— 0 ]sin
i 4,)
X=AX+Bo; + Ll Fow |= AX+Bo; +B, -w,
g
v, 0 mE Mew |

Where, W, denotes the disturbance term by both road bank angle and cross wind. 1



5. Understeer/oversteer
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5. Understeer/oversteer

 Lateral Force and Yaw Moment Balance
Dynamic Equation for steady state (V, =y =0)

m-v -y = 2-F;+2-F,
0=  2:1,-F, -2 -F,
SF ' my .y F—I—fme
() T T 2 +)

A Lateral Tire Force for steady state

2F 2F

yr

vt 7

e
m'vx'l/)

Top View y
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5. Understeer/oversteer

« Vertical Force Balance (No Suspension Dynamics)
Dynamic Equation for steady state (v, =6=0)
m-g= 2-F,+2-F,
0= 2l.-F,-2l.-F

r

|
= F, :I—fm-g, F=——" _m-g

2(1; +1,) o2l +1)
A \ertical Tire Force for steady state

« Relation between Lateral and Vertical Tire Force for steady state

I:yf _ Fyr :Vx'l/)

—
sz Fz.

Side View



5. Understeer/oversteer

« Relation of front and rear slip angles
e Linear Tire Slip Angle at Low Slip Angle
v, +1 -y v, =l -y
a; =0 - L W, a, =———— v

r

Y Y

X X

« Relation of front and rear slip angles

v, +1; -l//+Vy—|r-l//

VX VX
v
=0, = (I +1,) =
VX
B I, +1,
= f_
yo,
. + 1,
yo,
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e Slip Angle for Steady State

Fyi =C, -

A Linear Tire Model

m—p

o Under Steer Coefficient

F B |, m-v -y (F _ | o
c, “2(l,+1) ¢, TR
F | ' =) I

yro_ f m-v, v F,=—F——m-V ¥
¢, 2(,+1) ¢ 21+

A Lateral Tire Force for steady state

. +1,
O = +ta; -a,
Yo,
If+|r Ir m.vx°l/j If m-v, -y
= + —
p 2(1, +1,) C, 2(1,+1,) C,
I+l | -m l-m ) |
= + ’ — v, -
P 2(1, +1,)-C, 2(|f+|r)-c,J v
.+ 1, s Fi F, | v, v
N N | +1 V2
IO Cf Cr g :>5f: f r+Kus° X
If+|r sz Fzr Vf IO g.p
= + —
P Cf Cr g-p

Where, K . Is under steer coefficient.
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5. Understeer/oversteer

o Under Steer Coefficient

L Vs
§f =—+ Kus —
P g-p
Neutral Steer (K, =0)
_ L
P 5,

Under Steer ( K, >0)

RN
Jo, 5 kL+Kus g)>5f

Over Steer ( K <0)

2
p:i.[HKUS.V_x}L
Oy g) o

Where, KUS =

sz
C f

F

r

C

r
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5. Understeer/oversteer

Neutral Steer ( K, =0 )
Oy Under steer (G DO
Under Steer ( K, >0 ) —
2
P=i°(|—+Kus'v—xj>L Over steer
O; g O; Kus <0
Neutral steer P

K,=0

us

Over Steer ( K <0)

2
p:i.(HKUS.V_x}L
Oy g) o
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o Under Steer Coefficient
L vy F
5f =+ Kus . Where, K-u-s _ # I:zr
P g-p C, C,

« Characteristic Speed
- The speed at which the steer angle required to negotiate a turn is equal to —

Jo,
2L L V2
o= Kus _~char_ :>Vchar _ Lg
L P g-p K
e Critical Speed
- The speed at which the steer angle required to negotiate any turn is zero
P g g g y
L V2 L
0=—+ Kus —char. :>Vcrit = —g
P g-p _Kus
deg (r)asvchar 2L
10 — - understeer yo,
(5,) K, = 0.00175 rad (1°)
% 0.1 neutral steer L
% 5 L - Kus ZO p
o) oversteer
= K, =—0.035rad (-2°)
0 = 05 50 100 150

Where, p=30m, L=3m Speed (km/h)



Understeer/oversteer according to Vehicle Parameter

« Under Steer Coefficient _ _
V¥ Vertical Tire Force for steady state
K _FZf_Fzr_ Ir_lf .m'g ( |
us - ——''m.
C, C |C C | 2L Fy =M
<
I
* Assuming that C, =C,_=C, F :Im g
F
us . i_(Ir_f) Y
C, C, 2-C.-L
if(l, =1)
(1 _y\..M9 _ .
Ky _(Ir If) 2.C.-L =0 ||» Neutral Steer Vehicle
if (I, <I.)
m-g
K =(I.-1,). >0 » -
us (r f) 2.C.-L || Under Steer Vehicle
if(l, >1)

Ky :(Ir — I ) 2.rr(1:-qL <0 ||» Over Steer Vehicle
26



Understeer/oversteer according to Vehicle Parameter

.. 5000 —— :
o Under Steer Coefficient Front Tire
— — -Rear Tire
Z.,4000 |
Ir If m-g 8
Kus = o ) 5
Cf Cr 2L LL 3000 ]
(D)
I Y A
: . 'S 2000 i
« Assuming that: (i) I, =1 =1, g C; =C,
|
(i) C, =C, 1000 i
if (Cf = CI’) 0 ] . 1

C -C. )| 0 2 gI'A6|[;jE]3 10 12
& =G ] liomg . ip Angle [deg
K“S _[ (;f ‘C.r j 2L =0 |I» Neutral Steer Vehicle A Linear Lateral Tire Force

if (C, <C,)

C, -C .m-
K, =] —— Jom-g >0 ||» Under Steer Vehicle
c..C | oL

if (C, >C,)

C,-C; ) I-m-
K, :( 3 -C: J ! o J <0 ||» Over Steer Vehicle

27



5. Understeer/oversteer

» Over Steer Vehicle

- not desirable from a directional stability point of view

» Under Steer Vehicle

- It is considered desirable for a road vehicle to have a small degree of understeer
up to a certain level of lateral acceleration, such as 0.4g.

e

c

Under steer coefficient

50

S

Variation of understeer coefficient with lateral
acceleration of various types of car.

1 A conventinal front engine/rear-wheel-drive car
2 A European front engine/front-wheel-drive car

3 A European rear engine rear-wheel-drive car

4 An American rear engine/rear-wheel-drive car

0O 0.1 0.2 03 0.4 0.5

Lateral acceleration (Q) 28



