Part.1
Lateral Vehicle Dynamics

1. Vehicle Dynamic Model

2. Planar Model

3. Tire Models

4.  Bicycle Model

5. Understeer/oversteer

Dynamic model in terms of error w.r.t. road

lane keeping model
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Vehicle Stability Control



6. Dynamic model in terms of error w.r.t. road



6. Dynamic model in terms of error w.r.t. road

Desired Path
 State definition :

= Lateral Position Error( y, )
Ay, =V, At +V, ‘At‘(W_Wd)
yr :Vy +VX °(W_'7[/d)

>
Global X




6. Dynamic model in terms of error w.r.t. road

« 2-DOF Bicycle model : e Linearization of Lateral Tire Model
If : Ir : = Front Lateral Tire Force
€ > > | v
i Vy 1y

Fi =C; (65 _¥)

? Yo +1; (7 —vy) -

=C, {J; - +(y-w,)——-
lZFyr ¢ {6, v, (v —yy) v, Vet

» Rear Lateral Tire Force

v _Ir'w
F, :Cr.(_vv—)
e Dynamic Equation of Bicycle model L
—I (v — I, .
=C, {- e o \fl// l/jd)+(‘//_‘//d)+v_r'§//d}
Y F,=m-a,=m-(V,+v,-y)=2-F; +2-F, x x

DM, =1, y=21-F,-2: -F,



« y-axis Motion Dynamic Equation

b ol E « State definition :
. +2- . . . AT
V, +V, oy = yfm " x=[y, ¥, wv-wq v-yql
T
| . 2.F,+2.F, =[x % X x]
Vy+vx (l//_l//d)z —Vy ¥y
S‘i:
« Substituting the linear tire model into the above equation
(2.C y, + 1 —yy) . |
f'{5f_ f Ly —vy)—— v,
. . . .o m X VX .
VY+VX'(W_I//d):yr: 2 C . I ( . ) | _Vx'l//d
+ r.{_yr r v l//d +(V/_V/d)+_r'l/]d}
om v, v, .
[ 2.(C,+C)) . 2-(C. +C) 2-(I.-C,-I.-C) , . .
- (W —y,) - (¥ =)
m-v, m m-v,
=
2-C 2-(1.-C, -1 -C
+ f.5f +£_VX_ (f f r r)j.wd
| m m-v,
( 2'(Cf+Cr) 2'(Cf+Cr) 2'(If'cf_|r'cr) |
- X, + Xy — ‘X,
' m-v, m m-v,
X, =1
.C, ( 2-(|f-cf—|r-cr)J ,
T O |V, — Wy
m m-v, )

-



e vaw-axis Motion Dynamic Equation
Y Y .  State definition :

--:Z'If'Fyf_z'Ir'Fyr X:[yr Yr W=V, l/}_l/]d]T

v l, =[x % % x|
. 2,-F,-2.1-F, . oo
A ' | —Vy

z
« Substituting the linear tire model into the above equation
. 2|f 2 Ir
V—yy = I 'Fyf_ I 'Fyr_l//d
2:1,-C o+ (0 —y,) .
. -y v}
_ z Vx Vx
2:1C oy =l (y L
T -{ ) 2 Wd)+(W_Wd)+_'l//d}_l//d
L z Vx Vx B
- 2:(,-C,-I,-C)  2:(,-C,~I-C) 2-(12-Cc, +12-c.) . ]
- —— Yt — (v —wy)- ! (¥ —-yy)
. Iz'Vx Iz Iz' X
B 2-C, - 2-(12-C, +I2.C
+ f f5f_ (f f r r)l/)d_wd
L Iz Isz |
- 2.(,.C,-1-C)  2:(,-C—I-C) 2.(i-C+I}C)
— X, + Xy — ‘X,
. IZ.VX IZ IZ.VX
Xq = 2 2
2'Cf'|f Z(Ifo+|rCr) . .
+ | £ [ v Ve —Vyq




6. Dynamic model in terms of error w.r.t. road

State equation (1)

X=A-Xx+B-o; +F,-w,

X= [yr yr W —= l//d
where, [0 1 0
A
0o A _
v, A
A=
0 O 0
A
0 3 _
v, A
0 0
-V, +i 0
F, = b
S 0
A
L VX

g7, T
0_
A
\'
X B=
1
A
Vi

oo

N

o W o

State equation (2)

Wy

A The disturbance is defined
using the road information

2(Cf +Cr)
Al_ m
2.0,C,-1,C)
T2 T m
o 20,0 -C)

z

2-(12-C, +12-C,)

i
Iz




7.1
7.2
7.3
7.4

7.5

7. lane keeping model

Design of Lane Keeping Control Algorithm
Control Stability based Lyapunov Equation
Control Stability of Lane Keeping Controller
Steady State Error From Dynamic Equations

Homework-2



7.1 Design of Lane Keeping Control Algorithm

= Lane Keeping Control Algorithm

Desired Path

= Control Strategy

Control Error

Lateral Position Error (Y, )

Preview Distance Error( € )

e, >0

Control Input

o

¢ ==

k1 ) yr
(=)

_k2 .eL

=)




7.1 Design of Lane Keeping Control Algorithm

= Effectiveness of Preview Distance ( I—p )

Short Preview __Distance

Control Input

O ==K -y, —k,-e
& 6 6

Desired Path

Long Preview Distance

—

Control Input

Or ==Ky, —k,-e
+) ) (+)

\ﬁ\? ,_

Desired Path
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7.1 Design of Lane Keeping Control Algorithm

s RlAacl Dianram nf | ana KoaaninAa CAantral Alanrithm
LIVUGUN |./|uy|un| \ W | AUl I I\Cchllly VUL VI l_\lyUIILIIIII
Lane Keeping Controller
_________________ N
| |
I Lateral Position Error
— y o
Desired Path r | Vehicle
’II { S > Dynacrinilc
) ) Mode
Preview Distance Error I f
— | +
I I
_________________ J
= Steering Control Input: 6, =-k, -y, —K,-¢,
= Design Parameter
Design Parameter Symbol
Preview Distance I—p
Control Gain of Lateral Position Error kl
Control Gain of Preview Distance Error k2




7.1 Design of Lane Keeping Control Algorithm
= Lane Keeping Control Algorithm

h -
X \‘/,/’/ ‘5‘//_V/d

Desired Path

= Closed Loop System

[\

= Assuming that: y,(t) =constant, t, <t<t,

X=A-Xx+B-o; +F,-w,
e, =Y, +L sin(y —y,)=x +L sin(x;)
=X +L,-X

€ :eL(Lp7 X X3)

where,  X=[y, Y, w-y, l/)_l/)d]T
§f:_k1'yr _kz'eL
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7.1 Design of Lane Keeping Control Algorithm
= Closed Loop System
= Using the above Equation, control input for lane keeping can be rewritten as follows:
o, =—K. -y, —K,-e ==K X —kz-(x1 +L, -x3)
=—(k +k,)-x =k, L, - %
—_K-Xx
where, K =[k,+k, 0 k,-L, 0]

= The closed loop system can be rewritten using the control input as follows:
X=A-X+B-o; +F, -w,
=A-X-B-K-x+F, -w,
=(A-B-K)-x+F,-w,
= A -X+F; -w,

A Is the closed loop system stable ?
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7.2 Control Stability based Lyapunov Equation

» Lyapunov Theorem for Linear Time-Invariant System

1) Given a linear system of the form X = A-X, let us consider a quadratic Lyapunov

function candidate

V=x"-P-Xx>0  where, P is a symmetric positive definite matrix.

2) Differentiating the Lyapunov function,
V=xX"-Px+x -P-X
=(x"-AT)-P-x+ X" -P-(A-X)=X"-(AT-P+P-A)-X
=—x"-Q-x
If Q is semi-positive definite matrix, the system is stable.
V=-x-Q-x<0 for x0

= Lyapunov Equation

AT-P+P-A= —Q where, P is a symmetric positive definite matrix.
Qs a semi- positive definite matrix.
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7.2 Control Stability based Lyapunov Equation

= Lyapunov Theorem for Linear Time-Invariant System (Example)

= Consider spring-mass system as follows:

/ k = Dynamic Equation:
—/\/\/\_ m-7=-k-z—c-7

VA
C = Define the state of system
LT T
x=[z 2] =[x %]
= State Equation:
; X, 0 1
’ m m
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7.2 Control Stability based Lyapunov Equation

= Llyapunov Theorem for Linear Time-Invariant System (Example)

1) Consider a quadratic Lyapunov function candidate (Energy Function) as follows:

K 9
Vzlk-zz+1m-22:xT- 2 x>0

m

O _

i 2

%/_/

=P
A P is a positive definite matrix.

2) Differentiating the Lyapunov function,

V=kK-z-2+m-2-7 = K-X - X, +mM-X, - X,

K C
=K-X X, +m-X, - —H-xl—a-xz
0 0
——C x§——xT-{O }-x<0 (for x=0)
C
%/_J

=Q
A (Qis a semi- positive definite matrix.

Therefore, the system is stable.



7.3 Control Stability of Lane Keeping Controller

=A -X+F; -w,

where, x=[y, V. w-v, yv-y,] IF, - w, || < 7|
K=[k+k, 0 kL, 0]
2) Consider a quadratic Lyapunov function as follows:

V=x-P-x>0

where, P is a symmetric positive definite matrix. Eq.2

3) Differentiating the Lyapunov function,
V=x"-P-x+x -P-x
:(ﬂ-X+Fd-Wd)T-P-X+XT-P-(A:-X+Fd-Wd) Eq.3
=x"-(Al-P+P-A)-x+2x"-P-F, W,

A Disturbance term is bounded.
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7.3 Control Stability of Lane Keeping Controller

MN CAv ctalrla cvicta Aarnmatinsa ~fF tha lvyamiitmay fiimAtiam chAanilld bha mAa~n~tivA
“4) FOI SdbIc SySLCill, Clivallive Ol uliIc Lyapuliov Turicuuoll Srouiu v ricydative
T T T
V=x"-(A-P+P-A)-x+2x"P-F,-w,
Eq.4
=—x"-Q-x+2x'P-F,-w, <0 q

5) Substituting the below equation into the derivative of the Lyapunov function
i) A (Q)-x* <x"-Q-x< A4__(Q)-X° Eq.5
A Minimum eigen value of @ Matrix
i) 2x'P-F,-w, <2Xx'P.-y-x< 2.y-4_ (P)-x* Eq6

A Disturbance term is bounded such that: || Fy W, || < 7/||X||

6) Substituting Egs (5) and (6) into Eq.(4)
V=-x"-Q-x+2x"P-F, -w, a7
S_/,Lmin((?)'xz_*_2°7/°/?‘max(|:))'X2 <0
ﬂ“min (Q)

< )
TS 2a, )
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7.3 Control Stability of Lane Keeping Controller

9) Bounded Disturbance for stable system

DR we <[]

2 e (P)
. A (Q max AE. .

" 7<2.zma(x(3>) (@) 7o el <l s
A

i) [, w < ] < 522 (((?;) I¥|
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Lemma.l

1) Consider a quadratic Lyapunov function candidate as follows:
a(X) V) =x"-P-x=P-|x < a,(x]) Eq.10

where, 0< u<|X|

2) From EqQ.12,
V(X) < e = al(HXH) <V(X) £¢

= HXH < al_l(g) Eq.11
3) taking 5:052(/1)

x| < e *[er ()]
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7.3 Control Stability of Lane Keeping Controller
10) Bounded tracking error

ZoiaPY I <V () =XTP-x< A ()X g1

s () @ ()
where, 0< 2 2me P ey eq 1
ﬂ“min (Q)
1) From Lemma.l,
— 1 (P 2 1 _ H
(1) =4 (P)- " = o (1) 2 (P) HXH < 051_1[052(/1)] :\//laz(&up)) :\/imaxg::::;_.
0ty (1) = Ay (P 1
L 2-2_(P)
i) taking 44 = max” 7 NE. W
H ﬂmin(Q) H d dH
2 ﬂ,max(P) 3/2
P U ) Y R

V ﬂ’min (P) ) ﬂ“min (Q)

A Bounded Tracking Error

where, (A~B-K) -P+P-(A-B-K)=-Q
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7.4 Steady State Error From Dynamic Equations

= Closed Loop System of Lane Keeping Control Algorithm
X=A-x+B-8, +F;-w; =(A-B-K)-x+F, -w,

=A X+ F; -w,

where, X=[y, Y, w-—-y, W—‘/)d]T

. o 7T
K=[k+k, 0 kL, 0] Wo =[Va V4]

A Due to the presence of the disturbance term, F,-w, ,

the tracking error will not all converge to zero, even though A—B-K is asymptotically stable.

A In order to solve the non-zero steady state error, feedforward control input is required.
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= Feedforward control input for zero steady state error

1) Feedforward control input
8y =—K-X+8;  where, K =[k+k, 0 k,-L, 0]

:[kl’ 0 Kk, O]
2) Closed-loop system
x=(A-B-K)-x+B-J; +F, -w,

—A-Xx+B-5, +F, -Fﬂ
V4

3) Taking Laplace transforms, assuming zero initial conditions,

. /4 (S
X (s)=[ sl —(A-B-K)] 1-{8-5ﬁ (s)+F, {"f% )}}
4) Assuming that (steady state turning):
1) v, (t)=constant:V—X = w,(s)=—>-
Yo,

) 7, (1)=0 = Ya(8)=

i) 6, = constant =  04(S)=—
S
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= Feedforward control input for zero steady state error

5) Using the Final Value Theorem, the steady state error can be obtained as follows:
X, = !im X(t) =lims- X (s)

= Iims-[sl —(A_B.K)T.< B-5, (s)+F, ._Wd (S)}}

S—>00 i 0

5 Vv L

=Iims-[s|—(A—B-K)]_1-< B-(—ﬁ}LFd- p S

° 0
Vx
X, =—(A-B-K) -iB-5, +F,-| p
0

6) Using the Symbolic Toolbox in Matlab, the above equation can be calculated as follows:

S I -0 AL R ) B ST
i_ff __I.P'(If"flr) {ZCf 2Cr+2Cr klr‘P{Ier " k}
1
Xss: + 1 0
0 2l -1 -C_—=2-1>-C_+1, -m-V
_O— Z,OCr(If-FIr){ f r r r r+f mvx}
0
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= Feedforward control input for zero steady state error

7) Steady State Error Ofl\r/avv Angle Error
- = -2l -1 -C.—-2:1?.C, +I,
VoY) 2.pC (I, +1)t Hymevj
1
= =21 -C.-(l, +1 )+1, -m-v
ZPCr’(Ier){ r (f+r) }
I m-1 V2

8) Steady State Error of Lateral Position Error

) V2 | |
(), =St el 4, -, k)
* ki ok pe(l,+]) [2C, 2C, 2C k!-p

r

9) Feedforward Control input for zero steady state error of Y,

_omyve g e g e
5”_p-(|f+|r) {2(; 2c:r+2c:r k3}+p{lf+lr k)




= Feedforward control input for zero steady state error

10) Feedforward Control input for zero steady state error of Y,

. | |
5, = g e k! +1{|f+|r—|r-k;}
p-(l; +1,) |2C; 2C, 2C, 0

V2 I V2 I
_ My { Lk }Jr m-vi. ,k3'+£{|f+|r_|r.k3'}
) r P

p-(l;+1,) (2C, 2C. | p-(I,+1,) 2C,
_ve o omg JL Wffomb vy L, bt
p-g 2(1,+1) [C C | |2¢,-(1,+L) p »p p
\ K\:s O (‘//_;/;d)
V2 If+lr
=—— K, +Kk;-(v—-w
A
K , I+l
O = gus a, +ki (- + f Wy
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11) Feedforward Control input for zero steady state error

K, I+l ,
Oy =—=-a,+ f Wy K- (v -y ),
g Vy
m-| ve ol
where, — — f X
(l// Wd)ss 2'Cr°<|f+|r) o p
m-I, |
= a __r.
2.Co(I,+1) 7 v, Ve
Finally,
K I, +1 m-I, |
O, =—2.a + ~yy +K, y —L .y
L RV . Co-(li+1) " v, Ve
K m-I, |, +1 |
—| s 4 k. .a + k! |.y
g ; 2'Cr'(lf_i_lr) ’ ( VX i Vx i

A Feedforward control input is determined by the driving situation ( ay ) and

the desired yaw rate of the desired path (Wd ).
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