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The Kalman filter is a recursive, unbiased, minimum error variance estimator.

Given the system and measurement descriptions
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From Eqs. (4.1-2), (4.1-3), (4.1-4), we obtain
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From the definition of the error covariance
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By definition,
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and, with an assumption of measurement errors being uncorrelated,
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Set up the following objective function to find an estimator minimizing

a norm of the estimation error vector,
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Repeating the definitions
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Propagating the estimated state
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Now develop the error covariance propagation
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System Model
Measurement Model

Initial Conditions
Other Assumptions

for all j, k

State Estimate Extrapolation
Error Covariance Extrapolation

State Estimate Update
Error Covariance Update
Kalman Gain Matrix
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Example: Ship Navigational Fixes
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This section presents an equivalent form of the Kalman filter. This form is useful

in the derivation of the Kalman smoother. It provides alternative expressions

for computing

Equivalent 

 x (

Form

) in Eq+

11

12 21 22

. (4.1-8) and ( ) in Eq. (4.1-17).
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For ( ), apply the matrix inversion lemma to Eq. (4.1-17)
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Next we multiply by  and substitute for  to obtain
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Next we find an equivalent form for ( ). Rewrite Eq. (4.1-17)
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 Then we conclude
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Consider the following continuous system
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Discretizing the measurement equation is easy since it has no dynamics:
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Example:            tracker
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Consider the following range tracker,
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Suppose measurements are made at intervals of  units.  Then the discretized system

becomes,
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The discretized model of the  tracker is,
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4.3 Continuous-Time Kalman Filter Formulation
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Given the system and Measurement description
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+

+

− = Φ + Φ + = + Δ + + Δ + Δ

= + + + + + + Δ + Δ

+ = − −

− − ( ) 1
( ) ( ) ( ) ( )

     ( ) ( ).                          (4.3-5)

T T
k k k k k k k k

T
k k k

FP P F GQG K H P FK H P
t t

K H P F O t

−
= − + − + − − − −

Δ Δ
− − + Δ
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1

1

1

1
Rearrange Eq. (4.1-16) to investigate 

1 1
           ( ) [ ( ) ]

          ( ) [ ( ) ]

          ( ) [ ( ) ] .

At the limit, the above equation b

k

T T
k k k k k k k

T T
k k k k k k

T T
k k k k k

K
t

K P H H P H R
t t

P H H P H t R t

P H H P H t R

−

−

−

Δ

= − − +
Δ Δ

= − − Δ + Δ

= − − Δ +

( )

1
0

1
0 0

ecomes

1
            lim . (4.3-6)

Furthermore,

      lim lim 0. (4.3-7)

We obtain the Riccati equation by applying Eqs. (4.3-6) and (4.3-7) to Eq. (4.3-5)

 

T
t k

T
t k t

T T T

K PH R
t

K PH R t

P FP PF GQG PH R

−
Δ →

−
Δ → Δ →

=
Δ

= Δ =

= + + − 1 .       (4.3-8)HP−
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[ ]
1 1

1 1 1 1

ˆNow we rewrite Eq. (4.1-8) applying the relation, ( ) ( ),

ˆ           ( ) ( ) ( )

ˆ                  ( ) [ ( )].

Applying Eq. (4.3-3) to the above equa

k k k

k k k k k k

k k k k k k k

x x

x x K z H x

x K z H x

− −

− − − −

− = Φ +

+ = − + − −

= Φ + + − Φ +

[ ]1 1

1 1 1 1

0

tion gives

ˆ ( ) ( ) ( ) ( ) ( )

ˆ                   ( ) ( ) [ ( )] ( ) .   (4.3-9)

Rearrange Eq. (4.3-9) and take the limit

( )
      lim

k k k k k k

k k k k k k k k k

k

t

x I F t x K z H I F t x

x Fx t K z H x K H Fx t

x

− −

− − − −

Δ →

+ ≈ + Δ + + − + Δ +

= + + + Δ + − + − + Δ

+ [ ]1
1 1 1

0

1

ˆ ( )
ˆ( ) ( ) ( ) .

Applying Eqs. (4.3-6) and (4.3-7) to the above equation gives

ˆ [ ]

ˆ           [ ]. (4.3-10)

Eqs. (4.3-8) and

limk k
k k k k k k k

t

T

x K
Fx z H x K H Fx

t t

x Fx PH R z Hx

Fx K z Hx

−
− − −

Δ →

−

⎡ ⎤− +
= + + − + − +⎢ ⎥

⎢ ⎥Δ Δ⎣ ⎦

= + −

= + −

 (4.3-10) form the continuous-time Kalman filter.
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System Model

Measurement Model

Initial Conditions

Other Assumptions exists,

State Estimate

Error Covariance
Propagation

Kalman Gain Matrix

))(,0(~)(),()()()()( tQNtwtwtGtxtFtx +=

))(,0(~)(),()()()( tRNtvtvtxtHtz +=
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)](ˆ)()()[()(ˆ)()(ˆ
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