7. Nonlinear Estimation

7.1 The Extended Kalman Filter (EKF)

Consider a nonlinear, time-invariant state model of the form

X(n+1) = (x(m) + T'w(n), w(n)~N(0,Q(n)) (7.1-1)
2(n) =7 (x(M) +¥(n),  v(n) ~ N(O,R(m) (7.1-2)
E{w(ny' (n)f =0, E{w(n)x'(0)} =0, E{v(n)x" (0)} =0.

Assume that ¢() and y(-) are sufficiently smooth in X so that each has a valid Taylor series
expansion. Given a realization X(n), expand ¢(-) into a Taylor series about X(n)

$(x(n) = g(X()) + I, (R(N)[x(n) = K(n) ]+

2 g(x(n)) + D(N)[x(n) - X(N)] +--- (749

where J,(X) isthe Jacobian of ¢() evaluatedat x such that
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Likewise, we expand y(-) about the realization X (n)

y(x(n) = y(X (M) +3, (X ()] x(n) =%~ (n) ] +---
£ (X () +H(n)| x(n) - X" (n) [+~

(7.1-4)

(7.1-5)

Keeping only the first two terms in the expansions of Eqgs. (7.1-3) and (7.1-5), we have a linearized
signal/measurement model

x(n+1) = g(X(n)) + () [x(n) - X(n)]+ Tw(n)
z(n) = (X () + H(M)| x(n) - X (n) ]+ v(n).

(7.1-6)
(7.1-7)



Time Propagation — Assume that X(n—1) is unbiased and seek the a priori estimate X (n). We
want X (n) to be unbiased, so it must satisfy

E{[x(m-% ]|z} =0,
which yields to

£ () =E{x(n)|z}
HE(n-1)+@(n-D[x(n-1)-X(-D]+Tw(n-D|Z]

(7.1-8)

E{
E{g(X(n-1)+@(n-1x(n-1)+Tw(n-1)|Z}
$(X(n-1)).

Now, seek the time propagation equation for the a priori conditional error covariance P~ (n)
P(n) = Cov{[ x() %" (M ]|z

= Cov{[ g(&(n-1) +@(n-DX(N-1) +Tw(n-1) - (n)]|Z| (7.1-9)
=O(n-DP(n-1)P" (n-1)+I'Q(n-1T".



Measurement Update — Assume that X (n) is unbiased and the error X (n) is orthogonal to the
measurements z(1),---,z(n-1). (Refer to Eq. (7.1-8).) Given the new measurement z(n), we seek
the minimum mean square error estimate X(n). Assume that X(n) has the form

£(n) = b(m) + K (Mz(n). (7.1-10)
Since %(n) should be unbiased, we have

E{[x(m)-&(m)][z} =0.
Substitute Egs. (7.1-7) and (7.1-10) into this expression to obtain

E{[x(m)—b(m - KM (7% () + HOE () +v(m) ] 2| =0.
Solve this equation for b(n)

b(n) ==K (n)y(X () - K()H(nE{& (n)|Z} +E{x(n)|Z} - K(ME{v(n)|Z]

= KMy (& () + E{x(m|z}
=—K(n)y (X" (n)) + X" (n). (according to Eq. (7.1-8).)



Therefore, Eq. (7.1-10) becomes
() =% (n)+K(n)| z(n) -y (). (7.1-11)
Now, we want to find K (n). By the orthogonality principle, the following equations hold
E{[x(n) -&(m]z" ()|z]
= E{[x(m-% (M -Km)[z(n - y& ()] ]2" ()2

= E{[x (M -KM[HMx (m)+vm]]z"0)|z]
=0, 1=12,---,n,

(7.1-12)

We have assumed that, for i=1,2,---,n-1,
E{% (mz' ()]Z} =0,

and v(n) is independent of the measurements, z(i),i=12,---,n—=1. Thus, Eq. (7.1-12) is already
satisfied for 1=1,2,---,n—1. We need only to consider the remaining case, i.e., i=n



E{[x M- KM[HME () +vm]]z"()z]

~E{[£ - K@[H@ @+ v ][[7& )+ HE[x - 0] +vo)] (2}

=P (MH"(n) - K(n)H )P~ (n)H" (n) - K(MR(n)
=0.

Solving this equation for K(n), we have the Kalman gain for EKF
K(n)=P~(mH" ()| H(n)P~(n)H" (n) + R(n)]‘l. (7.1-13)
Finally, we need an expression for P(n), the a posteriori conditional error covariance matrix

P(n) = Cov{X(n)|Z=Z} = Cov{[x(n) - X(n)]|Z

= Cov{[ x(m - % () - KM [Hmx (n)+v(m ]| Z|

=P (nN)=P (N)H" (N)K" (n) =K (n)H (n)P~(n) (7.1-14)
+K ()| H(n)P~(n)H" (n)+R(n) |K" ()

=P (n)—K(n)H((N)P~(n).



Summary of EKF

System Model
Measurement Model

x(n+1) =g(x(n)) +I'w(n), w(n)~N(0,Q(n))
z(n) = y(x(n))+v(n), v(n)~N(0,R(n))

Initial Conditions

Other Assumptions

E[X(0)] = Ro, EL(X(0) ~ %,)(X(0) - %,)"] = P
E{w(nmy' (n)} =0, E{w(n)x'(0)f =0, E{v(n)x"(0)} =0

Time Propagations

X" (n) = ¢(X(n-1))
P (N)=®d(nh-D)P(n-1)d" (n-1)+I'Q(n-DI"
®(n-1)=J,(X(n-1))

Measurement Updates

Kalman Gain Matrix

() =% (n)+K(n)| z(n) -y (X (n) |

P(n) =P~ (n)-K(n)H (n)P~(n)

K(n) =P (n)H (n)| H()P"(n)H" (n) + R(n)]‘1
H(n)=J, (X (n))




7.2 Frequency Demodulation

The frequency modulation (FM) is a well-known technique for transmitting analog waveforms. A
continuous-time message m_(t) modulates the angle of a sinusoidal carrier c_ (t). Let A, denote

the carrier amplitude and Q, the carrier frequency.

The carrier and message are related by
c.(t)=A, cos(QOt + ,BO_[; m,(z)d r) £ A cos(Q,t +6.(t)), (7.2-1)

where g, is the modulation index. The problem of interest is to estimate the message m_(t) from
noisy measurements of the form c_(t)+v_(t), v (t) ~ N(O,R,). This process is known as frequency
demodulation.

We want to solve the frequency demodulation problem by applying the EKF. The message is a
bandlimited signal in the frequency range —Q_<Q <Q . We therefore model m_(t) as the output

of a lowpass filter that has cutoff frequency € and is excited by white noise w,(t) with variance
szvc' We employ a first-order Butterworth filter. Then the Laplace transform H_(s) representation of
the filter is



MC(S) — Qm

H.(s)= W.(s) s+Q_°

As a result, the differential equation relating m_(t) and w_(t) is
m.(t)=-Q m_ (t)+Q w_(t).

From Eq. (7.2-1), the derivative of 6_(t) is
0,(t) = Bym, (1)

Defining a continuous-time state vector by gc(t)z[mc(t) ec(t)]T, we obtain the following
continuous-time state model

(0= " O+ 2w 7.2-2
xc()—{ﬂ O}XC()J{O }Wc() (7.2-2)

Z,(t) = Aycos(Qut +[0 1]x,(t))+ v, (t)

A (7.2-3)
=7 (lc (t)) + Vc (t)



To apply the EKF, discretize the continuous-time state model with a sampling period T. When we
discretize the system, the discrete-time state vector is

x(n)=x.("T)=[mn) oM =[m,(T) 6,(nT)]". (7.2-4)

To discretize Eq. (7.2-2), we use the Laplace transform relationship

e =D

1 1 0
® o o SI{—Qm o} e S+Q_ >
b 0 - by 1
k_s(s+Qm) S| (7.2-5)
g il 0
_ 2 pAT.
ﬁ(l— e ) 1
Qm
Q=0 [ e*BB'e"dr
cJo
QmZe—Zsz’ ,Bon (e—QmT . e—Zsz’)

, (T
=0_WJ0 -Q 20 2 —0.7)\2 dz
B0 (e ) pR(1-e)

10



O-vvaQm (1_ e_ZQmT ) szvczﬂo (1_ ze—QmT n e—ZQmT )
GV2”°2ﬁ0 (1— 26T 4 g72T ) —ngfoz (—3 +2Q T +4e T —g 2 )

m

So the state_ model is

g ' 0
x(n+h)=| g, (1ie®7) 1 x(n)+w(n), w(n) ~ N(0,Q).

The carrier signal is then
c(n) = 7(x(n)) = A cos(Q,nT +6O(n)) = Ay cos(Q,nT +[0 1]x(n)).

Finally, the output equation becomes

2(n) = y(x(n) + v(n), v(n) ~ [o, R = “; ]

11

(7.2-6)

(7.2-7)

(7.2-8)

(7.2-9)



Note that the state and input dynamics of Eq. (7.2-7) are linear, but the output Eq. (7.2-9) is nonlinear.

Hence we need to linearize Eq. (7.2-9). Applying the EKF approximation to Eqg. (7.2-8) or Eq. (7.2-1),
we obtain

H(n)=1J, (X () = [o — Aysin(Q,nT + é—(n)ﬂ
= [O — A,sin(Q,nT +[0 1]2‘(n))].
The a posteriori state estimate Eq. (7.1-11) becomes
&(n) =% (n)+ K (n)| z(n) - A, cos(Q,nT +[0 1]%(n)) |
=Xx"(n)+ K(n)[;(n) - A cos(QOnT + é‘(n))}
with

X" (nN)=oX(n-1)

P (NN=®dP(n-1)d" +Q

K(n) =P MH (M[HMP (MH (M+R]"
P(n)=P (n)—K(n)H(n)P (n).

12



The demodulated message is then
m(n)=[1 0]x(n).
With no a priori information, we may initialize the EKF with

x(0)=[0 o]
PO =al, a>0.

13



Example 7.1 Frequency Demodulation

A, = carrier amplidude =1

[, = carrier frequency = 100 MHz

f., = message bandwidth = 15 KHz

B, = frequency modulation index =5

f. = sampling frequency = 250 MHz

T = sampling period =1/f =9x10™" =9 ns

2 . .
o, = variance of process noise = 0.01

wce

o, = variance of measurement noise = 4 x 10~ (after discretization, o> = 0.001)

ve

The carrier signal-to-noise ratio is

2
v

2
SNR, =10log,, [2/10 J ~ 27 dB.

14
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Figure 8.1. Frequency demodulation results for Example 8.1. Top: Actual mes-
sage m(n) (solid curve) and EKF estimate of message 7ia(n) (dotted curve). Bot-

: Figure 8.2. Frequency demodulation results for Example 8.1. Top: Actual angle
toms: Detail of message.

#(n) (solid curve) and EKF estimate fi(n) (dotted curve). Bottom: Detail of angle
and estimate.
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7.3 Unscented Kalman Filter

Unscented Transformations

Suppose that x is an nx1 random vector that is transformed by a nonlinear function
y = h(x). Further assumed is that the pdf of x is symmetric around its mean and h(x) is smooth.

Choose 2n sigma points x™ as follows:

XV =x+%" i=1---,2n
. T
W = (\/nP)_ i=1--n (7.3-1)

\/nP = the matrix square root of nP such that (\/nP>T vnP =nP
(\/nP ) = the ith row of /nP.

Mean approximation — Suppose that we have a vector x with a known mean X and covariance P,

17



a nonlinear function y =h(x), and we want to appproximate the mean of y. Let the transformed

sigma points be computed by
(I) h(X(')) i=1---,2n. (7.3-2)

Suppose that the approximated mean of y denoted as y, is computed as follows

v, =§ZW‘”X“)
i=1
2n
ZZLZX“) i=1---,2n
| (7.3-3)
%1(h( )+D(,)h+ DZ(,,h+
1 2n
=h(X)+ Z(D(,,h+ Diph+---
2N <3

18



Notice that since X" =—g™ (j=1,---,n) according to Eq. (7.3-1), for any odd power term, we
have

2n 2n n a Zk+1
2.Dth=>, {Ziﬁ”—] h(x)
= = o,

i=1

2n n 2K+l 82k+1 W

=2 | (%) —mh®) (7.3-4)

j=1| i=l i X=X

n 2n 2Kl 82k+1

> 2 (%) + peELLy)

i=1| j=1 i X=X

0.

Eq. (7.3-3) can be expressed

. . 1 2n 1 , 1 .
Yo =D(§)+%Z EDWDJ”EDWDJF‘“

i=1

1201 12001 1 (7:3-5)
2oh (—D“ h+—D:(,,h+---j.

=h(x)+ 41 %"= 6l

X)+—> =Di,h+—
2n‘3 21 * 2n ‘3

19



Look at the second term on the right side of Eq. (7.3-5)

k=1 =1

181 1&1 0
—>=D’h= X h(x
2n&2r T 2n22£Z alj nx)

[><
Il
I><|

OMG
ZZ g 8X8X xox M)

nkllj—l

"N 200 g (6)
ZZ % 8X8X xox 2)

Ij—lk =1

PONG
ZZ % 8X8X xox M)

Ij—lk =1

[><
I
I<|

(7.3-6)

[><
Il
I <]

l_

\><\

where we have again used the fact from Eq. (7.3-1) that x* =—-x%“"™ (k =1,---,n). Substitute for £
and %\ from Eq. (7.3-1) in Eq. (7.3-6) to obtain

ZZ"(H g0 0°(X) :izn“znx\/ﬁ)k (\/ﬁ) 0°h(x)

Ni=ka J OX;0X; 2n{4oa i K OX;0X;

20



T n
= nP. nP) ~nP =nP or nP nP) =nP,
23w SMD (o) e e or 34, (4P, -
- (7.3-7)
_1&, 2°h(x)
217 " oxox; |
Eq. (7.3-5) can therefore be written as
_ v 1& . o°h(x) 12”(1 s 1 6 j
=h(X)+=) P.——= +—>» 1 =D yh+=D ,h+---|. 7.3-8
XU —(—) 2,;_ ] axlaxj - 2n — 4| X()_ 6! K()_ ( )

Now, note that the true mean of y can be written by

y=E{h(x)}

=E{n®+Dzn+iD§n+iD$n+--}
. 21 3! -

=n(z)+E{DzmiDsmiDém--}
- 21 3! -

21



=h(X)+E{iD§n+iD;h+..}
21 2 g

1 1 (7.3-9)
— kv 2 4
—h(ﬁ)J“EE{DxD}+EE{DXD}+---
since E{D;h{=E{Djh}{=---=0. The second term on the right side of Eq. (7.3-9) can be written
1 1 n o 2
2! { X_} 21 i=1 IaXiJ o) _
1IN o’h
TR PR e 7.3-10
2! {; x| (7.3-10)
n 2
1 o
2155 x|

We therefore see that y can be written from Eq. (7.3-9) as

22



+—E{Df‘h}+iE{D?h}+---. (7.3-11)

Comparing this with Eq. (7.3-8), we see that y, (the approximated mean of y) matches the true
mean of y correctly up to the third order.

Covariance approximation - Suppose that we have a vector x with a known mean X and
covariance P, a nonlinear function y=h(x), and we want to appproximate the covariance of y.

Denote the approximation as P, andBropose the following equation

P = iw(i) (X(i) _Yu)(x(i) -3, )T
i=1
2n

oy )y - %)

i=1

(7.3-12)

Expanding Eq. (7.3-12) using the Taylor series and Eqg. (7.3-5) gives

-2 022

i=1

23



12n

= l{h(x)+D()h+2 DZ()h+3 DS()h+

v 1&(1 1
_h(l) _EZ(E Dgzmn +E D;mh"‘ N )}[ ' ']T

=

_ 2_];] 2:nl ( Di(i)h)( Dx(i)h)T N |:£% Dx(”hj( D;i)h)T :| + LIJ + %( D;(i)h)( D;i)h)T

0

-

4

L 0

[ oh (ZnZ DZ,h ” %+%£2%D§(,)DJ(...)T

0

{ Divh [ZD2 jT] T+|:DX()h(;!Ds()th}L[...]T} 7313

(Dx()h)(Dimh)T + HOT.

1 2n
" 2n =

Some of the terms in the above equation are zero as noted because X =-x"" (i=1---,n).
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Expanding Eq. (7.3-13) gives

]
P Z Z (ah(x) ~<.)J£_8h(z) >~<§‘>j + HOT. (7.3-14)
=) OX,
Recall that %" =—-g"" and %" =—x"" for i=1--,n. The covariance approximation becomes
J J k k
;
P :lz [8h(x) Xgi)j(ah(l) Xéi)] + HOT
no kal ox OX,
n ) T
_y Pj{ah(x)j L HOT (Applied is 9 = (VP ) ) (7.3-15)
j k=1 8XJ 5Xk !
= HPHT + HOT

Now, note that the true covariance of y can be written by

R =El(y-7)(y-9)'}

<
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E{[{D(XHDgh+%D§h+~}—{D(XH%E{D@}

+1E
41

3! 2121

E{DXD(DXQ)T}:E {Z”:fi%)((z)

i=1

=HPH".

26

3!

3\ 2 21" 3 T
~E{D,n(D,h) |+ E{DXh(Dih) , Dib(D:h) | Dih(D,h)

(7.3-16)

(7.3-17)



Substitute Eq. (7.3-17) into Eqg. (7.3-16) to obtain

T T T
on(Din) _Din(Din)Din(Dn)
3! 212! 3!

22}

Comparing this with Eq. (7.3-15), we see that B, (the approximated covariance of y) matches the
true covariance of y correctly up to the third order.

(7.3-18)

The Unscented Kalman Filter

Based on the unscented transformations, the unscented Kalman filter (UKF) algorithm can be
constructed.

1. We have an n-state discrete-time nonlinear system given by

%o = f(%ou)+w, w ~(0,Q)

27



z=h(x)+% Y% ~(0,R,). (7.3-19)
2. The UKF is initialized as follows

% =E{X}

. . T (7.3-20)
Py = E{(zo—zo )(% - %) }
3. The following time update equations are used to propagate the state estimate and covariance
from one measurement time to the next.
(@) To propagate from time step (k—1) to k, first choose sigma points x\"”, as specified
in EQ. (8.3-1) with appropriate changes
i) o+

o) _ () i _
X=X, +X 1=1---,2n

. T
%0 :( P’ ) i=1.-n (7.3-21)

] T
X(FHI) :_( /npktl) i:]_’...1n_

(b)  Use the known nonlinear system equation f(-) to transform the sigma points into x

28



vectors as shown in Eq. (7.3-2) with appropriate changes
X = f(x",u, ). (7.3-22)

(c) Combine the x” vectors to obtain the a priori state estimate at time k based on Eq.

(7.3-3)

1 2n (i
X =—>» X". 7.3-23
¢ 2n i:1_k ( )

(d) Estimate the a priori error covariance as shown in Eq. (7.3-12). However, we should
add Q,_, to the end of the equation to take the process noise into account

R = (R0 % )20 -% ) +Qus. (7.3:24)

4. Now that the time update equations are done, we implement the measurement update the
equations.

(@) Choose sigma points x" as specified in Eq. (7.3-1) with appropriate changes

29



(b)

(©)

(d)

. T
% =( nP- ) i=1---.n (7.3-25)

Use the known nonlinear measurement equation h(-) to transform the sigma points
into 2 vectors (predicted measurements) as shown in Eg. (7.3-2)

5 (i)
&

| =

(2. (7.3-26)

Combine the Z" vectors to obtain the predicted measurement at time k based on Eq.
(8.3-3)

1 2n )
=) 70, (7.3-27)

2n 3

LN)

Estimate the covariance of the predicted measurement as shown in Eq. (7.3-12).
However, we should add R, to the end of the equation to take the measurement noise

into account

30



(7.3-28)

P =7 2 (20 -2)(2" -4, . (7.3-29)

(f) The measurement update of the state estimate can be performed using the normal
Kalman filter equations

K, = P,P;

o+

X =% +K (5 -1)

(7.3-30)
PR"'=R - KkP;K;-

This completes the UKF algorithm which has a similar form with the EKF. Note that the EKF is based

on linearization while the UKF is based on the unscented transformations which are more accurate
than linearization for propagating means and covariances.

31



7.4 Particle Filter

Monte Carlo Integration

The Monte Carlo (MC) estimate of integral
|=jfoopaym (7.4-1)

is the sample mean
|N:£ifwﬁ (7.4-2)

where f(x) is an arbitrary function of x and p(x) is the probability density. If the samples x' are
independent then I is an unbiased estimate and according to the law of large numbers 1, will
almost surely converge to I. If the variance of f(x),

&:ﬂuanm@m

is finite, then the central limit theorem holds and the estimation error converges in distribution

32



lim /N (1, 1)~ N(0,6%).

N —o0

Importance Sampling

Suppose that we do not exactly know p(x) and we can only generate samples from a density z(x)
which is similar to p(x). Employing 7z(x) Eq. (7.4-1) can be written

p(x)
I =] f()p)dx =] f (x)mz(x)dx (7.4-3)

A Monte Carlo estimate of | is computed by generating N >1 independent samples {x‘;i =1--, N}
distributed according to z(x) and forming the weighted sum

Iy =%Zf(><‘)q(><‘) (7.4-4)

where

G(x')= p(Xi). (7.4-5)

33



Normalizing q(x'), Eq. (7.4-4) can be expressed

=N > (¢ a(¢) (7.4-6)

q(x')= a(x) . (7.4-7)

>a(x)

J:

In the above, 7(x) is called the importance density, q(x') the importance weights, and g(x') the

normalized importance weights.

Sequential Importance Sampling

Let X, = {xj, j= 0,---,k} represent the sequence of all target states up to time k. The joint posterior

34



density at time k is denoted by p(X,|Z,), and its marginal is p(x|Z, ). Let {X,'(ql'(}lN_l denote a
random measure that characterizes the joint posterior p(Xk |Zk), where {X;,i =1, N} is a set of

support points with associated weights {q‘k,i =1--, N}. Then, the joint posterior density at k can be
approximated as follows,

p(xk|zk)ziqli<5(xk_xli<)' (7.4-8)

We therefore have a discrete weighted approximation of the true posterior, p(xk|Zk). The

normalized weights @, are chosen using the principle of importance sampling described earlier. If the
samples X, were drawn from an importance density (X, |Z, ), then according to Eq. (7.4-5)

(7.4-9)

Suppose at time step k —1 we have samples constituting an approximation to p(xk_1|Zk_1). With the
reception of measurement z, at time k, we wish to approximate p(Xk|Zk) with a new set of
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samples. If the importance density is chosen to factorize such that
(X |Ze) =7 (X Xa] Ze ) = 7 (X X Ze ) 7 ( Xia| Zics) (7.4-10)

Then one can obtain samples X, ~7z(xk|zk) by augmenting each of the existing samples
Xia~ (X, 4|Z,y) with the new state x, ~ 7 (X |X,;,Z, ). To derive the weight update equation,
the pdf p(Xk|Zk) Is first expressed using the Bayes’ rule

P(ZIX)P(X) P22 %) P(X,)
(Xz)===G = YR
p(zk X Zk1
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_ P(&] X0 Zes) P4 Xicrr 2 ) P(Xis| Zi)

p(2|Z,4)
_ p(zk|xk)p<xk|xk—1)p(xk—1|zk—l) (7.4-11)
p(zZ,)
* p(zk|xk)p(xk|xk—1)p(xk—1|zk—1) (7.4-12)

By substituting Egs. (7.4-10) and (7.4-12) into Eq. (7.4-9), the weight update equation can then be
shown to be

(2% ) p(4e]%a) P (Xie|2,)
7 (% | X0 Z )7 ( X 2
p(ze] %) p(e] %)
(4| XinZ)

Oy o
(7.4-13)

Al
- Hk-1

Furthermore, if z(xk|xk_l,Zk):n(xk|xk_l,zk), I.e., Markov process, then the importance density
becomes only dependent on the x,_, and z,. The modified weight is then
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p(z]x ) p(x]x.)

O € Gy — (7.4-14)
n(xk‘xk_l,zk)
and the posterior filtered density p(xk|Zk) can be approximated as
N . .
p(%[Z,)~ D ad(% —%). (7.4-15)
i=1

It can be shown that as N — o, the approximation, Eq. (7.4-14), approaches the true posterior
density p(%]Z,)-

Particle Filtering

Consider a nonlinear system described by the equations

X1 = fk (Xk’Wk)

(7.4-16)
Z, = hk (Xk ’Vk)

where Kk is the time index, x, is the state, w, is the process noise, z, is the measurement, and v,
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is the measurement noise. w, and v, are assumed to be independent and white with known pdf’s.

The particle filtering is to numerically implement a Baysian estimation using the sequential
importance sampling.

At the beginning of the estimation problem, we randomly generate a given number N state vectors
based on the initial pdf p(xo) which is assumed to be known. These state vectors are called particles

and are denoted as x;(+) (i=1,---,N). At each time step k =1,2,---, we propagate the particles to the
next time step using the process equation f (/)

X ()= fis (4 ()W) (i =1-+,N) (7.4-17)
where each w;_, noise vector is randomly generated on the basis of the known pdf of w, ;.

Now, we want to talk about obtaining the normalized weights g, . Referring to Eq. (7.4-14), compute
g, from evaluating p(zik‘xf( (—)). Thus it may be called as the relative likelihood. For example, if

z. =h(x)+v, and v, ~N(0,R), then for a specific measurement z",
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q, = P[(zk = z*)‘(xk = xf((—))} = P[vk =7 —h(xf( (—))J

_ +1 exp —[Z*—h(xik(—))]T R‘l[z*—h(x;(_))] | (7.4-18)
(27)2|R2 2

Next we resample the particles from the computed weights. That is, we compute a brand new set of
particles x,(+) that are randomly generated on the basis of ¢, . One straightforward way to obtain
x, (+) is as follows:

1. Generate a random number r that is uniformly distributed on [0,1].
2. Accumulate g, into a sum, one at a time, until the accumulated sum is greater than r. That is,

i1 j | .
D oai<r but > g >r. The new particle x,(+) is then set equal to the old particle x!(-),
m=1 m=1

le.,
x,‘( (+) = xkj (-) with probability q, (i,j=1,---,N). (7.4-19)

This is illustrated in Fig. 7.4-1.
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Figure 7.4-1 lllustration of resampling in the particle filter.

For example, if a random number r=0.3 is generated from a distribution that is uniform on
j
[0,1], the smallest vajue of j for which Zq;" >r is J=3. Therefore the resampled particle is

m=

set equal to x°(-).
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The Particle Filter

1. The system and measurement equations are given as follows

Xisa = fk (Xk’Wk) (7 4_20)
Z, = hk(xk’vk)

where w, and v, are assumed to be independent and white with known pdf’s.

2. Randomly generate N initial particles on the basis of the pdf p(x,) and denote them as
Xg(+) (i=1---,N).

3. For k=1,2,---, do the following.

(a) Perform the time propagation step to obtain a priori particles x‘k (-)
X () = fis (X (D)W ) (1 =1+, N). (7.4-21)

(b) Compute the relative likelihood @, of each particle x(-) conditioned on the
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measurement z,. This is done by evaluating the pdf p(zik‘xf( (—)) on the basis of the
nonlinear measurement equation and the pdf of the measurement noise.

(c) Scale the relative likelihoods obtained in the previous step as follows

Now the sum of all the likelihoods is equal to one.

(d) Generate a set of a posteriori particles x, (+) on the basis of the relative likelihoods
g, . This is called the resampling step (for example, see Fig. 7.4-1)

(e) Using the set of particles X, (+), we can compute the mean and covariance,
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E{xk|zk}:%;xf((+)

Lo (7.4-22)
- - T
Cov{xk|zk} = mZ(XL (+) - E{xk| zk})(xl'( (+) - E{xk| zk}) .
B
The Extended Kalman Particle Filter
1. The system and measurement equations are given as follows
X = fk (Xka) (7.4-20)

Z, :hk(xkivk)

where w, and v, are assumed to be independent and white with known pdf’s.

2. Randomly generate N initial particles on the basis of the pdf p(xo) and denote them as X, (+)

and their covariances P, (+)=P,(+) (i=1---,N).
3. For k=1,2,---, do the following.

(a) Perform the time propagation step to obtain a priori particles x, (—) and covariances
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P'(-) using
X (=) = f 4 (Xli<—1 (+), W|i<—1)

Pki ()= Fki—l Pki—l (+) ( Fki—l )T +Qus (7.4-23)

o of
Fl ==
k-1 6X

(i=1--,N)

X:Xli<—1 (+)

where each w, , noise vector is randomly generated on the basis of the known pdf of
W, .

(b) Update the a priori particles and covariances to obtain a posteriori particles and
covariances

_oh

H =—
“ o

X=X (=)
Ki=REO(H) (MR O(H) +R)
X (+) =% () + Ki| 2, =h(x. ()] (7.4-24)

-1
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(©)

(d)

(f)

R(+) = (1 = KeH )R ).

Compute the relative likelihood g, of each particle x,(-) conditioned on the
measurement z, . This is done by evaluating the pdf p(z,i(‘xik (—)) on the basis of the
nonlinear measurement equation and the pdf fo the measurement noise.

Scale the relative likelihoods obtained in the previous step as follows

Now the sum of all the likelihoods is equal to one.

Refine the set of a posteriori particles x; (+) and covariances P/(+) on the basis of
the relative likelihoods g, . This is the resampling step.

Now we have a set of a posteriori particles x,(+) and covariances P.(+). We can
compute any desired statistical measure of this set of particles.
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