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Orthogonality of modes

B Maxwell’s equations B Constitutive relations
VxE+a—B—O Vx H—a—D:J D=cE=¢,E+P
ot ot

V-D=p, V-B=0 B=pH=uH+M

B | orentz reciprocity theorem
V-(E,xH,+E xH,) (p,q=123,..) < for eigenmodes
=H, - (VxE)-E,-(VxH )+ H - (VxE,)-E;-(VxH,)

. 0B, oD, 6B, _. 0D,
=-H -—-E,- ——Hq ——Ep —* « for monochromatic radiation
ot ot ot ot
:—ia)(H;i,uinqj E, g,JEpJ Hq,,u”H 4+ E g,JEqJ)
=0

oithiHoj —Eq €5y &iiEq,j)
Note: Source free and Hermitian tensors of ¢and u



Coupled-mode equations

B Permittivity perturbation
g=ec+Ae, y'=u << perturbed medium
E''H <« perturbed fields

B Coupled-mode equations
V-(E'xH,+E,xH") (p=123,..)
=H, - (VXE)-E"-(VxH)+H"-(VxE )-E - (VxH

. OB’ oD, 0B, _. oD’
:_Hp.aB _E'._p_H'._p_Ep.aD
ot ot ot ot
=—iow(H,-B'-E'-D,~H"-B, +E,-D) where D'=¢E'=(e+Ag)E'=E'+AP/,
=—iwE jAeE' = —iwE AP’ B =uH’
In result,

V-(E'xH,+E xH)=—ioE AE' (p=123..)



Coupled-mode equations

B Derivation of 1st-order differential equations

Let us take the perturbed fields in the forms
e, (X, y)exp(-i4,2)
[ j Za (z)£ j 2.3 ()[h (X,y)exp(—iﬂ:z)j

It follows

= _'C‘)Z a,(2)E,-Ae(x,y,2)E,  where
: L p=q

1 * * A 1
ZI(quH|[,+E|O><Hq)-zdxdy:{

In result, 0. p#q

da,(2)

exp(-ifB,z) =-i %Z a, (2)exp(-ip, z)_[ e’; (X, Y)-Ae(X, Y, 2)e, (X, y)dxdy
q



Mode coupling in periodic media

B Periodic permittivity perturbation
Let us assume the perturbed permittivity in the form
e'(X,Y,2)=¢,(XY)+As(x, Y, 2)
In isotropic medium
Ag(X, Y, 2) = &,[n"* (X, ¥,2) =n* (X, y)]
= 2¢.n(X, Y)AN(X, ¥, 2), if An(X,Y,z)<<n(x,Y),
AN(X,Y,z) = An,, (X, y) + An, (X, Y) cos(z% Z+@Pg)

Ang (X,
 An,, (x,y) + )

el 2 g, 1+ oxali (2 2441



Two-mode coupling approximation (TMCA)

B Periodic permittivity perturbation

Let us assume the perturbed permittivity in the form

da, @) =—iﬂz“qu(z)aq(z)exp[—i(,Bq -B,)z, p=123,...
dz By 3

where
Koo (2) = % [[e5 () Ac(x,y, 2)e, (x, y) dxdy

B Two-mode coupling approximation

Let us take dominant two modes and their coupling constants
on the condition of the longitudinal phase matching

- Codirectional coupling: g, /s, >0
- Contradirectional coupling: B,/ <0



Mode coupling

B Fiber modes

Air or Jacket >

Claddlng ............ >

core —|-f)

: Core Mode
------- : Cladding Mode

Codirectional coupling Contradirectional coupling

A >>um Ay




Coupling coefficients for TMCA

B Coupling coefficients
Let us take the coupling coefficients in the forms:

for the incident and diffracted modes E; and E,

self- and cross-coupling coefficients

ﬂg/{’c .U ei*(x’ y)-n(X, Y)An,, (X, y)e; (X, y) dxdy

ol

0% [[e3 () n(x, Y)An,, (X, Y)eq (x, ) dxdy

K
o,d
A

2 =222 [[ e (% y) N Y)Ang, (e (1, y) ey



Codirectional coupling

B Coupled-mode equations

% — ik, 8, (2) — ix.a, (2)exp(infz - ig,)
dag Z(Z) = —iK, 48 (2) — i (2) exp(-iASz +idy,)
where

NS =B~ =22 (> )

B Boundary conditions

E; (Z)|Z:0 =E(0), E, (Z)|z=o =E4(0)



Codirectional coupling

B Solution
E; () =a;(z)exp(-i5;z)
{ AB K: . } .
=3(coso¢z—i_———sino;z)E;(0) —i—=sino zexp(—ig, )E, (0) rexp[-i(y; + 7/ A)z]
20 ; o

Eq(2) =a,4(2)exp(-ify2)

= {— i 2sin o¢zexp(+igy, )E;(0) +(cosoz+i ZA—'Bsin o:2)E, (0)}exp[—i(yf -l AN)Z]
O O

where

2
, i+ Py tK,TK, . '
Aﬂ :Aﬂ+K0',i —Kodr Vi = ﬂ' ﬂd > 3 .d ’ o‘? ZK*fKeZ +(—Aﬂ )




Codirectional coupling

B Transmissivity

Boundary conditions: E;(z)|,_,=E;(0), E4 ()|, , =0

2 , 2
T E‘m‘ =coszafL+[A'BJ sin®o L

E; (0) 20 ;
T, = () Kégl% sin® o L
Ei (O) Gf
When p'=0
T . 2
min = COS°[ic|L

m|n [Aneff + &eff av(l_ ua)]A — |: eff av



Contradirectional coupling

B Coupled-mode equations

da;(z) =—ix, ;& (z) —ixa,(z)exp(iAfz —idy,)
dagz(z) —ik, 48y (2) + ke (2) exp(—iAfL + igy,)
where

A=+ By = (5,505, >0)

B Boundary conditions

E; (Z)‘z:o =E;(0), E, (Z)‘Z:L =E4 (L)



Contradirectional coupling

B Solution

Ei(2) = a;(2) exp(-i5;2)
_ [oy coshay (L—2) +i(AB'12)sinh o, (L - 2)
- o, cosho, L +i(AB'/2)sinh o, L

E; (0)

—ix.sinho,zexpli(y, —x/A)L—I
o teeshoyzexplily, ~mTAL =Moo Lot i 4 2i0)2]
o, cosho, L +i(AB'/2)sinho, L
Eq(2) = a4 (2)exp(if8,2)
_ —ix;sinh o, (L—2z)exp(id,,)
o, cosho, L +i(ApB'/2)sinh o, L

E; (0)

o, cosho,z+i(AB'/2)sinh o,z
o, cosho, L+i(AB'/2)sinh o, L
where

2
, . — + . — . !
AB =AB+K i +K, 4, 7, = Bi — s :a,. Kod o2 =KiK, _(AZ,B j

expli(y, — 7/ A)LIE, (L)}exp[—i(yb —xlA)],




Contradirectional coupling

B Reflectivity
Boundary conditions: E;(z)|,_, =E;(0), E,(z), , =0

2 * )
_ Eq(0)] K§K§S|nh oL
| E(0)| |oZcosh’ oL +(AB'12)sinh? o, L
When p'=0

R = tanhz‘zcg‘L, Arwex = 2(Negs + MNegr o)A = (1+ MNett ay  Negt )/13,0’

B Bandwidth
Ak o
Redge - %’ edge :ﬂ’rmx * o /18,0
1+x.x.L 2N ¢
A/7“edge 5neff,gr

Ag o Mg



Numerical and experimental results

B Codirectional Coupling

Transmissivity
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B Contradirectional Coupling
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Transfer matrix method (TMM)

W Aperiodic Media

Realistic grating

E;(0) E(L)
P AR AR R R R I
< <
E,(0) ﬂ Eq(L)
+Eiy Segment-wise uniform gratings Ein
D1 1 R B R I B O Y s
< <
tBax T, T, T, Eqn

B Formulation

E. E.

r =i,N f =il
N=Ty T, - To -+ T, - '

(r Ed,Nj N k+1 k 1 (f Edilj



Transfer matrix method

B Codirectional coupling

AR .
Ty ay =(cosoy Ly —IZO_—kSInafyk L) expl—i(y ¢ + 7/ AL ]
f K
CKep . . .
Tz =1 > sino Ly expl[—i(y¢ +7/ ALy —idy, ]
f K
.K;k : : .
Ty = _'J—S'n oL expl-i(yey —m /ALy +idy, ]
f K
T = L A—'Bli i L —I —-zlA)L
k(22 = (COSO¢ | k+|26 sino ¢ L) expl—i(y —7/ A )L ]
f K

B Contradirectional coupling
. APy . :
b,k

Kex . ] ]
Tz =-1 O_Ls'nh Opx Ly EXPL-1(ypx + 7/ ALy —idg k]
bk

Key ] ]
Teen = +i —sinh O L eXPI—1(rp =7/ ALy +idg ]

Ok
Apy

Ob k

sinhoy L) exp[-i(y, —7/A)L]



Numerical results by TMM

Reflectivity

B Chirped gratings

Period modulation
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Discretization method
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Discretization method

B Coupled-mode theory by discretization method

V-(E'xH +E xH) =—iwE_-As (ME', (p=123...)
where

E, =€,(r,¢)exp(-if,z) :eigen mode,

E'(m)=>a,(z;m)é,(r,#)exp(-if3,z) : perturbed mode.
In result, q

W =—i(B+K(m))-F_(z;m) = D(m)-F_(z;m),

where

FLp(zm)=a,(z;m)exp(-iS,2),

B, (p=0), O )
B(p,q)—{o (p#0Q), K(p,q)zzjep-g(m)equ.



Discretization method

W Solution
F (z;;m)=V(m)-exp[U(m)- I(m)]-V(m)‘l -FL(z;;m)=T(m)- F_(z;;m),

where ‘z; and ‘z; denote the left-end and the right-end positions of
the m-th section whose length is I(m), respectively, U(m) and V(m)
denote the diagonal eigenvalue matrix of D(m) and the
corresponding eigenvector matrix, respectively.

Fo — ... T(m+1)-T(m) - T(m-1)---T (D) F*".

Therefore, the overall spectral response of the fiber grating can be
obtained by cascading each transfer relation of discretized section
with initial incident conditions.



Multi-mode coupling

B Easy handling with multi-mode coupling

Non-uniform long-period grating involving three resonant couplings

A3 (3)

Al
R cl
Pro 4 P
> [,
S 0

H/_J

A,

cf. Transfer matrix method
= Mode selection rule (two-mode coupling)
— Cumbersome with multi-mode couplings



Multi-mode coupling

Fourier transform of the index modulation having multiple resonance periods

A(1/A)
—p
\ing
1/L mu“-\_mode coup
—p
'1 '1 1 I >
UAD 1AM 2/ A™ 2/A*D)  Spatial freq.

A‘ b

/AM

Required multi-mode treatment = Discretization method

23



Nonuniformity consideration

B Easy handling with non-sinusoidal index modulation

A non-sinusoidal grating and its Fourier harmonic components

Real Grating
—————— Oth-order Fourier Comp.
1] U R Oth- and 1st-order Fourier Comp.
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024
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cf. Transfer matrix method
= Mode selection rule (two-mode coupling)
= Single Fourier harmonic



Numerical examples
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Comparison in case of a non-sinusoidal grating
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Mode selection rule = One Fourier harmonic representation
< Valid only for narrow-bandwidth gratings
For wide-bandwidth gratings = Insufficient with one Fourier harmonic.
e.g. multi-mode coupling in LPFGs



Numerical examples

Results for a Gaussian-shape LPFG based on discretizing sections
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Numerical examples

Comparison among the coupled-mode theory, transfer matrix
method, and discretization method

Couple-mode Transfer matrix Discretization
theory method method
Non-uniform No Yes Yes
grating
Calculation
time for non-
uniform - Relatively fast Relatively slow
grating
Multi-mode No No Yes
coupling
Mode Required Required Not required

selection rule

Efficient area

Uniform grating

Non-uniform
gratings in two-
mode coupling

regime

Non-uniform grating
in multi-mode
coupling regimes




Nonlinear perturbation

B Coupled-mode theory with nonlinear perturbation terms

With second-order nonlinearity
V-(E,xH, +E, xH.)=—iaE, AP, (p=12,..),

AP, =Ag;(amy)E,, ; +2d; (o, @,,—a)E; =

@y, ] —a K

{3}(|jkl( Wy, Wy, — a)l’a)l)EleE;)lk+6;(ljkl( Wy, 0y, — a)Z’a)l)Ew jE;) k}E;)ll’

AP’ = Agj; (a)Z)E +d|jk( Wy, 0y a)l)E a;lk

+{3Zijkl(_a)21a)2’_a)2’a)2)E 1= ikt 06Xy, 0,—o, 0,)E, E a)lk}E, 0"

Without second-order nonlinearity
V-(E'xH,+E,xH")=—iwE_ - (Ae_ +Aey )E', (p=123...)

A |2 _{1 (q:S)1
 X(q,s) =

Z(3)(r’ ’

AgNL(q) =&, Z

2 (q#s),



Nonlinear pulse propagation

B \Wave packet representation

dE(t,2’,m) _

d .
F(Q,z":m)exp(iQt)dQ
= [F@zimexp(ion)

- j D(Q, m)-F(Q, 2 m)exp(iQt)dQ —iX (t,z";m)- E(t, 2, m),

where

’. w A% ’. A
X(p,q)(t,z ;m) :TC-[ € -AgNL(q)(t,z ;m) € ds.

29



Nonlinear pulse propagation

B Solution by Fourier transform method
F(Q,z2;m)=T(Q,z";m)-®(,z";m),
where

d(Q,z2'=0;m) = ij' E(t,z' =0;m)exp(-iQt)dt.
21
G(Q,z';m) = %IT*(Q, z';m)- X(t,z";m)- E(t, z; m)exp(—iQt)dt.
T
In result,

dcb(s;,; M _ i,z m),
Z

which can be solved by fast Fourier transform method with a
predictor-corrector scheme.



Numerical examples
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Volume holographic gratings

B Born and paraxial approximation = Single diffraction

B Coupled-mode theory for volume holographic gratings

- Applicable to arbitrary cases of multiplexed holograms
- Continuous spectrum = discrete spectrum (FFT)

V-(E'xH, +E xH) =—icE -AE', (p=12..)
E'(2) =D a,(2)e,(x y)exp(-iB,2)
q

= E'(2)=[a(k} k},k};z)exp[-i(k;x+ Ky + k;z)]dk;dk;

da(k,.k,,ki;z) . @2 i
(K, y ):—I @ ‘uIa(k;,k;,k;;Z)G(k;'k;’kx’ky;Z)exp[_l(k; —kZ)Z]dk;dk;

dz 2k



Numerical examples

M
B Uniform Phase

60

80

100

B Random Phase

80 100 120 140




