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 The Laplace transform method

— a powerful method for solving linear ODES and corresponding
Initial value problems

VP AP Solving Solution
Initial Value @ Algebraic @ . AP ©® of the
Problem Problem by Algebra VP

Step 1 The given ODE is transformed into an algebraic equation(“subsidiary equation”).

Step 2 The subsidiary equation is solved by purely algebraic manipulations.

Step 3 The solution in Step 2 is transformed back, resulting in the solution of the given problem.
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« Laplace Transform: .

— O Bt f(t) (X2 0] ZIHSHOF B0l eSS S5HK 001 A
L |

— Integral Transform fk(s t)f(t

kernei
Laplace

f(t)or y(t) _Transformz F(s) or Y (s)

* |nverse Transform:
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+ Example 1. Letf(t)-1when t>o0.Find F(s) .

« Example 2. Letf (t)=e™ when t>0 where ais a constant. Find #(f)

N/ \ /

o0

7(e")= Te‘“e‘“dt _ Lot 1 s—a>0
0

a—=S
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Some Functions f(t) and Their Laplace Transforms (f)

f() S(f)
| | 1/
2 t /52
3 12 21/s3
) " !
4 (n=0.1 ) gntl
e I'la + 1)
5 .. —_—
(a positive) gatl
6 e :
s —a

 Need to learn by heart.

10

f(@)

cos wl

sin wf

cosh at

sinh ar

e™ cos wt

e sin wt

Ff)

s+ o
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® Theorem 1 Linearity of the Laplace Transform (2= ctA HAI2 A& HAOILCH

The Laplace transform is a linear operation ; that is, for any functions f (t) and g(t) whose

transforms exist and any constants a and b the transform of af (t)+ bg(t) exists, and

Zaf (t)+bg(t))=a(f(t))+b{(g(t))

« Ex.3 Find the transform of coshat and sinhat

coshatzi(ea%e“’“), inhatzé(ea‘—e‘at) = Q(ef’“)za, $(e‘a‘) —

T o 111
= z(coshat):E[L(e‘)+L(e tﬂ:?[s—aJFSJraj sziaz
101 1 j: a

#(sinh at):%[L(eat)— L(eat)] = Z(S—a_ e ey



Laplace Transform. Inverse Transform.

Linearity. s-Shifting

o Ex.4
L(cosat) =

s% + ?
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® Theorem 2 First Shifting Theorem, s-shifting (Kl 1 0| S & 2l)

If f (t) has the transform F(s) (where s > k for some k ), then e* f (t) has the transform F(s - a)

(where s —a > k). In formulas,
Q{e"“ f (t)} =F(s-a)
or, if we take the inverse on both sides,
e f (t)=7"{F(s-a)|
« Example 5. s-Shifting: Damped vibrations.
L(cosmt)=

S
— = £(eatcoswt):
s°+w

. ) .
L(sinwt)= = LleTsinat)=
Sinot)= 5% = £fesinat)
Use these formulas to find the inverse of the transform

3s —137
L(f)=
(f) s? +2s + 401

f :LH[S(S +1)—140j ap

1 S+1 1 20 —t .
= —L =e (3cos20t —7sin 20t
(s+1)* +400 ((S +1F + 400J ((S +1F + 4OOJ ( )
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® Theorem 3 Existence Theorem for Laplace Transform

If f (t) is defined and piecewise continuous on every finite interval on the semi-axis t >0 and

satisfies \f (t)\ <Me" forallt>0 and some constants M and k, then the Laplace transform

(1) exists for all s > k.

® Existence Theorem for Laplace Transforms (2}E2tA H=2to| =™ E|)

g f(1) 7t @Y t2042 ZE RPN T2
continuous)@! . OffH A4 k 2k M of T3l |f(t) <M
9| L

HX|X| %2) = BEs>k of CHsfi f(t)e] at=a

rot
I
e
Jp

r(piecewise
e (L W2 SEZ Zto|
2 gzt £(F) 74 =xy

® Uniqueness (2HE2t2 gt Q4) - F0jZl Hplo| g gLt
ARl £ B4} TS WBUS N £ B2 5Y.
FAAZO £ 37 22 HEZLS JIXIH Y5 DYE WM CHE S 7HE
x| ZHAOME CHE 2 glct
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« Laplace Transform of derivatives

— Ex.1 Let f(t)=tsinat Find £(f)

f(0)=0, f'(t)=sinet+awtcosat, £'(0)=0, f"(t)=_2wcosawt—w’tsinot

205
(52 + o’ )2

S

2 2

£(f")=2
- ( ) a)S +w

_wzﬁ(f):SZB(f) = ﬁ(f):ﬁ(tsina)t)=




Transform of Derivatives and Integrals. ‘%’Zl_Jg
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« Ex2. Derive the following formulas

£L(cos at)= I

L(sin ot)=

s% + w?



Transform of Derivatives and Integrals. i
ODEs

g'(t)= (1), L£(f(t)=L(g'(t)=s£(g(t)-g(0)=s£(g(t))

If f(t) satisfy the growth restriction, so does the g(t)
1

;N M ___1 4

.

— I_X
£—1
(sz
1
E( 2

_—

1
Find the inverse of  (s7,,2) and 2+
1 1. 1 rsinor 1

1 1 t  sinwt
S(Sz+a)2)J: 2!(1—coswr)dr: —

a a
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 Differential Equations. Initial Value Problems

yaysby=r) y(0)=K, y(0)=K,
— Step 1. Setting up the subsidiary equation (2 ZX8IH A0
Y = £(y), R=e£(r) [s2Y —sy(0)—- y'(0)]+a[sY — y(0)]+bY =R(s)
(s2 +as+ b)Y =(s+a)y(0)+y'(0)+R(s)

— Step 2. Solution of the subsidiary equation by algebra:
Transfer Function (J &at4): Q(s)= 1 1

sz+as+b:( 1

solution of the subsidiary equation:
Y(s)=[(s+a)y(0)+ y'(0)lQ(s)+ R(s)Q(s)

— Step 3. Inversion of Y'to obtain y:g’(y)
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i

Y
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« Ex.4 Solve the initial value problem (IVP)

y-y=t, y(0)=1 y(0)=1

— Step 1 subsidiary equation
Y —sy(0)-y(0)-Y == = (s?-1 =s+1+ >

S S
— Step 2 transfer function Q= 1
2
s° -1
1 s+1 1 1 1 1
Y=(s+1)Q+=Q= + = + T2
(5 +1KQ 32Q s?2-1 sz(sz—l) s—1 (32—1 32)

— Step 3 inversion

y(t):/fl(v)zfl(i}fl( 1 j—/fl(izj:ewsinht—t

s-1
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« Laplace Transform Method

t-space s-space
Given problem Subsidiary equation
y'-y=t (s2-1)Y=s5+1+1/s?
y(0) =1
¥(0) =1
Solution of given problem Solution of subsidiary equation
y(t) =et +sinh ¢t - ¢ Y = 1 1 1

Ts-1 s2-1 g2
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« Ex.5 Comparison with the usual method
y'+y +9y=t, y(0)=0.16, y'(0)=0

« EX.6 Shifted Data Problems
yrry=2t, y(£j=£, y’(f)=2—ﬁ

4
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« Advantages of the Laplace Method

— Solving a nonhomogeneous ODE does not require
first solving the homogeneous ODE.

— Initial values are automatically taken care of.

— Complicated inputs /(9 (right sides of linear ODEs)
can be handled very efficiently, as we show in the
next sections.
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Unit Step Function. t-shifting

P T
Modeling: Forced Oscillations. Resonance

Free Motion vs. Forced Motion
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» Free Motion : Motions in the absence of external forces
caused solely by internal forces.

my"+cy'+ky =0

* Forced Motion : Model by including an external force.

Input or driving force

y(t) : Output or response

¢ e.0., nonhomogeneous ODE with perioc

Ic external force
my "+cy '+ ky =|F, cos wt

=
B2 =40

« Complicated driving force: = Unit Step Function or Dirac Delta Function

— Single wave, discontinuous input, impulsive force (hammerblows)
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» Unit Step Function (&t Hl & & ==) or Heaviside function:

A
I wlt—a)
u(t—a)={0 ( <Z) 1
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» Onand off of functions >  f (t)u(t—a)

fLt?
5| 5|
i [
i | it 1 | ”. -[ | |
T X ¢ R Zx I 2 K s f
(A) flt)=5sin! (B) flhult (L) it = 2)ult - 2)
Fig. 119. Effects of the unit step function: (A) Given function.
(B) Switching off and on. (C) Shift
kit
jlll J. "I | |I .: Il.I
Ay Elule (} —4&)+ ult - 6) (B) 4 sin 24 [l + it ¢

Fig. 120. Use of many unit step functions.
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Unit Step Function. t-shifting
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2/%((
<

+ Time shifting (t-Shifting) - Xl 2 0| S = 2|
L£(f(t))=F(s)

L(f(t-a)u(t—a))=e*F(s)
f (t—a)u(t—a)zfl{e‘aSF(s)}

e *F(s)=e"™ j: e f(r)r = jooo e f(c )
e *F(s)= :Oe‘“ f(t—a)t
e *F(s)= :O e f(t—au(t—a)dt
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« Ex. 1 Write the following function using unit step function and
find its transform.

~h

—

N H
|

-
I




Unit Step Function. t-shifting




Unit Step Function. t-shifting ()

-S -25s -3s

« Ex.2 Find the inverse transform of r(s)-—2—+- 2+ °

s*+7° s"+x (s+2f

1 1 _
Lﬂ(—zj:t = Lr{ 2)=te  (H 10|=X2|) s-shifting

= f(t):;sin(ﬂ(t—1))u(t—1)+%sin(7z(t—2))u(t—2)+(t—3)e‘2(“3)u(t—3)
0 (0<t<1) (M| 20|=xa|) t-shiftin
- —@mﬂgé (1<t<2) ’
o (2<t<3)
| (-3 (1>3)




Short Impulses. Dirac’s Delta Function

» Dirac’s Delta Function or unit impulse function (&t = 2 & =)

§(t—a):{oo (t=3)

o(t—a)t=1
O otherwise '([ (t-3)

o0

[ams(t-a)t=g(a)

fk(t—a)z{% (a<t<a+k)

. = d(t-a)=lim f,(t-a)

a+k

f (t—a)dt= j%dtzl

| —Area=1

O3

1k | #]

= T&(t—a)dtzl )

a a+k t
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« Laplace Transform of Dirac’s Delta Function

Lis(t-a)j=e™

flt-a) = [ult-a)-ut-(a+k)]

—ks

1 —as —(a+k)s —asl_e
= B(fk(t—a))zg[e ] -

Putk=> 0
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« Ex.1 Mass-Spring System Under a Square Wave
y'+3y'+2y =r(t) =u(t-1)-u(t-2), y(0)=0, y'(0)=0

0 (0<t<1)
1 ey 1 ony
y=i2 °© T3° (1<t<2)

e e 1 . 1 0 t>2
—g (t 1)_{_e (t 2)_{__e 2(t 1)_Ee 2(t-2) ( )
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y(t)

0l : . — | ]

0 | 2 3

4 t

Fig. 131. Square wave and response in Example 1
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« Ex.2 Hammerblow Response of a Mass-Spring System

y'+3y'+2y =6(t-1), y(0)=0, y'(0)=0

s?Y +3sY +2Y =¢~°

Y(s) e ( L L je‘s

T (s+1)s+2) s+l s+2

y(t)=£7(Y)= {g—a—n _ g 2t) ¢ <(tt ill))

flt-alt-a)=L£e=F(s)|
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y(t) ‘

0.5
| . — m—
O | et — I l - ——— = —
0 1 2 3 4 t
Fig. 131. Square wave and response in Example 1
yit)
0.2
0.1
| | |
% 1 3 5 t
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0.25

0.2

y(t)

0.1

0.05
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r(t) 5(t-1 )

0= T R _— _—

u(t- j)-u(t 2)E

1 2 3 4 3] 6 7
t



Short Impulses. Dirac’s Delta Function N

« Ex.4 Damped Forced Vibrations

y"+2y'+2y=r(t), r(t)=10sin2t if O<t<r and 0if t>=, y(0)=1 y'(0)=-5

T y(t) |

= 3

g -—— =y =0 (Equilibrium |

> yosition) 01 ——t = === L
l L . n ?ﬂ- EJT ai,‘r
b
Driving fc}rcel 1
Dashpot (damping) 5 L
Mechanical system Output (solution)

Fig. 134. Example 4



Convolution. Integral Equation

SEOUL NATIONAL UNIVERSITY

» Convolution (& & =)

£(fg)= £()e(g) = £'(e(f)L(g))=2
1

EX) f = e y g — Some Functions f(t) and Their Laplace Transforms ¥( f)

f() () f() FA(f)
1 1 1/ 7 ; ’
s C0S —
cos @ 2+ o
2 ‘ 1/s2 8 in wr @
2 : S >
S in w 2 o2
3 2 21/53 9 cosh at 5 S 3
s° —a
4 " ! 10 inh ai ?
n=0,1.-+) sl s §2 — a2
a Ia + 1) s —a
5 ! .. (71 11 e™ cos wt —_—
(a positive) 2T (s — a? + o
- at l at _: w
4] e 12 e” sin wt

s —d (s—a)+cu



Convolution. Integral Equation
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 Convolution t

h(t)=(f *g)(t):j f(r)g(t—7)dr

0

* Properties of convolution

— Commutative law frg=gx*f

— Distributive law
SUITNVULIV OV TWAVY

f*(gl‘l'gz): f *0, + f *0,

— Associative law (fxg)xv=f=(g*v)

f+*x0=0xf =0

fxle f M Unusual Properties of convolution (50| & &)
» Convolution Theorem

£(fxg)=£(f)e(g) H
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+ Ex1LetH(s)= Hs_a)% Find hit)

£{i)e ()
S—a S

= h(t)=e"*1= Jt'e"” Adz =§(eat —1)
0
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e EX.2 Let H(s):/(z , FInd h(t)

S —I—WZ)

: ) 1
gl( : 1 z):(Si”Wt)/W smxsmy:E[—cos(XJr y) +cos(x—Y)]
S%+W

sin wt sm Wt
h(t)= " -

—

jsm wrsinw(t—7)dz

[ [—coswt +cos(2wr —wt)|dz
0

1 [ sin(2wz —wt) T
= —7 COS Wt +
2w° | 2W 0

1 [ sinwt}

= —tcoswt +
2W W
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o Ex.4 Resonance.

— In an undamped mass-spring system, resonance occurs if the

frequency of the driving force equals the natural frequency of the
system (Sec. 2.8).

y'+aly=Ksinagt, y(0)=0, y'(0)=0

£(f)=se(f)-1(0), £(f")=sL(f)-sf(0)-f'(0)

=7 N2 fl[/z , 2]= 12{—tcoswt+5inwﬂ
(S +C()O) / (S +W) 2w w

= y(t):2 ~(~ wt cos gt +sin wyt)
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* Integral Equation

— Unknown function y(t) appear in an integral

« EX. 6 A Volterra Integral Equation of the Second Kind

y(0)~ [ yle)sint— )i =1
y—y#*sint=t

1 1
Y(s)-Y -
(s) (S)s2 +1 s
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Differentiation and Integration of (Y
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« Differentiation of F(s)

F(s)=£(f)= [ef (t)t

o0

=  F'(s)= (Z—': = —| e”tf (t)dt = —L£(tf )
0

L(tf (1)) =-F'(s), £{F'(s)}=—F (1)
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 EX. 1 Derive the following three formulas

K(f) £

| o L(tf (t))=—F'(s)
2 + B2 25 (sin Bt — Bt cos Bi)
Oj 20| 2|5
o iy ORI o
T PR | o P s% + 2 5+ 57
(52 j 52)2 % (sin Bt + Bt cos Bi) (Zﬂsmf[}tj (52 +,82)2
al20f 230 ) ng? g
leos 1)= 5 L eloosp)- B2 st p

(52 +ﬁ2)2 B (32 +,6’2)2

£(tcos,8tiisinﬂtj:(52_'82 1 _(Z_ﬂz)i(32+ﬂ2)
P

52+,82)2i52+,32 (32+,b’2)2




Differentiation and Integration of (L
Transforms. o o e

* Integration of Transform

B{@} = ]O FEXSs = Blﬂo F(§)d§} = @



Differentiation and Integration of
Transforms.

. . COZ 32 -I-(()2
« Ex.2 Find the inverse transform of In(1+s—2J=In X
w* s + w? |2 d 25 25
In(1+s_2] =1In $2 " ds (In(52 +a)2)—|n52)= 24+ 2
Case 1) Hgo| O| 20| & L(tf (t))=—F'(s)

F(s)=£(f)=ln(1+i)—2] - El(F'(s))zfl(SziSwz—?):Zcoswt—2=—tf(t)
2 flt PN
- 1)=2-cosat) B{Q}: !F(S)ds

2

2 0
Case 2) HZ0|& EIEInLHCS_D:_El(je(g)dgj:_@:%(1%08@)

G(s)=—(szisw2—§j = g(t)=£"(G)=-2(cosawt-1)
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 Special Linear ODEs with variable coefficients

£lty)= ‘%[SY ~y(0)]=-Y - sz—z

« Ex.3 Laguerre’s Equation. Laguerre Polynomials

ty"+1-t)y+ny=0 (n=0,1,2, -

{—ZSY—322—2+y(0)}+sY—y(O)—(—Y—sZ—Zj+nY:O = (s-sz)ccll—:+(n+l—s)Y:0

Y S_SZ n+1

n
dY —n+1_sds:( n n+1)ds _ Y:(s—l)
s-1 s S

1, n=0
u@)-ﬁ(v)-{et 4" 6] n-1 2, .

T
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 Ex.1 Mixing Problem Involving Two Tanks
— Balance Law (mass conservation)

Time rate of change = Inflow/min — OQutflow/min

8 2
Yy, ' =——VY,+——VY, +6
© 100" 10077 atmata ma (<0.08-s)Y, +0.02Y, = —2
_ 8, (28 = °
Y, 100 i 100 2 0.08Y, + (—0.08 —s)Y, =—-150
1 Ib/gal
=) N
( 100 gal water with 150 Ib salt
T /). att=0
( —_—
=

100 gal pure water E
att=0
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- 95 +0.48 100 625 375
' 5(s+0.12)(s+0.04) s s+0.12 s+0.04

y _ 150°+125+048 100 125 75

= — _|_ —_
> 5(s+0.12)(s+0.04) s s+0.12 s+0.04

yi(t)
y, =100—62.5¢ "% —37.5¢ "™

y, =100+125¢ " — 75¢ 7%

150

PR— Salt content in T2
100~

50 H..—— Salt content in Tl

| | | |
50 100 150




Systems of ODEs s
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« Ex.3 Model of Two Masses on Springs

¥,(0)=y,(0)=1, v,(0)=-y,(0)=+3k

‘§ R| Y S AL:

k £ 2 s?Y; —s —/3k =—KkY; +k(Y, -,

Ol_—i m, =1 y]-“: _kyl + k(y2 - yl) EI‘E El-i ﬁgl_l-: 1 1 ( 2 1)

| ‘ . o

v g : V2'= —k(y2 B yl)_ ky, SNy —s+ V3k k(Yz Yl) kY,
Q.- CramerQ| %l

O\\.[l ’ OF = A7 I.|__I9_

Yo é k L= A H X
<

Y:(s+«/37szz+2k)+k(s—«/37k) s 3

yi(t)= £7(Y,)=cosvkt+sinv3kt oy (52 + 2k)2 —k? S sP+k o sP+3k
=1 =i
D —————
y,(t) = £7(Y,) = cos~/kt —sin~/3kt v (s —/3k st +2k)+ k(s —\/Sk)_ s 3k
) =

(32+2k)2—k2 T 521k sP43k
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Formula

o

Do) = | et d

0
f() = L7HF ()}

F(s)

Flaf@) + b} = af{f(O} + bF{g1))

Fle* f(1)} = F(s — a)

P~YHF(s — a)} = e™f(1)

Name. Comments

Sec.
Definition of Transform
0.1
Inverse Transtorm
Linearity 6.1

s-Shifting .
(First Shifting Theorem) .



Laplace Transform. General Formulas i
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P(f"y = sLf) — f(O0)
L(f) = s"L(f) — sf0) = f(0)
Ef(]dm — S“n_({(fj _ S(-.i'a,—l)f(o) .

_ f(ﬂ—l)(o)

t I
N4 {f f(7) (?’T} = ? S(f)
0 :

t
(f * g)1) = f f(ng(t — ndr
0

t
— | = (e an
0

F(f =g =L (g

Differentiation
of Function _
6.2
Integration of Function
Convolution 6.5
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Laplace Transform. General Formulas
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LU — a)u(t — a)}) = e” “F(s) -Shifting

. 6.3
U™ SE(s)) = f(r — a) u(t — a) (Second Shifting Theorem)

PLif(D)} = —F'(s)

Differentiation of Transform

f(t) o 6.6
< T = j F(s)ds Integration of Transform
S
| D 6.4
F(f) = T s f e (1) dt f Periodic with Period p Project
— e 0

16



Table of Laplace Transforms

SEOUL NATIONAL UNIVERSITY

O T SO U R 1 S —

(=)

[/s
/52
[/s™
1/V's
l ".rSEI:Z

[/s¢

F(s) = L{f(D)

(n =1,2

(a = 0)
2
" (n =1
» (k = 0)

" — 1)
/N 7t
2\Vil

1“7 YT (a)

at

e

(n — 1)!

I'(k)

fk —la,at

n—1 eat

f(1) Sec.

r 6.1

(6.1




[1

12

3

14

15

16

17

I8

Table of Laplace Transforms
F(s) = L1f ()

|

(s —a)s — b)
A}
(s —a)s — D)
I
52 + w?
A}
52 + w2
I
t‘iz - (}‘2
5
\?2 - Gz
I
(s — a)z + w?
S — d
(s — a)z + w?

(@ # D)

(a #+ b)

|
(a — b)
I
(a — b)
I

— sin wft
W

(ae

COS wfi

|
— sinh at
a

cosh at

I

w

e™ sin wt

e cos wt

((:,at _ (_’bt)

at

<
==yl
7

o
=

LS
e

.
%

[N
-
==
wy

Ea

e

R

Sec.




Table of Laplace Transforms

F(s) = £{f(0)}
1

s(s2 + w?)

l

52(52 + ng

I

-2
2

(52 + )2

(s2 + ?)?

2

s

2

(52 + &)

2 2
F LDty @)

l
2

0
|
w3

w

— (sin wf + wf cos wi)

w

bz_az

3

1)

(1 — cos wi)

(wf — sin wt)

(sin wf — wt cos wl)

— sin wft
2

r 6.6

(cos at — cos br)
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; g\-;%
)
e

PSS
% [

Table of Laplace Transforms

¥
K
B

F(s) = L{f)) f(1) Sec.

I I
25 1 il e (sin kf cos kt — cos kt sinh k7)
_ S I
26 Y 2 sin Kt sinh kt
| | |
27 a4 e (sinh k&t — sin kt)
S
28 W F (cosh kt — cos ki)
_. N 1 bt t
29 Vs —a—Vs—b — (¢”" — ")
2V rt3
l . a—b
30 _, _f e~ latt2 r) 5.6
Vs+aVs+ b 2
I
31 Jolart) 5.5



Table of Laplace Transforms

F(s) = L{f())
S
(s — G)BLZ
l -
2 — 2 (k = 0)
e~ s
(.J—CIS
l G—k;’s
S
|
- G—kfs
AVAKS
L‘ {_,kfs
331"3
Vs (k> 0)

f(1)

I

— e™(1 + 2ar)
Vot
\/ 7 ;o \e—1/2
rio ( iy ) Iy;—1/2(at)
u(t — a)
ot — a)
Jo(2Vkt)

— cos 2V kt
Nt

I —
—— sinh 2V kt
NV ark

k

N i3

1.2
e k=/at

<
if!

-

52
(2D

(&

4

S

by

%

g

Sec.

tn
=)

6.3
6.4

n
N



Table of Laplace Transforms YRy
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F(s) = ${f()) f(1) Sec.
|
40 — Ins —Int — vy (y=0.5772) 5.6
S
41 I §— a l bt {'Lt)
N s —b t (¢ o
$2 + w? 2 o
42 In 2 i (1 — cos wf) 6.6
s2 — a? 2
43 In 5 — (1 — cosh ar)
S !
w |
44 arctan — — sin wt
S I
|
45 — arccot § Si(7) App-
S

A3 1



