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Newton’s Laws

1)First law : conservation of momentum
no external force

= no momentum change
linear momentum : mv

angular momentum : J

2) Secondlaw: > F = ma= m—

ST = Ja= g 4o
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Three Basic Elements in Modeling Mechanical Systems

1) Inertial elements ( kinetic energy ):
masses: M moments of inertial : J

ii) Spring elements ( Potential energy )

Z F=k ax

7% [ =k(X1-X2)
% A

Torsional spring

iii) Damper elements ( Energy dissipation ) ¢ stiiness
% b, F =bx
% [ p T=b,6 [
| 7O < b x X
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Spring Elements

T~ 64nD
n = number of coils
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Equivalent masses of common elements

AEwh?
k=—3 m, = 0.38m,
My R Ewh®
— k= m, =0.23m
| e d
My l _—I Y |<_ 3
—Ai k=16EWh" o —0.5m
5 L3 e d
——L—

T =

I =1+1,/3

zGD*
32L
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Tip-Loaded Cantilever: Lateral Deflections

curvature / moment relations: “T
| ____,n’]'wﬂu
_III 1
) = Milx
() oy M)
- % (P(L - x)) = geometric boundary conditions
[E X .
i) = BT [.I'..:r' — :i"E_.-"?-i-{r-jJI = H(0) = ?-'E(D} = 0=0C; =0
P, (0) = 0=(>=0
o(x) = g (Le?(2-a7[6+ Oz + Gy "o Pa2 ?
I
) = — (3L —=x
v(w) 6F1 ¢ ’
tip deflection and rotation: stiffness and modulus:
_||—.-_|r_3 o P _ 3FE]
=v(l) = —— F=XN = I3
3t£~ ki3 pr3
F'.II_- _ - I _ r
b =v'(L) = 3BT E 31 ¥ Fa
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Damping Elements
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Examples of Modeling Mechanical Systems

exl) t=0, w(0)=0, .
bW .

equation of motion

EJEZ:—-ba)
dt
J99+b :O—»EQJrE =0
dt
let, w(t) =ce™ — 1e™ +%elt =0 off) 4
b "
A=——
J w,e” =0.3680),
by B
w(t) =ce K ,1=0, w(0)=w,=C j :;— (time constant]
b
Lot)=ae )
T=Time constant: time to reach 63.2%
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Examples of Modeling Mechanical Systems
Spring-Mass

X(t) =X, cos \/%t =X, Cosat

d?x
mF:ZF:—kX

. 21

e Period T-= [sec]

mX+kx=0 — X'+£x=0 Vki/m
m

« Frequency ¢-1_-1 /K

x(t):Acos\/KHBsin\/Et 9 Y T 27z\m [Fz]
m m
x(0)=A=x, « Natural frequency
X(O):—A\/Ksin\/KHB\/Ecos\/Kt :B\/Ezo k
m m m m m o =2rf = - [rad /sec]
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Examples of Modeling Mechanical Systems

Spring-mass-damper

k ’—' bt
AN (0)= %
%(0) = X,
] m
) d*x ,
., > E(8) at’ = —kx —bx
bx
] L, bk
4 X+—X+—x=0
m m
l n I Exponential decay freq
let. = —gf — =2 = Damping ratio= ' ] '
'm m n’ 2/ mk Natural frequency

X+2Zmx+afx=0, xt)=c-&"  F+2yi+afx=0

n A =—La, t4({w,) —0? = (o, £ 1o,
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Examples of Modeling Mechanical Systems

b k X(O)ZX0
X+—X+—x=0 %(0) = X, =0
m m
Kk b b
|€t, _:Q)ﬁ, —:2 C()n, i
m m 5 2Jmk -

X+2lw X+’ x =0
Laplace Transform

(S*X(S) =S X, — X, ) + 2@, (SX (S) = X,) + @’ X (s) =0
(s° +2lw s+’ )X (s)—S X, —2lw X, =0

(s* + 2w s+ @)X () =5 X, +2Lw, X,

S+ X, + 20w, X,

s’ +2w. S+’

X(s) =
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Examples of Modeling Mechanical Systems

S X, +20w, X, S« X, N 20w, X,
s’ +2lw s+w. ST+2lw s+ S°+2lw S+’

X(s) =

s’ +2Lw S+ a)z : charateristic polynomial
s’ +2¢w. s+’ =0 : characteistic equation

S=—Cw, i\/(ga)n) ~’ =—Cw, T w /¢? —1 : charateristic roots
1) £ <1 underdamped

s=—Co tw N -1=~Co + jo 1-¢°
X (s) = (s+<w,) X, L. X,
(s+lw. )+’ (1- 5) (s+lw ) +w°(1-<7)

X(t) =e ™| x,c0s1- ot + ¢ =X, Sin —*w t

1-¢

ne®
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Examples of Modeling Mechanical Systems

2) £ >1 overdamped

S=—Cw J_ra)n\/gz -1

X(S) — (S+2§a)n)°xo

(S+§a)n —a)f\/?—l)(s+§a)n +a)f\/§27—1)

(—§wn+mwn) e(—Ca’n —\/527—1% )t

X(t) = ke "k,

3) £ =1 critically damped

S=-Cw,

(S + 2é/a)n) ) XO
(s+¢w, )2

X(t) = ke 4k, te e

X(s) =
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Examples of Modeling Mechanical Systems

1) (<1 Underdamped

X(t) =e [XO cos1-Cw t +szO siny—Ca t

{con: natural frequency w, =\J1- o
¢ . damping ratio

2) ¢>1 Overdamped X(t)

() = kel <V e

A=—Co, +¢% 1o,

3) (=1 A=-Co

X(t) = ke " +k,te ™"
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Dry Friction (no lubricant)

o]

I—)
F——
Fu — —
mg T=bw
I
e Fus = Static Friction Force
- Fuk = Kinetic Friction Force
M
F \ Fruk . . . . o
R oFis = ;isN s : Static Friction Coefficient
w Fuk = kN  uk: Kinetic Friction Coefficient
Xx=0 X#0

| F o MESEF =F,son()
F.son(F) IfF>F;
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Friction (with lubricant)

]

I—)
F——
Fu — —
mg Fi=ushay
17
[ bx+G-Nsgn(x) VX > ¢
F, =1 F if [X| <& and |[F<(F,+G-N)

(F, +G-N)sgn(F) otherwise e, if [X<eand |F>(F,+G-N)
b: viscous friction coefficient
G: load-dependent factor
N: normal force
Fs: the maximum static friction
& > asmall bound for zero velocity detection
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