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Definition of Differential coefficient(O| £ #|Z)

IZIAverage rate of = |nstantaneous rate of change
change y=f(x)

Ay f(B)-f(a) V=10

Ax . b-a jim 2 — lim

f(a+AX)— f(a)

 fa+Ax) - f(a) MO AX M0 AX

X
(=a+ Ax)
ge; E" Anl:el §61 Elum ;1=| e; ;Ixm,(x\
' ST VT seou SDAL ma
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Definition of Derivative

Mderivative
y=T1(x) Y A
Instantaneous rate of change on arbitrary ¢, Ay
point, X. ( differential coefficient ) g
Ay . f(x+AX) - f(x
jim &Y — fjm - )= 1) ZT00 ;
x—>0 AX  x—0 AX
dy .
=2 = y'= £(x)
dx : >
O X X+ AX X
g S ab 4

N
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Definition of integration

Y 4 ] n : the number of rectangles
—" b—a ,
AX =——-: base line
n
S, : the total area of rectangles
y=f(x) 7 "
f n
I S, = f(x)AX
k=1
If n -0, then
ol a A& g >y S, =lim Z f (X, )Ax = lim Z f (X, )AX
X kol AX—0 =]

N—o0

S : the area surrounded jb f (x)dx = lim i f (% )AX
by y=f(x), x=a, x=b and y=0 2 M0

b
S :L f(x)dx =S
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Definition of integration

Y 4

> >

y=1(x) /
/‘\ "/

Integration

Interval

Variable of integration

A
— 4 EER ==m == - _— = = .y
. I f : \ ,d : Integral
| T EX)OX
—_ — L’ I
l\\ _a;l .:- ]
Integrgﬁd

Infinitesimal quantity of x

O a AX b

><V

b ] n
L f (x)dx = Alirfok; f (x,)AX
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Definition of integration

If we divide the integral by the

Y 4 n interval(b-a),
: it becomes the average value( V)
of the y=f(x).
y=f(x) / o1
/-\ /// y_b—a 3 f(X)dX
>
O a AX p X

b ] n
L f (x)dx = Alirgok; f (x,)AX
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Example of Integration |b f (x)dx = lim Zn: f (%, )AX

Ib dx =7 y 1 n
a 1 ~ A <
b b |
f dx = j 1-dx |
a a S
Ol a AX X
f(x)=1 o )
AX = ——
b ] n N
j 1dx = lim > 1- Ax
a AX—0 =]
=b—a
j 1dx = X +C When a function is differentiated , it
looses it’s constant. So, when we

Integration |jntegrate certain function, we have to
constant consider integration constant.
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Why Mathematics?
Physical/Social Understanding, Insight

Math. <j Human-Social phenomena
Meodel :> Physical phenomena

Analysis, Prediction

>

Billions of people
12F T

2
Increase of ’ ;
How long population in o 200 N
. Modem
does it take to the future of 0
8t od } ronze ron liddle 8
cool down the B Fo ! New Stone Age S e “ﬁggé i ;
hot water . .
T sbo 5
7 lTA 7 :
» I - . 3L : 3
: 5 @ T 2
e x T 1 Black Death—the plague 1
hmllllon‘ 7000 6000 5000 4000 3000 2000 1000 AD. AD. AD. AD. AD. AD.
years BC. BC. BC. BC. BC. BC. BC. 1 1000 2000 3000 4000 5000
Sources: Population Reference Bureau; and United Nations, World Population Projections to 2100 (1998).
Changing rate of Temperature
9ing OC difference between Increasing rate of population OC  Present Population

water temperature water and outside

7 : Water temperature dv(t y :population
dT(t) =K(T —T,),k <0 7, :Outside temperature y( ) =k- y(t) t:time
dt (constant) d k : proportioral constant
<Newton’s law of cooling> <Malthus’s population dynamics >

E} < Seoul !
. . : . . National Advanced Ship Design Aut L b
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Why do we need to study “Engineering Mathematics”?

Idealization or
Simplification*

0
-Insight kI_
-Constitutive Relations Z

Real World 77 777
#\ Linearization

Explain or Problem-Solving Abilities

Predict -Taylor Series
Solution Mathematical Model
Z(t) = e “(Acoswt + Bsin wt) + C cos ayt mz" +cz'+kz = F, cos a,t
-Linearly Dependent / Independent
-Basis
-Orthogonality

-Linear Combination

* Keener, J.P., Principles of Applied Mathematics, Westview Press, 2000, p.xi : ..there is the goal to explain or predict the behavior of some physical situation. One begins by constructing a

mathematical model which captures the essential features of the problem without ,asking its content with overwhelming detail



Modeling of Engineering Problems

1. Statics A oké
1) Deflection Curve of a Beam e y M e
2) BUCinng Of C0|umn Explainor p;oéienT-smvi?g};i|ities| resriaten
2. Law of cooling/ Population dynamics A . L
3. Newton’s Dynamics

1) Unforced Mass-Spring System

2) Forced Mass-Spring-Damper System

3) Motions of a Ship (Coupled Heave / Roll / Pitch Motions )
4) Rotation String

4. Fluid Mechanics
1) Cauchy Eq., Navier-Stokes Eq., Euler Eq., Bernoulli Eq.
2) Ship Hydrostatic & Hydrodynamic Forces

5. Basic PDEs
1) Wave Equation
2) Heat Diffusion Equation
3) Laplace Equation

seou  (ENGDAL |
. . . . . L) ¢ Nationa vanced Ship De:
Engineering Math, 1. Mathematical Modeling, Spring 2012, Kyu Yeul Lee == Univ. ttp.//asdal.snu.ac.



Differential Equation

M Ordinary differential equation is an equation that contains
one or several derivatives of an unknown function, Y(X)

y=2X, y'=CoSX+Yy
2,011

y'+4y =0, xy'"y+2e’y

)G I |

=(x"+2)y’

First-order differential equations contain only

F(X,y,y')=0
y'=f(X,Yy)

y' and may contain Y and given functions of x.

= Partial differential equations involve an unknown
function of two or more variables and its partial
derivatives, for example, y(x,x,) .

& . (CDSPAL,

N
Engineering Math, 1. Mathematical Modeling, Spring 2012, Kyu Yeul Lee Lj\ Univ. //
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Differential Equation

Definition 1.1* Differential Equation |

An equation containing the derivatives of one or more
dependent variables, with respect to one or more

Independent variables, is said to be a Differential
Equation(DE)

dy(x)
dx

=0.2xy

r!':
€. How to solve a
(ﬁ} Differential Equation?

ﬂhx‘-‘ Seoul ,A“anL 14
Engineering Matt  *Zill D.G., Cullen M.R., Advanced Engineering Mathematics 3rd Edition, Johns and Bartlett, 2006, p5 7ced ship Design Automation Lab. |

Yasdal.snu.a



Examples of ODEs

The methods to solve ODEs

:Falling object y' (=9

Vv

Malthus’s law ¥ =ky(®)

Integration

\4

:Radiocarbon Dating Y'(t) =ky(t)

:Newton’s law of cooling T'(t) =k(T —T,)

J

( 7

Vibrating mass on a spring mz"+cz'+kz=F,

J

Vs

Separating variables

Exact ODEs

V

Current | in an RLC circuitL!"+RI'+3 1 = E'(t)

~N

Deformation of beam Ely”" = f(x)

J

/ y N
Legendre’s (L-x?)y"=2xy'+n(n+1)y=0
lequation )

Bessel’s equation x*y"+xy'+(x* —v?)y =0

Sturm-Liouville  [p(x)yT +[q(x) = Ar(x)]y =0

problems
. J

Engineering Math, 1. Mathematical Modeling, Spring 2012, Kyu Yeul Lee

y: elX

y =X

Reduction of order ]

( Undetermined coefficient \

Variation of parameter

Power series method

Vv




ODE & PDE Map

LV.P :Initial Value Problem
B.V.P : Boundary Value Problem
IC: Initial Condition

BC: Boundary Condition

5 Second Order ODE Power series PDE Model
< General Solution, Linearly independent, Power series Linear PDE, Separable Variables
3 Basis, Superposition
o
= ( Liouvi ] Fourier Series @
= Homogeneous [:t(t(r)n;/'?’c:f\flcl;zx)+Ap(x)];.V‘(I)T € I.V.II:r.ee undamped/damped
ay"+by'+cy =0 "+k?y =0 Y u(x,t)=F(X)G(t) |e y =c?
LV.P myx myx yB V.P g ) \7 S0 ﬁ(_PL 5 H(leja:t chlclf{))( Bg) Forced undamped/damped
e =Cce +ce o . . Ee— ’ '
y=6a 2 Special function * LV.P. d*x 22 dx+w X = F, sinjt
m;x m;x ks
y=Ce " +Cyxe Bessel Function o u, = CZUXX dt dt
5 y =e“(c, cos X+, sin fX) X2y +xy' —(x*+v?)y =0 steady Wave Eq. 1C(2)BC(2) _
£ i i B.V.P.
5 Reduction of order Legendre Function u(x,y)=F(X)G(Y) e u_+u. =0 Ay A o
Nonhomogeneous ox , Ty Deﬂect|on of a Beam
, L ornog (1-x?)y"—2xy'+n(n+1)y =0 B.V.P. Laplace Eq. BC(4) d* y
ay"+by" +cy =g(x) _ , -Polar Coord. El — =w(X)
Fourier Series Euler-Cauch dx?
”n ! ! y
Y, = liner combination of V'+ Ay =0, y(7) =y(-x), Y'(7)=Y'(-x) _
a X +aix+a0 e e COSﬁX eax Sln@( —Cylindrical Coord. BUCkllpg Of a COIUmn‘?
(2 b fy) = Euler-Cauchy Eq. Bessel | d'y
4
(a basis of Y,) =Y. axzy”+bxy’+cy =0 -Spherical Coord.
Variation of parameters ¥ Legendre
= U (X)y; +U,(X)Y,
— :
2 Nonlinear Eq. Nonllngar
T:) -reduction of order zsxprlng
z FOGY,y) = F(y Y, y)or F(xy',y") M F(x) =0, F(x) = kx
u=y' ) Pendulum
-use of Taylor series o 0 g .
-numerical solver it Tsm 0=0
, Telephone wires/catenary
(analytic 42 d’y p dy .,
solvable) —5-==,/1+ (2)?
dx* T dx
Varjable Mass
X a°x + dx +a,X=Db
g g X
*Zill, D.G. and Cullen, M.R., Advanced Engineering Mathematics, Third edition, Johns and Bartlett, 2006 by ,Sv‘:‘;f’cfna,@SDAL 1 16
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ODE Map

£ First-Order Second- Order Systems Numerical Solution
kS
=]
©
o
c .
= Integration Cauchy-Euler
ﬂ = g(x) Homogeneous
dx ax’y"+bxy +cy =0
Linear Equation - i
I (;y quat y=x" . mReductlon of order System of Linear D.E.
o p(x)y = f(X) y=C X" +C, X
. X
g Variation of parameters y=cx" +cx™ Inx
35 Yo =U(X)y, oJr0os y = x“[c, cos(BIn x) +¢, sin(BIn x)]
Integrating factor
Nonhomogeneous N ical Soluti
Separable Variables y'+ Py +aq(x)y = f(x) A “Imel\r/l'c:h d° wtions
dy Variation of parameters uler vietho
—=g(x)h
. g(x)h(y) Yo =W (X)y; +U,(X)Y, Improved Euler Method
Exact Equation Runge-Kutta
M (X, y)dx+ N(x, y)dy =0 Adams-Bashforth-Moulton
i ™M _oN
S oy X . Higher-Order
% Nonexact Equation reduction to first
o u(X Y)M(X, y)dx+ (X, y)N(x, y)dy =0 . order systems
Z Integrating factor System of Nonlinear D.E.
JMyr\INxdx J-NX'\—AMyd
u(x)=e u(y)=e
By substitutions

means ,Homogeneous
M(xy)=xM@u) | ML u)dx+N(@u)dy =0

N(X,y)=x*N(u)

y = UX
Bernoulli's Equation
dy n
S p(x)y=f(X)y

*Zill, D.G. and Cullen, M.R., Advanced Engineering Mathematics, Third edition, Johns and Bartlett, 2006
Engineering Math Y17 MAthematical Modeling, Spring 2012, Kyu Yeul Lee
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1-2. MODELING OF BEAM:
Derivation of Deflection Curve of a
Beam

Naval Architecture & Ocean Engineering
E} SDAL [‘;fgn Automation Lab.% 18
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Applying beam theory on a ship

Z W ! 1 N L

‘¢¢¢¢¢¢¢¢¢¢¢¢¢¢V i l VvVVvverwV}vr*'

:X: =: * Y Y Y. Y, I . Y. . T *

R DN ,
o (0 i

ﬂ ! E R3] *Vm . A /Ml/m‘ X

@ idealize

M(X)I/E\ ; B Y S |
| : \/ i i i RIER X ,U’y I o E:X
: | C Ap 1 FP

et & Seoul
3 jonal Asdl.,?,,éflg'mp 7

I
James M. Gere, Mechanics of Materials 6" Edition, Thomson, Chap.4, p.292 || gg % ILJ\ ’[\,/Zf'v http.//asdal.snugisﬁ” Automation Lab.



Derivation of Deflection Curve of Beam

Overview of Derivation Procedure

Geometry of Deformation

o Linearization
Elongation
<
Strain
J L Hooke's Law
Stress
-

di Relation between the
Bending Moment deformation and the

bending moment

-

Shear Force

<~
.. Relation between the deformation
Distributed Load and the distributed load

£ seou DAL
LJ National §1vanced Ship Design Automation Lab.

. Univ. http://asdal.snu.ac.kr
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Derivation of Deflection Curve of a Beam

Geometry of Deformation

f () 1) Concentrated forces f,; and f,
are exerted on the ends of the

. Iwwwmwuuw Y, eam.

> 2) Moment M; and M, are exerted
on the ends of the beam.

3) Distributed force f(x) is applied
to the element

EAn infinitesimal element will be
'introduced for the derivation of

' deflection curve of a beam. Here, the

' bending moment M and the shear force V
iare stress resultants, and the positive

Engineering Math, 1. Mathematical Modeling, Spring 2012, Kyu Yeul Lee



Derivation of Deflection Curve of a Beam

Geometry of Deformation

Geometry of a beam
-before deformation -after deformation

y I f(X)
It

neutral
surface

1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
(5

The x axis is a line along the neutral surface of the undeformed beam. Of course, when the beam deflects, the neutral
surface moves with the beam, but the x axis remains fixed in position.

------------------------------------------------------------------------ i way to recognize the deformation of a beam!

* neutral surface : Longitudinal lines on the lower part of the beam are elongated, whereas those on the upper part are shortened. Thus the lower part of
the beam is in tension and the upper part is in compression. Somewhere between the top and bottom of the beam is a surface in which longitudinal lines
do not change in length. This surface is called neutral surface

b )'»\’ 590{1/ DAL
LBJ National Adeanced Ship Design Automation Lab. 22
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Derivation of Deflection Curve of a Beam

Geometry of Deformation

Geometry of a beam -after deformation

y f(X)

p-d@=ds e M o

~
neutral ~ <
surface

Seoul
|E 1 Natianal@ va
Engineering Math, 1. Mathematical Modeling, Spring 2012, Kyu Yeul Lee == Univ. tt,



Derivation of Deflection Curve of a Beam

Geometry of Deformation

-after deformation

y

_T__,‘__{—_k/\ neutral |

l"/
-
"- 4

- neutral
surface

'~,~
e B

~,
-~ -
o

_neutral

axis

Engineering Math, 1. Mathematical Modeling, Spring 2012, Kyu Yeul Lee
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Derivation of Deflection Curve of a Beam

Geometry of Deformation

The differential equation for the
deflection curve of a beam is
supposed to be expressed based
on the Cartesian coordinate
system.

15
€. How can we express the geometry with dx and dy
i’; instead of ds and dé@

oul ‘
25
Engineering Math, 1. Mathematical Modeling, Spring 2012, Kyu Yeul Lee Lj\ Un/v. @Z‘g a}’/ced'ihpp kq"A"mmato"L b




Derivation of Deflection Curve of a Beam

Geometry of Deformation : Linearization

1
IF WE ASSUME, 6 << f@) =Tz ~1

d
ds? = dx? + dy? - ds ~ dx y
: dy )
—»ds:dxll+ ) | dx
Dol
Iet,z:(d—yJ then, 1+(d_yj =1+12z
dx dx
~f(0)=1
f(z):i“1+2: E?();I:r:s:::es f(Z)=il+%z+%E—%Jzz+,,i , since _ f'(0)=%(1+z)_; ==
| = m e o , Liro)=-tasns =%
[ 1(dyY 1( 1) ay) ] o
Sds=dal 14 2| 22| o !
| 2\dx 2\ 4 )\ dx |
If, 0<<1

ds ~ dx

|Eﬂj "’I”a @SvanﬁLi e
Engineering Math, 1. Mathematical Modeling, Spring 2012, Kyu Yeul Lee == Univ. ttp.//asdal.snu.ac.



Derivation of Deflection Curve of a Beam

Geometry of Deformation : Linearization

IF WE ASSUME, 60<1 0", 20"

tand =60+—+
3 15

6 ~ tan (0)

Qzﬂ
dx

(5
Lb(/
/

Engineering Math, 1. Mathematical Modeling, Spring 2012, Kyu Yeul Lee == Univ. http://asdal.

dvanced Ship Des’égn Automation La,
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Derivation of Deflection Curve of a Beam

Elongation

- at the neutral surface

No elongation

length of AB:

ds ~ dx

length of AB’:
ds'=(p—-y)do
@(ds’zdx')
dx'=(p-y)do
dx' = pd6 - yda
dx'=dx—ydé&
dx

dx'=dx—y—
Jo,

N
neutral >
surface

Engineering Math, 1. Mathematical Modeling, Spring 2012, Kyu Yeul Lee




Derivation of Deflection Curve of a Beam

Strain

dx’—dx:—y(—]IE

dx"—dx y
dx Yo,

LDefinition of strain

|
’ 1 N p
/7 p 1 \
Vs . \
dé
N - d ' 4
, ,
N
neutral > y \é ,//
surface \~§___ ds \— -

Engineering Math, 1. Mathematical Modeling, Spring 2012, Kyu Yeul Lee
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Derivation of Deflection Curve of a Beam

Stress Y

Hooke’'s Law

Ee,

Q
|

s.o,=—E=

E_ﬂ{\. -';‘Z’c;;l"l”"’@EDAdl._s'h’ Design Automation L 1; 30
Engineering Math, 1. Mathematical Modeling, Spring 2012, Kyu Yeul Lee l—J\ Univ. htt;lg%idal.slﬁu.aflr” utomation ta |



Derivation of Deflection Curve of a Beam

Bending Moment

Bending moment about the neutral
axis due to the normal stress acting
on an infinitesimal area A

dM =y o, dA

Considering the sign convention,
we need to add ‘minus sign’ for the
bending moment. (Ref: To see this

in detail, refer to jche"Iecture o, <section AA’ >y
the signh convention”)
= dM ==y o dA dA
y || ox
- | -l =« = 4 2 2 ~|-neutral axis
d
..
<Elevation view> <Section view>

o E}}E‘ Seoul @ S 31 |
National . . . | |
Engineering Math, 1. Mathematical Modeling, Spring 2012, Kyu Yeul Lee ‘Lj\ Univ. ﬁg,';%%ﬂ?ﬁugfﬁ" Automation Lab'i |



Derivation of Deflection Curve of a Beam

Bending Moment dM

The total Bending moment about the
neutral axis due to the normal stress acting
on the sectional area

M =[ dMm
A

M :—.AyO'di

- [ yeY)da
JA p

M= A= ydA
0 A

y T X
i 21— neutral axis

\\_A

<Section view>

Engineering Math, 1. Mathematical Modeling, Spring 2012, Kyu Yeul Lee
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Derivation of Deflection Curve of a Beam

Relation between the deformation and the bending moment

M 1 _4do
M:E| D — or M:K B
Po, El p El

By performing linearization of the deformed geometry
for small deflection

K=—
ds
d dy
Etan(e) B E(d ) <section AA’ >V
(dy) dy dA
Taxdx. dxX? y T X
— |l < = d 2 2 _ |- neutral axis

M d%y | A
« 2 \"
El dX <Section wewT jy dA

P Seou SDAL
|E”1 Na t nal Advanced Ship Des’égn Automation Lab. ! 33
Uni http://asdal.snu.ac.kr : ‘
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Derivation of Deflection Curve of a Beam

Relation between bending moment and shear force

Let us consider the distributed load acting on a beam

From the moment equilibrium about
z-axis through the point o ,
we obtain :

M +(M +dM)—(V +dV)dx—%dx- f(x)dx =0

dM —Vdx —dV -dx—%(dx)z- f(x)=0

neglecting the high order terms

dM V Ref: To see the direction of the shear forces and
— X bending moments in the Fig. in detail, refer to the
g g
dX lecture on “the sign convention”

E} > Seoul @ i |
National 34 |
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Derivation of Deflection Curve of a Beam

Relation between shear force and distributed load

From the force equilibrium,

we obtain

V —(V +dV)— f(x)dx =0

dVv

—T(x)

Engineering Math, 1. Mathematical Modeling, Spring 2012, Kyu Yeul Lee
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Derivation of Deflection Curve of a Beam

Relation between the deformation and the distributed load

- M d%
dzy_M_HEldzy_l\/| T
dx> El dx? M
LS YW
Differentiation with respect to x ;
El 3Xy -V L

Ve

Differentiation with respect to x

d
d y =—1f (X)| “Deflection Curve of a Beam”
X"

Engineering Math, 1. Mathematical Modeling, Spring 2012, Kyu Yeul Lee



What if the distributed load is not applied?

1) From the moment equilibrium
about z-axis through tho point
we obtain :

M +(M +dM)—(V +dV)dx—%dx- f(x)dx =0

dM —Vdx—dV -dx—%(dx)z- f(x)=0

neglecting the high order terms, andf (x) =0

dd—l\)/(I:V(x) — [dM =V (x)dx

2) From the force equilibrium, we
obtain V - (v +dV) - f(x)dx =0
Since f(x)=0

dv =0

If the distributed load is not applied to the beam, the shear force V
is constant, but the bending moment M is not.

|Eaj fVatic:nal@SvanéLi e
Engineering Math, 1. Mathematical Modeling, Spring 2012, Kyu Yeul Lee == Univ. ttp.//asdal.snu.ac.



Ship Structural Design

® Ship Structural Design
T’

e
(’;what is designer’s major interest?

® Safety :
Won't fail under the
load?

a ship + global

a stiffener
a plate

a ship

]’Iocal
'!':

Load: f(x)

cause

Shear Force: V (x)

6. - Actual Stress
o, : Allowable

y
f (X) m Stress
T Al

X
Bending Moment: M (x) -
Deflection : y(x)
Y A f(x
‘relations’ of load, S.F., ) M (x)
v __g dM (X) PR e >
dx ), =V (x) _vy‘ L ¢ ‘ J
d y(X)
El dy(zx) M (x) X
2 react
< —
al;what is our interest?
[} Safety : Stress should meet :
Won't it fail under the h M M
load? O act - O > B e /% Z
® Geometry . Differential equations of the defection curve
How much it would be El d* y(x) _ —f ()
bent under the load? dx*

(}i; what kinds of load f cause hull girder moment?

M,y = Vertical wave bending moment

O < o) _ |M S + I\/IW | , | Mg = Still water bending moment
act. = “YI|1 Oact. = 7
mid
Hydrostatics

f5(X) : 1oad in still water
= weight + buoyancy

STATIC HEAVE FORCE COMPONENTS
WAVE CREST AMIDSHIPS

fs (X) :load in still water

= LBP = 520 ft, T =10 s, h/= 20 ft
WX B buoyancy
X e
Jvam=Lf4mw Rt ¢

AN
Vs (X) : still water shear force l/’/ \\\\

M (x) = Vs (x)dx L

y oo R Tf\ﬁj

hydrostatic force

(suolju) sq] - 30H04
o
Fid

weight Tstructural weight _
. . -10 P S S S Ty SRR
M S (X) still water bendlng 0 ® 16 @ 2 w0 8 6 4 2 0

STATION
moment

Hydrodynamics

fW (X) :load in wave

V,, (X) = jox f,, (X)dx
\

VW (X) : wave shear force

\

MW (X): vertical wave
bending moment

M,, (X) = jowi (x)dx

FO) =100+ 1 (X)
V(%) =Vs (x) +Vy (%)
M(x) = Mg (x) +M,, (x)

fw(x) : load in wave
= added mass + diffraction
+ damping + Froude-Krylov + mass inertia

DYNAMIC HEAVE FORCE COMPONENTS
WAVE CREST AMIDSHIPS
-~ LBP = 520 ft, T=10 s, h,= 20 ft

\ added mass force
N L o

(suoyiw) sqj - 30HO

F.K
T
10 8 6 4 2 0
STATION

T T T T
20 18 16 14 12




Ship Structural Des

® Ship Structural Design
T’

e
(’;what is designer’s major interest?

Load: f(x)

cause

ign

Shear Force: V (x)
Bending Moment: M (X)
Deflection : y(x)

‘relations’ of load,

dv (x)
dx

9 dM (x)

=V (x)

y
S.F.,

b

® Safety : - d;y(zx):M(x) y(x)
Won't fail under the — ract
load? iwhat is our interest?
a Shi o safety : Stress should meet :
3 p } gIObaI Won't it fail under the < where & M M
a stiffener }I | Joad? Tact = Oaliow == % 2
oca
a plate Py Geometry . Differential equations of the defection curve
How much it would be El d*y() _ —f(x)
a shi bent under the load? dx’
P y Hydrostatics, Hydrodynamics : : :
Z 4 —|> f(x) SR <Midship section>
N . %
X:> R W 7, 7 T T3 —> X I ] Upper Deck
e FV A g Ly o/
I -
7 L | T 5/
. . . & = B
Actual stress on midship section should how we can meet the y ‘ N.A,(=Y)
be less than allowable stress rule? | 4y &
‘Midship Design’ is to 001 10104 MY B.L.
Oact. = Oallow o -Mua _ M;+M,,  arrange the structural :
’ act. — .
Zmid Iship,N-A/yi members and m , M, :vertical wave bending moment

Allowable stress by Rule : (for example)

=175f, [N/ mm?]

! aIIovv

thickness of them to
secure enough section

moduluc o the rula

v "ship,N.A.

, M, :still water bending moment

| :moment of inertiafrom N.A. of Midship section

Engineering Math, 1. Mathematical Modeling, Spring 2012, Kyu Yeul Lee
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Solving for ODE of Deflection Curve of a Beanr

Naval Architecture & Ocean Engineering
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Simple Integration

T . ODE of Deflection of a Beam
€ HOW tO SOIVe d (Ref: Strength of Materials, Gere)
i‘; Differential Equation? 4
> Integration! X
ntegration El yg ) _ WO (X)
M Example 1 ax
An Em bedded Beam :Ir\‘ltee;\faeldcgc;fl}lizliaeln::nd|t|ons to determine 4
Find the deflection of a
Beam if a constant load w, is @ There is no vertical deflection at
uniformly distributed along both end points :
its length y(O) -0 y(L) -0

y(0)=0 y'(L)=0

(4 boundary conditions)

Engineering Math, 1. Mathematical Modeling, Spring 2012, Kyu Yeul Lee



El d4y(X) y(L)=0 ang VY(L)=0 give

. . . c,L*+c,Ul+—2-1"=0
After integrating four times, 24 El|
y(X) =C, +C,X+C,X* +C,X° + ZZVIOEI X" 3c,L+3c,L” + Yo 13-
y'(x)=c, + 2(33)("'3(:4)(2 + " X’ W, L° w, L
6El C3 = , C, =—
24El 12El

y(0)=0 and Y'(0)=0 give

c,=0,¢c,=0

W, L2 w.L W,
0= 2 0= w34 "0 x4

L Y(X) = -
y(x) 24El 12El 24El

|Eﬂj "’I”a @SvanﬁLi e
Engineering Math, 1. Mathematical Modeling, Spring 2012, Kyu Yeul Lee == Univ. ttp.//asdal.snu.ac.



1-3. MODELING OF BUCKLING OF A
THIN VERTICAL COLUMN

Naval Architecture & Ocean Engineering
E} S in Automation L 43
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Deflection of a Beam with Vector Notation

-after deformation

neutral
surface

| . .
V\ :' The external force is transmitted
v undiminished (the deformation is assumed

y to be small)

(/

by ~
neutral™~ _
urface

WY

2
Equilibrium of forces: | = Differential Equation of the g _ £ d7y
deflection curve of a beam: o 2

F’_|_|::O E_______________________________Z(__
(P.0,0)+(—P.0,0) =0

s (CDSPAL
"o 1 National " Desi . s |
El gine!ﬁéﬁmlﬂ l\fﬂwgﬁgical Modeling, Spring 2012, Kyu Yeul Lee Lj\ UZ/t'll:”a @ﬂ%%%ﬂ?ﬁugfﬁ" Automation Lab'i .



-after deformation

|

|

|

|

. I

——————————————— — - ] ] 1
|

________ - E.\_ - m neutral :
/\ surface |

1 B |

|

|

The external force is transmitted
undiminished (the deformation is assumed
y to be small) 1

EqU|I|br|um of forcesF' + F =0

Equilibrium of moments about point
O:

Te i '\f EB -’;VE;ZI‘:”"I @Asdgéilgh/ Design Automation Lab: 45
El gine!ﬁ@ﬁyfplﬂ :ngﬁgical Modeling, Spring 2012, Kyu Yeul Lee Lo \ Univ. http//asda/sﬁuac d |



-after deformation

F=(-P,0,0)

»- T T 4 ity -F,—z -F))
neutral )
surface rx<xkF =[x y Vi =-I-j(—X .FZ+Z .FX)
VI\ :' The external force is transmitted FX Fy FZ + k(X : Fy -y - FX)
v undiminished (the deformation is assumed

to be small)

Equilibrium of forcesF’' + F =) K- MZ +K

Equilibrium of moments about point

lDrop the vector k
O:

i-M, +i(y -F/-7 %)) HMH"P:O‘

M +j(-x P +7-F) =0
+k'Mz+k(X ) |;7\,/ —Yy - Fx)
El glll:le!re@plyrplﬂ l\fﬂwgﬁgical Modeling, Spring 2012, Kyu Yeul Lee




Buckling of a Thin Vertical Column

F=(-P,0,0)

%’K neutral = Differential Equation of the
surface deflection curve of a beam:
d* d?
M=El-2 g iY_
= [F=(-P,0,0)] dx dx
= Equilibrium of moments
about point A:

M+y-P=0

M =0

d atialna @SvanﬁLi e I |
Engineering Math, 1. Mathematical Modeling, Spring 2012, Kyu Yeul Lee == Univ. ttp.//asdal.snu.ac.kr



James M. Gere, Mechanics of Materials 6" Edition, Thomson, pp. 748~7

Column Buckling 62
P 5 Nz
= Differential equation for column buckling: Ely"+Py =0 = =k",k = N
P 2 “
Using the notation k° = e y'+ky=0
X
- P
General solution of | ,, _ :
the equation: y =C, sinkx+C, cos kx M
Boundary conditions:
y(0)=0, y(L)=0 X
A
y(0)=C, =0 y

y(L) =C,sinkL =0

. . ] E = modulus of elasticity
1) If C,=0, y=0(trivial solution). I = moment of inertia of

section area
El = flexural rigidity

. . . P = axial load
@ If kI=0, y=0(trivial solution). v = deflection of column
Nz

@ If klI=nz (n=1,2,3) or P = (Tj El, it is nontrivial-soleit#gnof column

2) If sinkl=0, (sinkl=0: buckling equation)

yzclsinkx:ClsinnLLX,n=1,2,3...

: E] y\’ Seoul @ % |
National ' 3 e . 48
Engineering Math, 1. Mathematical Modeling, Spring 2012, Kyu Yeul Lee 'Lj\ Univ. ﬁg,';%%ﬂ?ﬁugfﬁ" Automation Lab'§ |



Buckling of a Thin Vertical Column: Critical Loads

y"+k?y=0 ,y(0)=0 ,y(L)=0 ,wherek?=P/El \- x=L
The deflection curves are Yy (X) =c,Sin(nzX/L) , corresponding to L
the eigenvalues p _ 22 2 N — X
9 P=n7zEl/L°,n=123... )
Physically this means that the column will buckle or deflect only Y x=0

when the compressive force is one of the values

P = n°7°El /1%, n=12,3... : Critical loads.

y y y
The smallest critical load B =7°El / I called ‘Euler load’
The deflection curves corresponding to n=1, n=2, and <
n=3 are shown in right figure. )

Seoul i |
National Advanced Ship Des’égn Automation Lab. 49
. Univ. http://asdal.snu.ac.kr ! 3
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First-Order Differential Equation :
Solution by Separating Variables

MPopulation Dynamics

B Proposed by English economist Thomas Malthus in
1798

@ Population varies with time P=P(t)

@ Population of country grows at a certain time is
proportional to the total population

Billions of peaple
|

12F 12
nE | 11
; 2100 —
P P 10 | 10
} Modern
— OC — > _ = 9| | Age 9
old
dt dt 8 L sion B | Middl 8
S| Age New Stone Age Ag Ag Ages .
—_
6L 2000 | 6
5L 5
at 1975 4
3l 3
1950
2| 2
1900
T+ Black Death—the plague ~—_1800 1

|
1+ million 7000 6000 5000 4000 3000 2000 1000 AD. AD. AD. AD AD. AD.
years B.C. B.C. BC. BC. BC. B.C. BC. 1 1000 2000 3000 4000 5000

ources: Population Reference Bureau; and United Nations, World Population Projeciions fo 2100 (1998)

tional

G E} ),;" Seoul @
Na . . .
Engineering Math, 1. Mathematical Modeling, Spring 2012, Kyu Yeul Lee 3 j\ Univ. ﬁg,';%%ﬂ?ﬁugfﬁ" Automation La
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Can we always solve ODE by simple Integration ?

17
€, How to solve a
Differential Equation?

©0 "C"IPP”'Z“)‘S cymamics Integration!!
= kP(x)

ax L.H.S:

[ PO gy = px)+C
dx

'''''''

R.H.S:
j kP(x)dx = k j P(x)dx

[PX)}C = kj POOEX

Then, how?
Can we solve? i‘;

'k

Engineering Math, 1. Mathematical Modeling, Spring 2012, Kyu Yeul Lee



1-4. Solving Ordinary Differential
Equations(ODEs) by
Separation of Variables

Naval Archltecture & Ocean Engineering

Lj @ SDAL Desi ,7 Automation Lab.% 52
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~P(X)+C =Kk j P(x)dx Can we solve?

dP(X) transform dP(X)

= kP(x)

= kdx

Separation of Variables

L.H.S:

R.H.S:

IdP(X)

P

. In

P(x)

— In|P(x)| +c

jkdx: kx

+ C = kX

Engineering Math, 1. Mathematical Modeling, Spring 2012, Kyu Yeul Lee
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First-Order Differential Equation :
Solution bx SeEarating Variables

MNewton’s Law of Cooling

B The rate at which the temperature change of a body
is proportional to the difference between
temperature of the body and the temperature of the
surrounding medium

dT dT ]
S (T-T,) —> —=k(T =T
dtOC( A) dt ( A) |T

T :bodytemperature
T ,:Surronding medium temperature

"
L
ey
.
....
.....

Y ¥ National 'l’ '''' P P | |
Engineering Math, 1. Mathematical Modeling, Spring 2012, Kyu Yeul Lee Ej\ Univ. k.- ﬁ%%%ﬂgﬁugﬂg”“m 4 Lab



Newton’s law of cooling(2)

Great Idea !!

Relation between
dT(t) and
dt

aT 4
dt

T T,

. N
. N
o.. 'Y

T/\
T,
TA................-._::_._._..._._.-:;:.:.:.;.;.;;..
T2

= >

Engineering Math, 1. Mathematical Modeling, Spring 2012, Kyu Yeul Lee



Newton’s Law of Cooling :

Solution bx SeEarating Variables

Ex. )Newton’s law of cooling
T, Great Idea !!

Relation between
o dT(t) and (T —T,)
L S dt

T, dl
———k|—|a,k<0
dt ( )

(@]
~+ VWV

T : body temperature dT
T, : outside temperature(constant) dt: |

&
. o,
.........
L]
L]

T,, T, : Initial Body temperatures

T>T,T,<T T-T,

|E_Ej "’I”a @SvanﬁLi e
Engineering Math, 1. Mathematical Modeling, Spring 2012, Kyu Yeul Lee == Univ. ttp.//asdal.snu.ac.



Ex.) Newton’s law of cooling

dT
— =k(T =T,), k<O
el U VY.

dT
T-T,

=k -dt

Y=T-T,
ay _
dT

dY =dT

1

In

In

+C, =kt+cy
Kt+C; —C,
KU+ C

Engineeri

ing Math, 1. Mathematical Modeling, Spring 2012, Kyu Yeul Lee



@ ) ®

— . kt
LIS e Y|=Cce" Y =Ce
dt AT (C=son(Y =T -T,)-C)

k <O IfY >0,

T-T,=Ce"

InY|=kt+c Y =ce )

In\Y\ A kt+c

€

‘Y‘ _ ek’t+c

Engineering Math, 1. Mathematical Modeling, Spring 2012, Kyu Yeul Lee



Solution by Separating Variables

Yty | = 900" (y)ej = ot

Definition 2.1* Separable Equation

A first order differential equation of the form

% = g(0h(y)
X

is said to be separable or to have separable variables

BT Seoul /AN anL - 59
Engineering Matt *Dennis G. Zill, Michael R. Cullen, Advanced Engineering Mathematics 3rd Edition, Johns and Bartlett, 2006, p45  }5d,s/i Design Automation Lab. |



Examples : Separating Variables

M Example 1 In|y| = In[Ll+ X +c,

Solve In[L-+X]+c;

(1+ x)dy —ydx =0 - Y=¢€
- H1+x|e™

In[1+x C
:e | |.e1

Dividing by (14 x)y =t+e*(1+Xx)

dy  dx y =c(d+ X)
y  (1+X)

dy
I y j(1+><)

e () ) W —
Engineering Math, 1. Mathematical Modeling, Spring 2012, Kyu Yeul Lee i UniV- http-//asdal.snu.aec.sﬁ” utomation ta

LB



Separable Variables

MExample 2 X2 +y? =c?

. Substitute x=4 and y=-3 for
Solve the IVP ~ satisfying initial condition

d X 2 (L2 _ 2
y:__’ y(4) 3 4 +( 3) C
d y - ¢?=25

XA +y? =25

%
LB

Engineering Math, 1. Mathematical Modeling, Spring 2012, Kyu Yeul Lee == Univ. http://asdal.snu.ac.kr
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Separable Variables

MExample 3
Losing a Solution

1

dy = dx
4(y 2 Y+ 2)y

_-[ y—2 y+2)dy de

In

y-2
§y+2

%(In|y—2|—ln|y+2|):x+c1

y—2
Y+ 2

=4X +C,

4x+cC, 4x

= Ce

=€

1+ ce™

=2
y 1—ce**

,Where (y = 12)

y =%2 is constant solution,
but cannot be obtained from
above solution

Engineering Math, 1. Mathematical Modeling, Spring 2012, Kyu Yeul Lee
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First-Order Linear Differential Equation

Definition 2.2 Linear Equation

A first order differential equation of the form

dy _
ai(x)&+ao(x)y— g(x)

is said to be Linear equation in the dependant variabley.

M Standard form
dy solution %[yc + yp] T P(X)[yc + yp]

—+P(X)y=1(X) y=
i X)y=1(X) y=y +y,

{di yC+P<x)yc}+[iyp+P(x>yp}= f ()
X dx

M Homogeneous dy
f()=0 —== L TPy =0

M Nonhomogeneous
solution dy
f(x)=0 p _
Y, » +P(X)y, = f(X)

e ilaticzlnal @SvanﬁLi esign Automation La
Engineering Math, 1. Mathematical Modeling, Spring 2012, Kyu Yeul Lee == Univ. ttp.//asda/.snu.ac.k?



1-5. MODELING OF MASS-SPRING-
DAMPING SYSTEM

Naval Architecture & Ocean Engineering
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Modeling : Mass-Spring Systems: Driven Motion

Step 1: An object with mass of m v* Step 2: The object is connected with a spring having spring constant k

Free Body Diagram

Free Body Diagram

m =
\mg | 9 Ef ............................
Z meg

:Gravity force

By Newton’s 2"d |aw, Nonlinearity of spring
(K] _ 3
mZ=F F(z) =c<kzokz .
— linearize Mz =
=mgk
Hooke’s law — mgk—kSOk
where z=zk  z=1(t) F ocz 5 _ (0
_dzz_dzzk_,z,k Spr,ng—€kz :O(-Z— )
opposite to the direction of e Seout SDAL
Engineering Math, 1. Mathematical Modeling, Spring 2012, Kyu Yeul O displacement s ’),’,,,'.,"”""@;,‘g,,// ed, Ship Design Automation L ab. 65



Suppose that an external force is applied on the object

Step 3: An external force, %m® | is applied on the object

YIIIIIIIIIIA

Free Body Diagram

.................................... —ks, —kz

I:external \ mg

,static

o

mi=F
= mgk - kSOk o ka + |:external,stati(
=—kzk +F

external ,static
. o LX) _
SR N tiona
Ui

T e (D
Engineering Math, 1. Mathematical Modeling, Spring 2012, Kyu Yeul Lee = Univ.

Advanced Ship Des’égn Automation Lab. 66
http://asdal.snu.ac.kr | ‘
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Shortly after, the external force is removed.

What will haEEen ?

v’ Step 4: Shortly after, the external force is removed.

VAVAT A AV AT A A A A AN 4

Free Body Diagram

3

—ks, —kz

Eﬁﬁu mg

mzZ=F

— mgk - kSOk o ka +Fexternal,static

— ka +Fexterna|,static Restoring force

Physical Phenomenon

mZ+kz=0

Mathematical Model
Oscillation due to
the restoring force

mZ = —kzk
where z = zk
2 2
zzdfzdfk=2k
dt dt

mzk = —-kzk

mZ = —kz
mZ+kz=0

Engineering Math, 1. Mathematical Modeling, Spring 2012, Kyu Yeul Lee



. d?z
In real world, there always exists friction(damping). z=2(), =7

v Step 5: Frictional force(damping force) opposite to the velocity of the object

11101111/
Free Bodv Diagram

Restoring
................................ - kS @ force

0. il ISO .........
T
Zk Z ‘ 3 Damping
l —CZ force
Dashpot m
/177777777 g
mZ=F
=mgk —ks k —kzk—czk mZ+cz+kz=0
= —kzk —czk
Engineering Math, 1. Mathematical Modeling, Spring 2012, Kyu Yeul Lee Lﬂji -,:\E/;‘gnal@itB/Ag'lg;hpD kg n Automation L b§ 68



Consider an oscillatory external force (Nonhomogeneous term)

Step 6: Consider an oscillatory external force

YIIIIIIIIIIA
Free Body Diagram

Restoring
- kSO @ force

'IFext = F, coswt Oscillatory external force

—C7 Damping
force

<

Dashpot -

7777000777 mg
mZ=F
=mgk —ks,k —kzk —czk +Fcosat

MZ +cz +kz = F, cos mt

= —kzk -cik +F,cosat

E} * Seoul @ |
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1-6. Second Order Homogeneous
ODEs

Naval Architecture & Ocean Engmeermg
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Definition 3.3 Fundamental Set of Solutions

Any set Y1, Y,,..., Y of N linearly independent solutions of the

homogeneous linear nth-order D.E. on an interval | is said to be a fundamental

(1 1 H)
set of solutions on the interval. Basis

“Any solution of an nth-order homogeneous linear differential equation on an interval |

can be expressed as a linear combination of n basis solutions. |

Linear

y =, yl(x)+ C, yz/(x)..|_ A (X)|lk—" Combination

Basis Solutions
(Linearly Independent)

E} > Seoul @
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Linear Independence

- - . m \\\\
Definition 3.1 Linear Dependence / Independence

A set of functions fl(X), f2 (X), ooy fn (X) is said to be ‘linearly

dependent’ on an intervall if there exist constantcl, C2 7---Cn » notall zero
suchthat C, f,(X)+C,f,(X)+---c f (x)=0
for every X in the interval.

If the set of functions is not linearly dependent on the interval, it is said to be

N ‘linearly independent’ Y,

In other words, a set of functions is ‘linearly independent’ if the only constants for
c,f,(xX)+c,f,(X)+---+c, T (x)=0
are C, =C, =---=C_ =0

“two functions are linearly independent when neither is a constant multiple of the other”

3 _EJ)';\’ Seoql
. . : . . ) i National Advanced Ship Design Automation Lab..
Engineering Math, 1. Mathematical Modeling, Spring 2012, Kyu Yeul Lee LJ\ Univ. htt;lg%idal.slﬁu.aflr” utomation La |



Free Oscillation of Spring-Mass-damping System

Linear Differential Equation

MZ +CZ+kz = F, cos wt

« Stepl. homogeneous solution

mZ+cz+kz=0

Try: 7 = e}“t

(MA* +cA+k)e™" =0

mA°> +cA+k=0 & Auxiliary equation

2 = —c++/c? —4mk
8 2m

(5
Lih(/
7]

EJ N 4 d @Asdvanced Ship Design Automation Labi 73
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t
z, =e™ _c++/c2 —4amk

.. Wwhere, A , =
22 — @7 2m
Zl’ 22 are the fundamental set of solution
so, the general solution for the homogeneous equation will be... 7

¥ ut.. are you sure Z ,Z
Z=Cz,+C,2,(=ce™ +c,e™) ' S

are linearly independent?

There could be three cases depending on the condition
cases c® —4mk Root
Case | C2 —Amk >0 Distinct Real Roots ﬂl’ 22

Casell | c? —4mk = O Repeated Real Roots /11

A=a+if

Case Il C° —4mk < O (Conjugated Complex Roots B )
,=a—If

4 _EJ)';\’ Seoul @ i |
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Case l: c?—4mk>0

cases  c2 —4mk Root Solution
t t
Case | c2 —4mk > O Distinct Real Roots 21 == 12 = Cleﬂ1 + Cze/12

2
_c+\/c —4mk E> , | Linear
om \ combination
Linearly independent

A =

At RecaII the example

C, e' + C, e?!
Satisfied only when C; = C, = 0)

Linearly Independent

—C—\/C2—4mk [>

1 =
? 2m

=€

oul | |
75
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Case 2: c?—4mk=0

cases c? —4mk Root Solution
Case ll |c% — 4mk = ORepeated Real Roots /11
—c++/c? —4mk C t
ﬂl = e Zl — eﬂi
2m 2m

To create another linearly independent solution , multiply { to Z, |:> L, = te“

Cf.) Reduction of order

cases c? —4mk Root Solution
Case Il C2 — 4Amk = QRepeated Real Roots /11 Y Cleﬂlt + Czte At
2
%Z_CJF\/C —4mk:_ C , Lot Linear
om om 177 \ combination

Linearly independent——

Z, =t 4

Seoul
. . . . . Eaj Nto"’@Adance
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cases c? —4mk Root Solution
Case Ill C2 — 4mk < O Conjugated Complex Roots j;zitiilﬁg
_ 2 . 2 _|A(a+ip)t _
2= c+\/c 4mk: C+i 4mk —c¢ :a+iﬂ|:>21_e \ V4 C121+C222
2m 2a 2m 2m ; i Linear
L Jo—amk el Namk—e? y Linearly mdependent—%combination
> 2m 2m 2m 2m 7 gle-iph
) =
o B
Linear combination
7 — Cle(aHﬂ)t + Cze(a—lﬂ)t
Two solutions by the choices
Clzl’szl C]_:l,CZZ_l
. . _ala+ip)t  L(a-ip)t
Z]_ _ e(05+I,B)t _|_e(a 1I5)t 22 — e e
Engineering Math, 1. Mathematical Modeling, Spring 2012, Kyu Yeul Lee
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_Euler's formula
e =cost+isint

1)Ervin Kreyszicg, advanced engineering mathematics 9th, wiley, p58

2, ="t gl = e*(cos Mt +isin At) +e”(cos At —isin A) =2e” cos At

2, ="t gl = e*(cos At —isin At) +e* (cos At —isin A) — 2e% sin ot
__—

New fundamental set of solution

cases c? —4mk Root Solution

Case lll |c% —Amk < OConjugated Complex Roots j,lzzoolttiil,g y = eat (Cl COS ﬁt + C2 COS ﬁt)

1
o Z —
Zl _ Zeat COSﬂt We mulitply the result £; by 2 eat cos ﬁ[

\

: : Linear
1 Linearly mdependentﬁclo:‘?oination
We mulitply the result 22 by 27
Z, = 2ieat sin ﬂ[ eat sin ﬂ[ a basis of real solutions.

This results obtained by addition and multiplication by constants are again solutions.

EJ > Seoul @ i |
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Free Oscillation of Spring-Mass-damping System

Linear Differential Equation

Mz"+cz"+kz=F, COS at | m: conseant

M : constant

« Stepl. homogeneous solution
mz"+cz’+kz=0 Ty z=e®" =mA+ci+k=0

Case 1 ¢’ —4mk >0

—  p/t Aot —c++/c? —4mk
Z, =Ce™" +Ce” ’(/11,2: o J (4,4, <0)

Case 2 Cc°—4mk =0

< .
L, = (Cl +C, 't) -e2m [%<oj

Case3 ¢c°—4mk <0

Z, = ez_;t -(A-cos(ewyt)+B-sin (a,t)) ,[%J(ﬁj—i-[ﬁf N e

Engineering Math, 1. Mathematical Modeling, Spring 2012, Kyu Yeul Lee



Homogeneous Linear Equation with Constant Coefficients

MExample 1
Second-Order DEs

Solve the following differential
equations f

(@ 2y"—-5y"' -3y =0

(@) Substitute Yy =€

2m° —=5m—-3=(2m+1)(m-3) =0

m, = _—1, m, = 3 Distinct Real Root

1
—=X

_ 2 3X
y=C€ +C,€

(b) Substitute Y=¢€""

(b) y'—10y'+25y=0

© y"+4y"+7y=0

m*—-10m+25=(m-5)° =0

m =m,=>5 Repeated Real Root

5Xx 5x
y=Ce”" +C,xe

Engineering Math, 1. Mathematical Modeling, Spring 2012, Kyu Yeul Lee



Homogeneous Linear Equation with Constant Coefficients

(c) Substitute Y =€""
m°+4m+7=0
m, =—2+4/3i, m, =—2-4/3i

Conjugate Complex Root

e 2*(c, coS+/3X +C, Sin +/3X)

y

|E_ﬂj "’I”a @SvanﬁLi e
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Homogeneous Linear Equation with Constant Coefficients

MExample 2 " _
An In!?cial-VaIue y=E¢€ 2 (C1C032X+C28In 2X)
Problem 1L
Yy =——e 2 (c cos2x+c,Ssin 2X)
Solve the IVP | 2
1
4y"+4y'+17y =0  +e % (=2¢;5in2x+2c, c0S 2X)

y(0)=-1, y'(0)=2

............................................................................................................ _1 1(C _|_O) C —_1
Substitute y =™

52——1c +2C —1+20 C _3
Am® +4m+17 =0 I R IR |

;
m :—E+2i, m :—E—Zii.-. =e_5x(—c032x+§sin2x)

57 s (PNGDAL
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Homogeneous Linear Equation with Constant Coefficients

MExample 3
Third'Oder DE Sy = Clex —|—C2e_2X _|_C3xe_2X

Solve

rrr

Substitute y =g™
m°® +3m° —4 =
(M=1)(m*+4m+4)=0
m=1m,=m,=-2

-
(et
?

Engineering Math, 1. Mathematical Modeling, Spring 2012, Kyu Yeul Lee == Univ. http://asdal.
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Homogeneous Linear Equation with Constant Coefficients

M Example 4 x ix x ix
y=Ce " +Ce " +Cxe” +C,xe
Fourth-Oder DE Y= ? ’ )
Solve y=Ce*+C,e™
v 4 2y" 4y =0 | =C, COS X + C, Sin X

.y =C,COS X+C,SINX

+C,XCOS X +C,XSIN X

Substitute y =™

m*+2m’ +1=(m*+1)* =0

4
N !
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1-7. Second Order
Nonhomogeneous ODEs

Naval Architecture & Ocean Engmeermg
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Forced Oscillation of Spring-Mass-damping System

Second Order Nonhomogeneous ODE

mz" +cz"+kz=F, cos ot

« Step2. particular solution
By the method of Undetermined Coefficient, we choose that

y"+ay'+by =r(x)

Zp (t) = aCOS a)t + bSln a)t Term in r(x) Choice for y,(x)
ke” Ce”
Z:o (t) = —awsin at + bwcos wt I;x"(nzo,l,...) KX 4K, XM et KX+ K

" 2 2 - KSin ax K cos ax + M sin ax
Z (1) =—aw’ cosat —bw” sin ot

ke™ cos wx )
e” (K cos wx + M sin ax)

ke”™ sin awx

m(— w?acos ot — ’bsin at )+ c(— wasin wt + wbcos at )+ k(acos et +bsin at) = F, cos et

seou  (ENGDAL |
. . . . . L) ¢ Nationa vanced Ship De:
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Linear Differential Equatlon
mz" +cz'+ kz = F, cos wt

Z,(t) =acos at +bsin wt

m(— ?acos at — w?bsin at )+ ¢(— wasin at + wb cos at)+ k(acos et + bsin a)t): F, cos ot

(k—mw*)a+ach =F,
{—a)cajt(k—ma)z)bzo

2 2
na=F,——M@h@) g <

z,(t) =acoswt + bsin at

b & Seou
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Particular Solution — Another Superposition

Theorem 3.7 o o _
Superposition Principle—= Nonhomogeneous Equations

Let ypl, ypz,---, ypk be k particular solution of the nonhomogeneous linear nth-

order differential equation on an interval | corresponding, in turn, to k distinct
Functions gl’ gz U gk . That is,ypi denotes a particular solution of the

corresponding differential equation
8,(A)Y" +8,,(X)y" +-+a,(X)y' +8,(X)y = g;(x)
Where 1=1,2,---,K.Then

Yo =Yp,(X)+ Y, (X)+-+Y, (X)

Is a particular solution of

()Y +a,_, (XY e+ ay +ag(X)y = 0,(X) + g, () +---+ g, (X)

b EJ )';\’ Seoul |
e National Advanced Ship Des’égn Automation Lab. | 88
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Particular Solution — Another Superposition

Ex) Superposition-
nonhomogenous DE

Yo, = —4x°
yp2 :ezx
Y3 = X€

is a particular solution of each DE

y"' =3y +4y =-16x°+24x -8

r ’ . 2X g?(fx)
y'—-3y' +4y=2e
g, (X)
y'-3y'+4y=2xe" —e"
9;&)

y”_3y’+4y
= —16X% +24x—8+2e* +2xe* —e*

yp — yp1+ yp2 +yp3

= —4x* +e”* + xe”

is a solution of

yN_3yI+4y
= —16x° +24x -8+ 28
() 92 (X
+2xe" —e”
92 (x)

Engineering Math, 1. Mathematical Modeling, Spring 2012, Kyu Yeul Lee



Forced Oscillation of Spring-Mass-damping System

mz"+cz' +kz = |:O COS ot | Linear Differential Equation

« Step3. general solution

Z(t) =z, (t) +z,(t)

_(L_i«/c2—4mk)t _(i+i\/c2—4mk)t 5
ce 4m2m +c,e 2m 2m ,(c”—4mk > 0)

2. ()=1(c, +c,t)e 2 (c?—4mk =0)

e 2" (AcoS w t + Bsinagt) = Ce 2" cos(w,t—5) ,(c? —4mk <0)

~

b=F
° m? (00 — 0?)? + w*c?

: M(w*0 — °) ac
z (t)=acosawt +bsinat ,|a=F
p() ( OmZ(a)Zo_a)Z)z_i_a)zCz j

ast — o, z,(t) >0, so z(t) - z,(t)

e ilaticzlnal @SvanﬁLi esign Automation La
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Forced Oscillation of Spring-Mass-damping System

MTransient and Steady-State Terms
mz"+cz'+kz=F(t) = F, cos wt

B When Fis periodic function, general solution

have nonperiodic functiorz, (t) and periodic

functiorz (t) 20)= 23 0+ 2, th(t)

15

L, (t) . transient solution

z (t) :steady-state solution

Engineer

ing Math, 1. Mathematical Modeling, Spring 2012, Kyu Yeul Lee




Nonlinear Model : Nonlinear Spring

Linear spring mass system

mz" +cz'+kz=F, cos ot

But in realistic, damping and restoring force are not expressed
as linear term. For example, it is expressed as

d?z dz| dz
M—- + B—|—+kz+k,z° =0
dt? 'Bdt dt '

Engineering Math, 1. Mathematical Modeling, Spring 2012, Kyu Yeul Lee



Nonlinear Spring: Hard & Soft Spring

When restoring force is given by F(z)=kz+k,z°
Model of system would be expressed as

d’z
m—-+kz+kz° =0
dt*
The sprlng |s sald to be hard if k;>0, and soft if k,<0
-F(2)

T Hard spring

T linear spring

041
02f
o Soft spring

0.2

Solution curve of hard spring is oscillatory,
whereas soft spring is not oscillatory

04F ':7//,,//

0.6

_08 r r r r r r r r r
05 04 03 -02 -01 0 01 02 03 04 05 Z

oul ! ‘
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1-8. Linear/nonlinear model(equation)
Linearly independent
Basis
Linear Combination
Superposition

Naval Archltecture & Ocean Engineering
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Overview

Linear Model Linear/Nonlinear O.D.E Nonlinear Model

(Linear Equation) (Nonlinear Equation)

ex) mz" +cz'+kz=F, cos ot ex) mz” +kz+k,z> =0
General Solution

-Nonghomogeneous eX) (y”)2 — y2 = O

A
y— Zh + Z -superposition ?

-Superposition

ex) mz"+cz' +kz=0|Z, Z,
General Solution Particular
- Homogeneous Solution
A /t
-Linear Combination Another
-Superposition Superposition
-Fundamental 7 Try: o
set of solutions Zl 2 L=E¢€
(Basis)

Linearly Independent

E} > Seoul @ |
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Linearity, Superposition

f (X) = mx ‘f(x)=mx+b

PG +X,) Je

F(x) ¢

F(x) 7

b

., A
X, X, XX | X, X, X +X

f(x)=mx, f(x,)=mx, f(x)=mx +b, f(x,)=mx,+b

f(X1+X2)=m(X1+X2) 1:(Xl_'_xz):m(xl_I_XZ)_I_b
Linearity, — m)(1 + mX2 — mX1 + mX2 + b
Superposition _ f(Xl) + f (XZ) =+ f(Xl) -+ f(XZ)

PG seoul @ SDAL
. . . 7 Advanced Ship Design Aut Lab.
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Linearity, Superposition

If a function f (x) has linearity,

the function f (x) has these two properties:

f (ax, +bx,) = af (x,)+Dbf (x,)

Homogeneity Additivity
(b =0) (a=b=1)
f(ax,) =af (x,) PO +X) = T0¢)+ T(x,)

X;, X, :Independent variable




Linear O.D.E f (ax, +bx,) =af (x) +bf (x,)

e Linear O.D.E.

The dependent variable y and all its derivatives y’, y”,...,y(™ are of the first
degree, that is the power of each term involving y is 1.

The coefficients a, ,...,a, of ¥, y",...,y™ depend at most on the independent
variable x.

a, (XY™ +a,5 (Y ++a,(X)y" +a (x)y'+a,(X)y =g(x)

ex) my"+cy'+ky= f(x)

V' +ay =0 where, y = y(X),
X2yrr + Xyr . O!y — O m, C, k = constant
n=012...

xy"+y' +a’y=0

1-x*)y" =2xy+n(n+1)y=0

s (NYSDAL o8
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Nonlinear O.D.E f (ax, +bx,) = af (x,) +bf (x,)

linear O.D.E.

The dependent variable y and all its derivatives y’, y”,...,y(™ are of the first
degree, that is the power of each term involving y is 1

The coefficients a, ,...,a, of ¥, y",...,y™ depend at most on the independent
variable x

a,()Yy"™ +a,, )y +--+a,(X)y" +a (XY +a,(X)y = g(x)

Nonlinear O.D.E.

L-Y)y'H2y=€"  y"+siny=¢" y@ +y?=e

Nonlinear ODE is difficult to solve analytically => Linearization or Numerical Method .

bl . INatioi
Engineering Math, 1. Mathematical Modeling, Spring 2012, Kyu Yeul Lee = Univ.



Linear Independence

oNn(—oo, o)

f,(X) =sin 2x
f,(X) =sin xcos X
?e
€
(ﬁz Linearly Independent?

v

f,(X) =sin xcos x = %sin 2X

H00=7 H09

Linearly Dependent

4
N ! . .
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Linear Independence

- - . m \\\\
Definition 3.1 Linear Dependence / Independence

A set of functions fl(X), f2 (X), ooy fn (X) is said to be ‘linearly

dependent’ on an intervall if there exist constantcl, C2 7---Cn » notall zero
suchthat C, f,(X)+C,f,(X)+---c f (x)=0
for every X in the interval.

If the set of functions is not linearly dependent on the interval, it is said to be

N ‘linearly independent’ Y,

In other words, a set of functions is ‘linearly independent’ if the only constants for
c,f,(xX)+c,f,(X)+---+c, T (x)=0
are C, =C, =---=C_ =0

“two functions are linearly independent when neither is a constant multiple of the other”

4 _EJ)';\’ Seoul @ |
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Linear Independence

a set of functions is ‘linearly independent’ if the only constants for
c,f,(xX)+c,f,(X)+---+c, T (x)=0
are Cl :C2 :---:Cn :O

“two functions are linearly independent when neither is a constant multiple of the other”

v (t)=¢"

(1) =e on(—oo, o)

Linearly Independent ?

v

Clet + C292t — () satisfied only when C1 = C2 =0 on the interval

Linearly Independent

oul ! |
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Fundamental Set of Solutions ‘Basis’

Definition 3.3 Fundamental Set of Solutions

Any set Y1, Y,,..., Y of N linearly independent solutions of the

homogeneous linear nth-order D.E. on an interval | is said to be a fundamental

set of solutions on the interval.
Theorem 3.4 Existence of a Fundamental Set \‘

There exists a fundamental set of solutions for the homogeneous linear nth-order

differential equation on an interval |

EJ )'u\' Seoql D A L
LJ National Adeanced Ship Design Automation Lab. 103
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Definition 3.3 Fundamental Set of Solutions

Any set Y1, Y,,..., Y of N linearly independent solutions of the

homogeneous linear nth-order D.E. on an interval | is said to be a fundamental

(1 1 H)
set of solutions on the interval. Basis

“Analogous to the fact that any vector in three dimensions can be expressed

as a linear combination of the linearly independent vectors 1, |, Kk

""""""""""""""""""""""""""""""""""""""" Cr=ai+bj+ck

linearly independent

¥

New Basis

hl)

\ 4
—

Engineering Math, 1. Mathematical Modeling, Spring 2012, Kyu Yeul Lee



Definition 3.3 Fundamental Set of Solutions

Any set Y1, Y,,..., Y of N linearly independent solutions of the

homogeneous linear nth-order D.E. on an interval | is said to be a fundamental

(1 1 H)
set of solutions on the interval. Basis

“Analogous to the fact that any vector in three dimensions can be expressed

as a linear combination of the linearly independent vectors 1, |, K -

{I \ j, k} can be another new basis?

g r =ai +bj+ck ??

y .B;\’ Seoul |
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Definition 3.3 Fundamental Set of Solutions

Any set Y1, Y,,..., Y of N linearly independent solutions of the

homogeneous linear nth-order D.E. on an interval | is said to be a fundamental

(1 1 H)
set of solutions on the interval. Basis

“Any solution of an nth-order homogeneous linear differential equation on an interval |

can be expressed as a linear combination of n linearly independent solutions on| .

Linear

y =, yl(x)+ C, yz/(x)..|_ A (X)|lk—" Combination

Basis Solutions
(Linearly Independent)

E} > Seoul
. . : . . National Advanced Ship Design Aut L b
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General Solution - Linear Combination

Linear Differential Equation

mz" +cz"+kz=F, cos wt

homogeneous solution mz"+cz'+kz=0
7

x
If th two basi luti L, L,f " 4 —
ere are two basic solutions Z;, Z,for mz, +cz, +kz, =0

the homogeneous equation, S , ’
then what is the general solution? mz, +c¢z, +Kz, =0

|Eﬂj N 4 d @Asdvanced Ship Design Automation
Engineering Math, 1. Mathematical Modeling, Spring 2012, Kyu Yeul Lee == Univ. http.//asda/.snu.ac.k?



Linear Differential Equation

mz" +cz"+kz=F, cos wt

homogeneous solution mz"+cz'+kz=0

If Z; is a solution for the homogenous equation,
then C,Z; is asolutiontoo. C, =nonzero constant

L.H.S: mz"+cz'+kz
=m(c,z,)" +c(c,z,) +k(c;z,)
=C,(mz/+cz; +kz,)
=C,-0=0

RHS: 0

I
i
2D
S§E

S

13

>>
a0
2>
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Linear Differential Equation

mz" +cz"+kz=F, cos wt

homogeneous solution mz"+cz'+kz=0

If Z, is a solution for the equation,
then C,Z, is asolution too. ¢, =nonzero constant

L.H.s:mz" +cz'+kz
=m(C,z,)" +¢(C,Z,)" +Kk(C,Z,)
=C,(mz; +cz; +Kkz,)
=C,-0=0

RHS: 0

I
e
2D
S Q

i ~

>>
a0
2>
Tar

ip Des’égn Automation Lab. 1 09
.snu.ac.Kr H |
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Linear Differential Equation

mz" +cz"+kz=F, cos wt

homogeneous solution mz"+cz'+kz=0

If C;Z;and C,Z, are solutions for the , mz; +¢z, +kz =0
equation, then C,Z, +C,Z,is asolution too. m22 +CZ2 +kz2 =0

Cl,C —nonzero constant
LHS mz"+cz' +kz

=m(c,z, +¢,2,)" +c(c,z, +¢,Z,) +k(c,z, +¢,2,)
=m(c,z,)" +m(c,z,)" +c(c,z,) +¢(C,Z,)" + k(c,z,) +k(C,Z,)
=m(c,z,)" +c(c,z,) +k(c,z,) + m(c,z,)" +¢(C,z,) +k(C,Z,)
=m(c,z,)" +c(c,z,) +k(c,z,)+m(c,z,)" +c(c,z,) +k(c,z,)
=c,(mz/+cz, +kz,)+c,(mz+cz, +kz)

Engineering Math, 1. Mathepgagtical Modeling, Sp&ng 2012Kyu Yeul Lee e




Linear Differential Equation

mz" +cz"+kz=F, cos wt

C,,C, =nonzero constant
Z,,Z, : linearly independent

f(z)=mz"+cz'+kz ) if f(z,)=0,f(z,)=0 then,
f(c,z,+c,z,)=c,f(z,)+c,f(z,)=0

homogeneous solution mz"+cz'+kz=0

X

Ex) Z” _92’ _|_14Z = O Basis solutions: Z1 — e7x, 22 — 62
. _ X 2X
LHS: 2"-97"+14z
=(ce™ +c,e™)" —9(ce™ +c,e”) +14(ce”™ +c,e’)
= (49c.e”™ +4c,e”*)-9(7ce”™ + 2c,e**) +14(ce”™ +c,e’)

= (49-63+14)ce”™ +(4-18+14)c,e** =0
RH.S: Q

(58
Lx‘-'—'
INE 4
g
18
>
:Qm
13
N
e
1%
oS
33
g
O
83
33
Y
g
-~
3
—‘v
S
s
5y
-t
—r
-t
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General Solution - Linear Combination

Linear Differential Equation

mz" +cz"+kz=F, cos wt

homogeneous solution mz"+cz'+kz=0

If there are two basic solutions 21, zzfor

the homogeneous equation,

then what is the general solution?
C,,C, =Nnonzero constant

E— 3 | Linearly
Solution ya— Clzl + C2 22 Independent
A Linear

Combination

So, solving the homogeneous equation
means finding basic solutions which are
linearly independent!

mz;/+cz, +kz, =0
mz; +cz, +kz, =0

Engineering Math, 1. Mathematical Modeling, Spring 2012, Kyu Yeul Lee



Nonlinear Equation : Some Differences

MSome Differences

B Nonlinear Equation do not have superposition property
Even though Y, and Y, are solutions of nonlinear DE,

Y =C,¥Y; +C,VY, is not a solution of nonlinear DE
Ex) (Y")*—y* =0

These two are linearly independent solutions

y= e* - > LHS. (ex)2 —_e¥* =0 RHS.:
y=CO0SX ------ >  LH.S.: (— COS X)2 —cosS’X=0 RHs:(

Is the linearly combined solution also a solution too?

y — Clex + C2 COS X ,Where C11 Cz are nonzero

4
N ! . .
Engineering Math, 1. Mathematical Modeling, Spring 2012, Kyu Yeul Lee LJ\ Univ. @ﬂ%%%ﬂ?ﬁugfﬁ" Automation



Nonlinear Equation : Some Differences

LH.S.: (y") -y
= (c,e* —c, cos x)? — (c,e* +¢, CoS X)°

= —4c,C,e" Cos X
R.H.S. 0

L.H.S. #R.H.S.

linearly independent solutions

X
y:cosxw y=Ce€e +C,C0SX
X Not a solution Nonlinear
— J Linear combination

e ilaticzlnal @SvanﬁLi esign Automation La
Engineering Math, 1. Mathematical Modeling, Spring 2012, Kyu Yeul Lee == Univ. ttp.//asda/.snu.ac.k?



1-9. MODELING OF ROTATING STRING

Naval Architecture & Ocean Engineering

s SD
Lj Nt nal http// Zs;hpDkg in Automatio. Lb 115

Engineering Math, 1. Mathematical Modeling, Spring 2012, Kyu Yeul Lee



Modeling : Rotating string

Nonlinearity of the nature |:> Nonlinear Mathematical Model |:> Numerical Method
@ Linearization
Linear Mathematical Model [> Analytic Solution

Ex) Rotating String

Y F, =T,cos6,—T,cos6, =0

T,cosg =T,cos0,=T

ZF =T,sin@, —T,sing,

p : string density |
w : string angular velocity ; -T sin ‘9 T sin (9
T : magnitude of tension ; COS 92 COS 91
y(x+A4x) i ~Ttand,-T tan 6,
/ ’
=TLy'(x+Ax)—y'(X)]
d d
" tan g, = ,tan 6, -
dX X dX X+AX
Engineering Math, 1. Mathematical Modeling, \;p:Tng 2012, Kyu Yeul Lee Laj\ Z\I/”?:In I@ﬁgp// ed Ship Design Automation L bi 116



Axy' =~ 0

.+ AX <« 1, As ~ AX means y'(=dy/dx) is small too

D F =TI (x+A%) - y'(X)]

assum.: AX < linearization '

Mass: M= pAS = pAX
Centripetal acceleration: g =Cr @’
When Ax is small,

Fr+Ar=r+r'AxX+---=y4 y'Ax+---

Acceleration points
in the direction
opposite to the

positive y direction

linearization

2
r+Ar=r=y a=—ro =—yo

g Z F, =ma~—(pAx) o3

2

Engineering Math, 1. Mathematical Modeling, Spring 2012, Kyu Yeul Lee

B et (@SRAL,
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2 F, =TIy (x+2x) - y'(X)]
Y F, =ma~—(pAX)ye’

T X+ A) =y (0] = =(pAx) yo'

7 Y (X+Ax) -~ y'(x)
g AX
y(X+AX) § y'(x+Ax)—-y'(x) _d?y
\‘:’\? T, AX dX2
i 2
P
dx

+ pa’y =0

+po’y =0

EJ Seoul S AL | |
. . . . . e National Advanced Ship Design Automation Lab. 118
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1

€., Whatir .
(}‘; F+Ar=r—+r'AXt---=|y+ Y AX+---

then,a =—(r + Ar)o’ =—(y + Y'AX)@°
STLY (X +AX) — Y ()] = =(pAX)(Y + Y'AX) 0°

d’ ,
=T —2/+pa)2Axy + pw’y =0
dy
Not a form of & or polynomial of x

Axy’ ~ (0 Ax <1, As ~ AX means y'(=dy/dx) is small too
d’y

- T 2 + p’y =0

Engineering Math, 1. Mathematical Modeling, Spring 2012, Kyu Yeul Lee

Seoul i |
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1-10. TAYLOR SERIES EXPANSION

Naval Architecture & Ocean Engineering
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Taylor series expansion

o' f (_x*)j

Given : x , F(x), up to the i-th degree derivatives at X [ o

Find:  f (X 4+ AX)

% Taylor series expansion for a function of single variable

F(X+AX) = f(X)+ f ’(x*)Ax+% FrOO)AE +.. [T,

Maclaurin series

let X >0, AX — X

f(x)= f(0)+ f’(O)x+% f7(0)X? + ...

X X +AX

Seoul |
National ip Desi ? 121
Engineering Math, 1. Mathematical Modeling, Spring 2012, Kyu Yeul Lee Lj\ Univ. @ﬂ%%%ﬂ?ﬁugfﬁ" Automation Lab'§ |



Taylor series expansion of trigonometric functions

f(X+AX) = f(X)+ f’(x*)Ax+% f7(X)AX® +...

3 5 o [
SIHQZ/H;—+9__..._Z&X2n+1
R TR < (2n+1)!
2 i e [ A\
cos@=1—— 9__...22( D" o
N /2' 4| e (2n)|

N 0 20° - i BZn (_4)n(1_4n) x2n-1
T3 s TR ()

Engineering Math, 1. Mathematical Modeling, Spring 2012, Kyu Yeul Lee



Taylor series expansion for a function of two variables

0"t (x, x;)j

Given : (X1*, X;),f(X1*, X;), Derivatives at X ( i~ ]
OX; OX,

Find: £(x7 + Ax,, X, + AX,)

Taylor series expansion for a function f of two variables, x1, x2

* * * * a][ 8f
f()(1 + AX1,X2 + AXZ) — f(/\/1 ’XZ) + a—)(1A)(1 + @AXZ
2 2 2

o a—fZA)q2 b0 97 AXAX, + (’N;szzj +

2\ ox, OX,0X, 0X,
of° of° of° of°

o —AX] +3——AX/AX, +3 - AX, AXy + ——=AX,

3\ ox; 0X;OX, 0X, 0X; 0X,

e ilaticzlnal @SvanﬁLi esign Automation La
Engineering Math, 1. Mathematical Modeling, Spring 2012, Kyu Yeul Lee == Univ. ttp.//asda/.snu.ac.k?



VE(X) (x=x") =

e ox,

) ) T pr—
f (X +AX, X, +AX,) = T (X, X)) +H—AX +—AX,
:OX, OX, ;
e o 62f ...............
+ 2| AXS 2 AX AX, +—— A%, | +..
OX L OXOX, 0 X e
1 T oy a1 62!/821‘ 0% f o f A,
E(AX) H(x )(AX)_E{GTf(AXl)+m(AX2) oxox, — (M) +— PV (AXZ)}{AXJ
o’ f o°f
1 XX OOX, || A% = =
:E[Axl AX, o f o {ij 821; O? f
OX,0%, 0%’ H = OX; OX,0%,
. T 1, oy, o't o°f
L f(x) = F (X)) + V(X)) (AX)+E(AX) H(X") (Ax)+R Rl

Engineering Math, 1. Mathematical Modeling, Spring 2012, Kyu Yeul Lee
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Total differentials for a function of two variables x1, x2

FOG+Ax X +A%,) gy
X
F(%,%) 2
,,,,,, 1 |Af
S df
4 . 4 Y | |
(X, %) /4l of
2 ~slope= —
N %
slope o
X = =
2 0%, N .
AX, = dx, a—dxl
(dx¢! dx, %
< ’ > AX, = dx
N Xy /
The change of the function is defined as
follows
Af =iAx1+iAx2+1(az—ZAxf+2 o'f AXAX, + AXZZ}LR
X, OX, 2\ ox OX,0X%, OX

If A, = 0,AX, =0, the first-order term
ﬂAxﬁiAXZdominates other terms.

X, oX,

of
Therefore Af can be approximated as Af z&AXﬁ
Engineering Math, 1. Mathematical Modeling, Spring 2012, Kyu Yeul Lee

of
OX,

— AX, !

The symbol “d”refers to the infinitesimal

change. In accordance with the notation we
write the change of the function f as follows

the change of the

o,

the change of the function in
X, direction

function in X, direction

df = dx, +——dx,




Total differentials for a function of two variables x1,x2

of

f(x +AX, % +AX,)  ——dx,
X
(’3]‘ ........... : 8]‘ ............ 5 f(x,X,) o “2_
df = dx, +— dx, f AN — |af
axl axz s T Y af Y
.................................. o ), I
F(x,%;) ) ;
\ 7 \Slope= —
.LI/\ 2
‘ol Nof
X ope=,,
f=V,x=t,x =X ’ % \
1 2~ 0 S|, f)———t of
. . . Ax, gdx, /- —dx,
N/ Velocity time displacementy, -~ ° | -~ X,
................. E EsEEssEEEsEEEEEES * *“——“ AX :dX
oV i ioV (%, %3,0) 1 1
dV =~ dti+— dx >
) X

.................

l—» For constant time, the change of the velocity to the displacement

» For constant displacement, the change of the velocity to the time

y .B;\’ Seoul |
o . . . | National Advanced Ship Design A jon 1ab., 126
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1-11. MOTION OF A FLUID ELEMENT
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r : displacement of a fluid particle with respect to the time v' Assumption

Pressu re a nd FO rce V:ﬂ a d’r Fr«: Froude- krylov force ® Newtonian fluid*

. . dt " dt? Fo: Diffraction force @® Stokes Assumption**
Fr: Radiation f
a Ctl n g O n a F I u I d E I ement 1) RTT: Reyr?oldaT:gr:(s)So?tr_%'ﬁeorem @ inviscid fluid

3) VWBM: Vertical Wave Bending Moment . . . .
g @ irrotational flow ® incompressible flow

v'Equations of motionH Lagrangian & )

of a Fluid Element Eulerian Description Shearforce Gl & Eaiciie

Newton’s 2"d Law $

— .
%FZZF:(Body P Cauchy Navier-Stokes $ Euler Bernoulli

equation equation equation equation
+ Surface force) @ @ @ ®
| A
_ e : Mass @ '
r= [51,52,53,§4,§5,§6] Microscopic/ Laplace 20 — | oD 1 2
&:surge &, roll Macroscopic onservation Place o..p V'O =0 | p—+P +—,0‘VCD‘ +p9z2=0
£ sway & : pitch Derivation(RTTY) Law Eq uation (V =V ) i 6‘: 2
& theave & :yaw - ! J
* A Newtonian fluid : fluid whose stress versus strain rate curve is linear.
- Hvdrostatic Pr. E | M nt on a Floatina Body **Definition of viscosity coefficient(u,A) due to linear deformation and isometric
expansion W & seoul
Engineering Math, 1. Mathematical Modeling, Spring 2012, Kyu Yeul Lee ‘Lj\ ,l\llzl{llfnal@ﬁgz%%i?ﬁugecﬂr” Automation Lah% et




Derivation of Buoyant Force

1) Kundu,P.K., Cohen,I.M., Fluid Mechanics 5, Academic Press,2012

* A Newtonian fluid : fluid whose stress versus strain rate curve is linear.
**Definition of viscosity coefficient(u,A) due to linear deformation and isometric

- Equations of Motion of a Fluid Elememt(Cauchy eq. ~ Bernoulli eq.)V

Cauchy Equation :pd_V:pg+Voa

dt

,(V:[u,v,w]T)

® Newtonian fluid*
@ Stokes assumption**

Continuity

op _
Equation E+Vopv—0

Navier-Stokes Equation : _ dV
(in general form)

dt

p—=pg—VP+,u(%V(V-V)+V2Vj

(,u = O)@@ Inviscid fluid

Euler Equation : p?j—\t/ =pg—VP

p= p(P)@@ barotropic flow

@ incompressible flow

£ = constant, (a—p = Oj
ot

VeV=0
® irrotational flow
@ (V=va) »

Laplace
Equation

VD=0

Euler Equation oV
(another form) At

—+VB=VX(J) ,[Bz%q2+gz+fd—P , q2;:u2+vz+wzj
Yo,

o=VxV

® Steady flow

1
along the streamlines
and vortex lines

G

Bernoulli B — constant

Bernoulligd 1
equation &~ T35
(case?) ot 2 :

Newtonian fluid
Stokes assumption
inviscid fluid

(o = constant)

@@ incompressible floy

4 unsteady flow

------ “ irrotational flow

equation
(12 dP j
—q +gz+j—:C
2 p

(casel)
Engineering Math, 1. Matheiwatl pad tetic #ivgsusyrfoyc@Qird Kol

Bernoulli 6 1 5 P
equation E+§|V®| +gz+;:F(t)

(caseld)

leoul L |
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Derivation of Buoyant Force J e pressue The et pressure of e frence
-Meaning of F(t) in Bernoulli Equation - T

and Gauge Pressure T Proy = Pu

Bernoulli Equation ]
I:)Botto'mI T’T.I T I

8CD P 1
v'What is the pressure on the bottom of an object ?

y
y
‘.
)
‘_8
lll“_
‘.
‘.
I

\V®\+gz—Fa)

p

P O P, Lot gy Pam
W or_p 2 p J
QOO000O v
.“.“ oD I:)atm + I:)Flmd ‘ch‘ + gZ — 45

. 0D E'PFIuidl _

If a fluid element is irl?staitc equilibrium state ot + P '+§Wq)‘ +9z=0

on the free surface (z=0), then

od

oo,
~ =0 Vo=0, P=P,,

o P 1,_/q Pam _
g+;+5\yé\ +9//=F(t) — 7—F(t)

(Atmospheric pressure(P ,))i=
(Pressure at z=0)

‘gauge pressure’

% In case that R.H.S of Bernoulli equation is
expressed by zero, pressure P means the pressure
due to the fluid which excludes the atmospheric

PeS HdiON of fluid is small, square term could be neglected.

a(D+PFluid +W+gzzo
o  p

oD
i 8(1) P 1 ‘V(D‘ +Q9z= Pt Pria = _PE -p9z=0
| 51: p ,O — 'P Y L Y '-'Uf? Seoul

: e  National
Engineering Math, 1. Matheiwat pad tetid ®irgsuBp rfoyc@Giriy] KJanYeot baea Floating Body dynamic PStatiC Lj\ Univ.

i
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r : displacement of particle with respect to time v' Assumption
Pressu re and Force v ar azLZF Fe«: Froude- krylov force @ Newtonian fluid*
dat ' dt? Fp: Diffraction force

@ Stokes Assumption**

acting on a Fluid Element 1y RTT- Reyfold aspon Theoren ® invicid lid

3) VWBM: Vertical Wave Bendidng Moment

® Incompressible flow

v'Equations of motiony Lagrangian & N
of Fluid Particles Eulerian Descriptio ghear force Curl & Rotatiom
Newton’s 2"d Law — = _
i) T2 5 _3"F = (Body force Cauchy Navier-Stokes Euler Bernoulli
- - equation equation equation equation
____________ +Suface force) D@ ® @G
r=[§,§ 16316416506 ]T Microscopic/ Mass @® 28 i od 1 2
51:surgtle ,254:?0”4 " Macroscopic onservation Lapla-ce ®-- V=0 : p—+ P +_p‘vq)‘ +pg z=0
& sway & :pitch Derivation(RTTY) L aw Equatlon (V ZVCD) E a‘t 2
£ 'heave & :yaw | ! | J
Velocity potential ® vCalculation of
® = @, (Incident wave potential) ALl e
+®, (Diffraction potential) Linearization
1 2
+®; (Radiation potential) 5 [EP‘WD‘ _Oj
: P=-pgz—p—
- L
[FFluid (r,l.’,'r') = J.J.SIBDndS = I:Buoyancy(r)_'_FF.K (r)+FD (r)+FR (r,l",V) ]
\_ ( Sg: wetted surface Area) )

* A Newtonian fluid : fluid whose stress versus strain rate curve is linear.
- Hydrostatic Pressure, Force and Moment on a Floating Body **Definition of viscosity coefficient(u,A) due to linear deformation and isometric expan:

131

,;E] ’J Seoul @
§ : National P . P
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Pressure and Force acting on a Fluid Element p%’w%p‘v@mpgz:o

- Fluid Force acting on the ship

v Pressure due to the fluid Elements around the ship in

' z
\'\'7 ' wave
Static pisturbanc . Velocity, acceleration, pressure of the fluid elements
are changed due to the motion of fluid, then the

pressure of fluid elements acting on the ship is
~changed-

Linearization
f Incident wave velocity potential((I)I )

v’ Total Velocity Potential
D, =D, +P, + D,

v Velocity potential of an incoming wave that
Is independent of the body motion

Superposition Theorem

For homogeneous linear PDE,
the superposed solution is
also a solution of the linear

v Velocity potential of the disturbance of the PDE?2
incident wave by the body that is fixed in
positiond o
P=-pgz— !
......................................... ( ) p9L—p ot
2 Radiation wave velocity potentia CDR y_
Fruia = ﬂs ndS

v Velocity potential of the wave that is induced
by the body motions, in the absence of the =Fic+Fex +Fo +

incident wave.l

1) Newman, J.N., Marine Hydrodynamics, The MIT Press, Cambridge, 1997, pp SR Seoul
287 / Laj / Nati onal Asdgéilg'hlp Des’égn Automation Lab. 132
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CD| : Incident wave velocity potentia

@, : Diffraction potential

v  Bernoulli Equation

v Laplace Equation

i : V2D =0
.} p%+P+;ﬂV@v2+pgz:O ‘
i O=], +D,+D,
i i D ) )
Linearization ' Linear combination Basis solutions
! + of the Basis
| ; ---solutiong----cm e
i .. ob . ob, oD od
E PFIuid (I",I",I’) :—pgz—p— :lr_pgz':_p I + D + R
| A o e ot ot ot
Pressure of the fluid { _____________
i elhe_ments acting on the PBuoyancy (r)_|_  « (r) + P (r) 4 P (r I, r)
ship  Veadqailodaooc - .
; | : : denamic :
S U ;
dF : Differential force of the fluid PFIuid — Buoyancy (r) + FF K (r) + F (r) + F (r r r)

elements acting on the ship

dS : Differential Area

N : Normal vector of the
differential Area

T
r:[§1,§2,§3,§4,§5,§6]
& surge &, :roll
S.sway & . pitch

( Sy wetted surface)

Integration over the wetted surface area of the ship
(Forces and moments acting on the ship due to the fluid elements)

i € . . D> — § §_ =

&, theave & :yaw !

Engineering Math, 1. Matheiat pad tetid @i gsuBp rfoyc@Giriy] KyanYeot baea Floating Body = Univ.
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Derivation of Buoyant Force:
Hydrostatic Pressure and Buoyant Force acting on aanﬁﬁ

¥ Pressure: force per unit area applied in a direction
perpendicular to the surface of an object.

Iculate force, we should multiply pressure by area
4RBrmal vector of the area.

According to the reference frame, (-) sign is
added because the value of z is (-).

____________________________________________

: Force acting on the upper differential area

v What is the force acting on the bottom of an objec ’dFTOp Top ‘N dS PTop = —pg-0
Z IIII nl - _k
T PTO P Patm ., I,'I
SR RSB A R W AVA ,’ N.: Normal vector
vA E ¥
Ak P=P Z
n N atm'J 'Og dS : Surface area
sl e D
/ IDBottom atm —pP gZ
/ dl:Bottom I:)Bottom nZdS n2 =k
/ : Force acting on the lower differential area
dF = F 1 + = [dF = [[Pns (0 =Pus =pu0
Top ‘N dS + PBottom nzdS Static fluid pressure excluding the

S + (P - pets |

=—pgzkdS = k(—,g0z-dS)

: Force due to the atmospheric pressure is vafished.

Engineering Math, 1. Matheiat pad tetid @i gsuBp rfoyc@Giriy] KyanYeot baea Floating Body

atmospheric pressure.

:—,og_”nzdS
Sg

P=—poz— _8(1)
P& p@t
_'—I
P

static denamic

; It—'J\ Univ. \_‘ http //asdal snu.ac.kr
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In case that ship is inclined about x- axjis

(Front view)
( Sg wetted surface)ZA

(Hydrostatic jjorce acting on the differential are

dF = PdS = PndS
P=P

static

= —pgzndS

(Differential area)

dM =rxdF
(Moment acting on

the differential area) r

)

» Hydrostatic force (Surface force) is calculated by integrating

sthe differential force over the wetted surface area.
v Hydrostatic force acting on the differential area :
dF=P-dS=P-ndS

P is hydrostatic pressure, Pgic-

P = Paic = —P02
dF =P, -nNdS =—pgz -ndS
v Total force : ( S, wetted surface area)
F=[[Pnds =|F=-pg|[znds
Sg Sg

» Hydrostatic Moment : (Moment)=(Position vector) X (Force)
v Moment acting on the differential area :

dM =rxdF =rxPndS = P(rxn)dS

v’ Total moment :

M =H P(rxn)ds =)

= —pg_U z(rxn)ds




Buoyant Force

. 1) Erwin Kreyszig, Advanced Engineering Mathematics 9t ,Wiley,Ch10.7(p458~4¢
v Hyd rostatic force 2) Erwin Kreyszig, Advanced Engineering Mathematics 9" ,\Wiley,Ch9.9(p414~417

F = — 9 Ij zndS (S wetted surface area)
S

By divergence theorem? ,

Y Ljf-ndAzj\_[fodV

oz. 071. 0OZ
F = v | vizZi+Zj+Zk=k
pofffvaav [ve i i Tk
=keg]f av

-
-

'l I
=kng(t) | That means V is the function of time, v@).

i When ship moves, the displacement volume(V) of the ship is changed with tir'ne.

: The buoyant force on an immersed body has the same magnitude as the weight of the
fluid displaced by the body1). And the direction of the buoyant force is opposite to the
gravity (Archimedes’ Principle)

X The reason why (-) sign is disappeared

: Divergence theorem is based on the outer unit vector of the surface.

Normal vector for the calculation of the buoyant force is based on the inner

unit vector of the surface, so (-)sign is added, and then divergence theorem is iss
EF—QM— Automation Lab.




1) Erwin Kreyszig, Advanced Engineering Mathematics 9t ,Wiley,Ch10.7(pp.458~46
2) Erwin Kreyszig, Advanced Engineering Mathematics 9" \Wiley,Ch9.9(pp.414~417

Hydrostatic Moment

v/ Hydrostatic moment (Sg: wetted surface) 24 4Z'

M :—,ogﬁ(rxn)zds =,ogﬂ(n><r)zd8

By divergence theorem? ,

U\_[_[VdeV:ijandAj
\%

M z—pgjjj (Vxr)zdVv
V

Because direction of normal vector is opposite,
(-) sign is added

» |11 K
c o0 o0| .[ o0 _, 0O .(8 0 2) 0 0 L.
VXrz= =i| =z ——vyz |[+]j| =x2——72% |+k| =—yz——xz | =iy + X
oXx oy oz oy 0z 0z OX OX oy
Xz yz z°

~M=—pg[[ [-iy+jxJav
V Aalvanced hip Desian Automation “, 137
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1-12. MODELING OF HEAVE MOTION OF A
SHIP IN OCEAN WAVES
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r : displacement of particle with respect to time v' Assumption

_dr __dr Fex: Froude- krylov force @ Newtonian fluid*
M f s kg - Fp: Diffraction force Stokes A L0k
o tokes Assumption
6 D.O.F Equations of ship miotion =it ® Stokes Assumg
1) RTT: Reynold Transport Theorem @ inviscid fluid

3! VWBM : Vertical Wave Bengmg Moment
* *

® Incompressible flow

v'Equations of motiony Lagrangian & A
of Fluid Particles Eulerian Descriptior Shear force il & Errarion
Newton’s 2"d Law — . _
%.r, _S°F - (Body force Cauchy Navier-Stokes Euler Bernoulli
- B eguation eguation eguation equation
____________ +Sufaceforce) D@ ® ®G
: : Mass @® E
Microscopic/ ) 28y : oD 1 2
Macroscopic onservation Lapla.ce Vo =0 O+ P+ —,O|VCD| + ,Og z=0
Derivation(RTTY) L aw Eq uation (V = VQD) | &t 2
v'6 D.O.F equations of motion "\ (~Velocity potential @ v Calculation of
) : : Fluid Force
@ Coordinate system(Reference frame) ® = @, (Incident wave potential)
(Wa'[el’ surface-fixed & BOdy'f|Xed fl‘ame) +(DD (Diffraction potentia|) Linearization
’ nd 1 Vol =
@ Newton’s 27 Law +Dp (Radiation potential) o (ZK‘V[‘ O,j
Mr =Y F =(Body Force)+ (Surface Force) P——por— p—
1 pPEE=P—
=F,_.(r) o0 R(REE) e E“Zr F,F) = [[PROS = Fopary (M) +Fe (1) + Fo (1) + R (1,1, F)
- gravity \_Elid__’_’ _____ J ~F_I<ns1:XMLFault xmlns:ns1="http://cxf.apache.org/bindings/xformat"><ns1:faultstring xmlns:ns1="http://cxf.apache.org/bindings/xformat">java.lang.OutOfMemoryError: Java heap space</ns1:faultstring></ns1:XMLFault>