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1.1 Newton Equation
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Force Vector and Newton’'s Laws

The First Law:

The velocity of a particle can only be changed by the application
of a force

The Second Law:

The resultant force (that is, the sum of all forces) acting on a particle
is proportional to the acceleration of the particle. The factor of
proportionality is the mass.

The Third Law:
All forces acting on a body result from an interaction with another
body, such that there is another force, called a reaction, applied to
the other body. The action-reaction pair consists of forces having the
same magnitude, and acting along the same line of action, but
having opposite direction.
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Newton’s 2"d Law and Euler Equation

n The position vector extending from origin E to point P is labeled

E y A start point of the position vector.

‘ An end point of the position vector.

n

XpYnZ, axis(n-frame):

Inertil reference frame which should be read as the position vector to P from E
, or equivalently, the position of P with respect to E.

—>To define this position vector, a reference frame is required.

QA
%9

~

hich frame is used to define the position vector?

quics in ship design automation, 1. Particle Dynamics, 2010, Fall, K.Y.Lee
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Newton’s 2"d Law and Euler Equation

Which frame is used to define the position vector?

We can choose any reference frame for our convenience.

A
9 ¢

@L When do Newton’s 2"d Law and Euler equation work?

Newton’s 2" law is valid in any inertial reference frame.!

An inertial reference frame is one that translates at a constant velocity. The
translation condition, by definition, means that the coordinate axes point in
fixed directions, so that we may interpret velocity and acceleration in the
same way as we do for a fixed reference frame.?

Reference 1) Ginsberg, J. H., Advanced Engineering Dynamics, 2nd edition, Cambridge University Press, 1995 p.4.
Seou
Reference 2) Ginsberg, J. H., Enmeerln D namics, Cambridge University Press, 2008, p.15. — P
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1.2 Translational Relative Motion
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Translational Relative Motion
- Motion of a particle with respect to an inertial reference frame

Newton’s law is valid in any inertial reference frame.V

mr = ZF : Newton’s 29 Law

4 A particle P of mass m, is observed from
the origin E of an inertial reference frame,
n-frame.

We can apply Newton’s 2"d Law to the
particle P.

Mol =F

' /Then, what will be if the reference
L frame is non-inertial?

K

E : The origin of the inertial reference frame (n-frame)

Topics in ship design automation, 1. Particle Dynamics, 2010, Fall, K.Y.Lee
~==Reference 1) Ginsberg, J H Advanced Enmeerm Dynamics, 2nd ed|t|on Cambndge Un|ver5|ty Press, 1995 0.4,
L = . 2 ——— - x
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Relative Motion
- Motion of a particle with respect to a non-inertial reference frame

e ™ If we observe the point P in a non-inertial
reference frame, b-frame, that {(which)-is
moving with an acceleration of “a”, what is the
force exerted on the point P?

By substituting the kinem
acceleration leads to,
mP (rP/O + r‘O/E
Mp Ip)o +Mp Mg e =
Molp0 FFp —Mplo e
A Y !

E : The origin of the inertial reference frame (n-frame) Acceleration Vector relative to | External Inertial force

O: The oridgin of the non-inertial reference frame (b-frame) the non-inertial reference frame | Force
quics in ship design automation, 1. Particle Dynamics, 2010, Fall, K.Y.Lee
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Relative Motion
- Examples of a Bus

Case #1-1

- A box is fixed on a bus which is at rest.
- Find the forces exerted on the box.

An observer® describes the force
exerted on the box.

1. At first, we consider the forces
exerted on the box in vertical
direction. Newton’'s 2" law is
applied to the box in the bus.

Mass of a box; m, .. _F
mPrP/E -

=m,g+N

Free-body . . P el e . .
; Since the box is at rest, it is in static

equilibrium.

O.

P, =0

O=m.g+N
L

‘ N =-m,g ‘

2. There is no force in horizontal

Qhrectlon

rP/E

Observer @



Relative Motion
- Examples of a Bus

Case #2-1

- A box is fixed on a bus that {whieh)-is moving with an
acceleration of a in the horizontal direction.

- Find the force exerted on the box in the horizontal direction.
a

> An observer® describes the force
exerted on the box.

We apply Newton’s 2" Jaw to the
box in the bus.

| e
e My Fp/e FP

—

O foe=2j e =4l

m, aj=F;

r. = The force exerted on the box is
in the horizontal direction is:
U mP a

Ya

4 o

Observer @




Relative Motion Mpip,o =Fp —Meig e
- Examples of a Bus ' '

External Inertial force
Force

Case #2-2

- A box is fixed on a bus that {whieh)-is moving with an
acceleration of a in the horizontal direction.

- Find the force exerted on the box in the horizontal direction.
a

[
»

An observer® in the bus describes
/ the force exerted on the box.

Suppose an the observer is located at the
origin of the non-inertial reference frame

° Fo /o that {which)-moves with an acceleration of a
= (observer®)).

Thus, the inertial force should be considered.

Observer @ ~

O Ioe= aj

inertial force

Z, "rre =m, aj—m, aj

@ — OJ
: a

The observer® recognizes that no
@rce is exerted on the box. / rrrrrr

Observer @




Relative Motion
- Examples of a Bus

Case #3

- The box is not fixed and there is no friction btw the box and the bus
- The bus is moving with acceleration of ain the horizontal direction.
- Find the force exerted on the box in the horizontal direction.

a

»
»

.
3
Observer i

O

O

Observer @ 13



Relative Motion
- Examples of a Bus

Case #3-1

- The box is not fixed and there is no friction btw the box and the bus
- The bus is moving with acceleration of ain the horizontal direction.
- Find the force exerted on the box in the horizontal direction.

a

[
»

O.

r
7 P/E

Yn
X

n

Observer @

-

An observer®@ describes the force
exerted on the box.

We apply Newton’s 2" Jaw to the
box in the bus.

My Foe =Fp

OZFP > Ve =0

- The force exerted on the box

is zero in the horizontal direction.




Relative Motion moi,,o = Fo — Mok .
- Examp|eS Of a BUS Ext'ernal In'ertial force

Force
Case #3-2

- The box is not fixed and there is no friction btw the box and the bus
- The bus is moving with acceleration of ain the horizontal direction.
- Find the force exerted on the box in the horizontal direction.

a

[
»

An observer® in the bus describes
the force exerted on the box. \

The observer®) is located at the origin
; of the non-inertial reference frame

& P/O which moves with an acceleration of a.
Observer @

O oe=3a So, the inertial force should be
considered.

inertial force

s r o \ )
My Fojo = Foi— Ml . ,'> F. =0j

r
7 P/E

o The observer® recognizes that the
& mgative force —m,a is exerted on the box;
Observer @




Relative Motion
- Examples of a Bus

Case #4-1

- A bus is moving with an acceleration of @ in the horizontal direction.
- A handle is connected to the top of the bus by the strap.

- Find the force exerted on the handle.

When an observer® describes the handle, the handle
a is accelerated in the horizontal direction.
The observer®@ describes the force exerted on the
box as follows.

ra

v

,

Mplpe = T—M0K

m P rP /E

We apply Newton’s 2" law to the box.
M, Foe =F
=T -m,gk

T — mP.rP/E + mp gk ,,,,,,,,,,,,,,,,,,,
Observer @ 16



Relative Motion Mpfp,0 = F — Mg e

- Examp|eS Of a BUS External Inertial force

Force

Case #4-2

- A bus is moving with an acceleration of @ in the horizontal direction.
- A handle is connected to the top of the bus by the strap.

- Find the force exerted on the handle.

When an observer®) in the bus describes the handle,
a the handle is not moving, but the strap is inclined.
The observer® describes the force exerted on the

L box as follows.

v

Inertial .f.orce
mass of a handle;m, My I;,4 =T—mpgk_mpro/5 ob ® and
server @ an
Vv ] handle have the

= mP rP/E m rP/E same velocity.

Inertlal force

For the observer®
the handle is not
moving, since the
tension and the
inertial force are
canceled each other.

Observer @ 7




Relative Motion
- Examples of an elevator

/Case #5-1 (From observer 1

A person stands in an elevator that (which)-is at rest (a=0), where
and the bottom of the elevator is net-attached-open.
- What will happen?

s view): )

v

-

.
From observer 1 ‘s view:

- To understand this phenomena, we will
apply Newton’s 2" law to the person in
the elevator.

M Foe =Fp
Mp Foe =—M0K
Foe =—0K

The observer 1 recognize that the person is moving with the
acceleration g in the downward direction

“The person will fall down”.

oy B eou DAL %
[ ¢ Nationa @Sd dShpD kg n Automation La b 18
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Relative Motion Mpipo =Fo — M e

Y L

- Examples Of an ele\latOr External Inertial force

Force
" Case #5-2: When the falling person observes himself, what does he

recognize ?

L/ - The person will fall down. \

When he observes himself, the inertial
~m,gk| force should be considered, because he
is moving with the acceleration of —g.

inertial force

me P/O_F mr/E' >F=—m » 0K

- The pointOismoving |  F F/IV o T UIE

with the person —m gk + m gk
=0

Therefore, the person(observer 2)
feels(recognizes) that he is weightless.

98 s ENSDAL |
e ¥ /vationa, Advanced Ship De: kgn Automation La b
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Relative Motion
- Examples of an elevator

§
P/E A reaction force

by Newton'’s 34 law

- We apply Newton’s 2"d law to the
person in the elevator.

M Foe =Fp

"> The person is at rest.

=—-m,g K +Nk

Since the person is at rest, static

equilibrium, ., =0

0=-m,gk+ Nk
b
The bathroom scale
‘ N = mP g indicates m g

4 Case #6 (From observer 1's view) )
- A person stands in an elevator that {which}-is at rest (a=0), and
the bottom of the elevator is attached-closed.
. - How much weight does a bathroom scale indicate? D
-

dShp D
http// sdal.sn
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Relative Motion
- Examples of an elevator

4 Case #7-1(From observer 1's view) A
- A person stands in an elevator that {which)-is moving upward
with an acceleration of a.

. - How much weight does a bathroom scale indicate? y

/9 The person is moving with the eIevatoP.

- We apply Newton’s 2" law to the
person in the elevator.

My Foe =Fp
=—-m,g K+Nk >r e
m.ak =—m,gk+ Nk + ™

L
N=m,(g+a)

- The bathroom scale indicates m (g+a)

- In other words, the forces exerted on the
person is the gravitational force and the
force from the bottom

- The resultant force is m,ak, and the person
= is moving upward with an acceleration of 2




Relative Motion Mpio0 =Fp =M

- Examples Of an elevatOr E)l(:ternal Inertial force
\

4 Case #7-2(From observer 2's view)
- A person stands in an elevator that {which)-is moving upward
with an acceleration of a.

- Find the exerted force on the person. y

gi An observer® in the elevator describes
" | the force exerted on the person. B

The observer(®) is located at the origin of
the non-inertial reference frame that {whieh)
moves with an acceleration of a.

Thus, the inertial force should be

considered.  inertial force F, =-m.gk
P P

""""" inertial force + Nk

- The observer® recognizes that the
inertial force is exerted on the person.

iy ¥ Nationa Advanced Ship Desll('gn Automation Lab. 22
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Relative Motion Mpipo =Fo — M e

Y L

- Examples Of an ele\latOr E)l(:ternal Inertial force
\

4 Case #7-3(From observer himself)
- A person stands in an elevator that {which)-is moving upward
with an acceleration of a.

- Find the exerted force on the person. y

gi The person in the elevator describes the
" | force exerted on himself. [ )

The person is moving with an acceleration
of a.

Thus, the inertial force should be considered.
. ~nertial force F,=—m.gk

————— ’ inertial force + Nk

- The person recognizes that the inertial
force is exerted on himself.

- The person feels additional force -ma

Adva Shp D kgn Automation La b 23
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1.3 Rotational Motion
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Uniform Circular Motion

Uniform circular motion
: Motion with constant speed
along a circular path.

In this figure, all the velocity vectors
have the same magnitude (same speed),
but they differ in direction.

-\(1) S~ @ ; é i {4)

/o oo~ /rP/O P/O

Suppose that the constant speed of the particle is v.

. O|_|y @|_|F O_[p @
Yi V= ‘rp/o ‘_‘rP/O ‘_‘rP/O ‘—‘rp/o ‘
Observer E . . )
G Because of this change of direction,
. uniform circular motion is accelerated

Ros ENSDAL o
G Ly Vet Advanced Ship Desll('gn Automation Lab. '
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Uniform Circular Motion

v Describe the acceleration of uniform
circular motion.

To find the value of the acceleration, we
must look at velocity change in a very
short time interval At.

f Af’ V- A
. Foio (B 7 ‘a‘:a:‘ P/O‘?.\ 0
Arp/c;“ / At At

) l..p/O (t + At) (|ArP/O| =V-Ad)

v )

/i\ P/O M7 rP/O P/O
(At=r,,-AB/V) <

Y

Observer E )

= |
y At—0 | a= (V) : Magnitude of the acceleration
X ’ r of uniform circular motion

quics in shrip esign ;?utomation, 1. Particle Dynamics, 210, Fall, K.Y.Lee v P/O
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Uniform Circular Motion

v Describe the acceleration of uniform
circular motion.

2
q = ﬂ : Magnitude of the acceleration

- r of uniform circular motion

P/O
Dt
: P/O( ) ‘ArP/o‘

T -
PIOYe— At

L Trio (t+A)

When At—0, the direction of Al will be
perpendicular to the velocity vectors r;,(t)

ynT and I, (t+At),

Observer E

%) Hence the instantaneous acceleration vector is
L > perpendicular to the instantaneous velocity

f

quics in ship esign automation, 1. Particle Dynamics, 2010, Fall, K.Y.Lee
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Uniform Circular Motion

v Describe the acceleration of uniform
circular motion.

2

9= (V) : Magnitude of the acceleration

r of uniform circular motion

P/O

Foro(t) 8= —‘Arp’o‘
’ At
A alr
f,o (t+AL) o

Since the velocity vector corresponding to

Yi circular motion is tangential to the circle, the
Observer E acceleration points along the radius, toward
0 the center of the circle.

X

This acceleratlon is called ’ Centrlpetal Acceleration”

Topics in ship | de5|gn automation, 1. Particle Dynamics, 2010 Fal

Advanced Ship Desit kgn Automation La, b
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Uniform Circular Motion

Since the velocity vector corresponding to
circular motion is tangential to the circle,
the acceleration points along the radius,
toward the center of the circle.

This acceleration is called “Centripetal
Acceleration”

inertial force
entrifugal force

The person sitting on the chair
revolves around the center of the
disk.

It shows that the centripetal force is
exerted on the person

)P\‘,C

NS ="

Description from the person

ynT sitting on the chair.
Observer E
Y The person sitting on the chair feels

quics in ship design automation, 1. Particle Dynamics, 2010, Fall, K.Y.Lee
f — S TRt “
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Jerry Ginsberg, Engineering Dynamics, Georgia Institute of Technology, 2008, pp. 127

Angular Velocity

Linear Velocity Vector of Point (0
n

Angular Velocity Vector of O-frame

Yn
c n(ob/n:[O 0 a)b/n,z:|T

Linear Velocity Vector of Point P

n n n
Oy, X Tp)g

n-frame: Inertial Frame VP/E =
b-frame: Body Fixed Frame

Point O: Pivot(stationary) Point

Point P: Arbitrary Point on the Rigid Body

quics in ship esign automation, 1. Particle Dynamics, 2010, Fall, K.Y.Lee

http://asdal.snu.ac.kr
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Relative Rotational Motion :
Example 1: rotating reference frame

Example 1

- A chair is fixed on a circular disk which is rotating with an angular
velocity w.
- What kind of forces does a person sitting on the chair feel?

~

inertial force Description from the observer @

Centrifugal force ' The person sitting on the chair

revolves around the center of the
""""" FI disk.

It shows that the centripetal force is
exerted on the person

Description from the person
sitting on the chair.

The person sitting on the chair feels
_ ok centrifugal force. & inertial force

Adva dShpDkq in Automatio Lb 31
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Relative Rotational Motion
Example 2:

Example 2

- A chair moves with velocity Valong the line on a circular disk
which is rotating with an angular velocityw.
- What kind of forces does a person sitting on the chair feel?

.. N
Description from the observer @

@y, X Tp/0 ()

—— -—
- - o

NG
e

From the change of the tangential
velocity, observer @ can recognize
that there is certain force.

Advanced Ship Desit kgn Automation La, b
http://a. dal SNu.ac.



Example 3: Motion of a ball observed in the rotational frame
and in the inertial frame

/Person “B” is standing on the center of a large disk N
rotating with a constant angular velocity "®,, . He throws
a ball “A” and the ball moves in a slot in the disk with a
constant velocity. R
Person “E” is standing still on the ground next to the ~
disk. He also observes the ball “
Describe the motion of the ball from the person “B” and

E” respectively. y

| B(
Toplcs ||Eh|p desfgn automation, 1. Pdticle Dynamicg;, 210 Fally K.Y.L v -
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1.4 Coriolis effect
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s(t) = J: Jrier'dt

Curves in Mechanics. Velocity. Acceleration
N

Let a curve C is represented by a parametric
representation
r(t) with time t as parameter.

Velocity Vector v : The tangent vector of C, v=r'(t) .

V‘ = = A/ er' = % ds : linear element.
dr drds
=r —
0= dt  dsdt u(s )

(u(s) : unit tangent vector)

quics in ship design automation, 1. Particle Dynamics, 2010, Fall, K.Y.Lee




s(t) = f Jrier'dt
a
& _Jrer
dt

Velocity Vector v: The tangent vector of C, V = r’(t)
dr drds
dt ds dt

ds
=Uu(s) —
()dt

(u(s) : unit tangent

: vector
Acceleration Vector a: )

The second derivative of r(t), a(t) = Vv'(t) =r"(t).

=Jr"er” =(d>?s/dt?)

dv d ds) du(ds)’ d>s
at)=—=—|u(s)— |=—| — | +u(s)—
® dt dt( ()dtj ds(dtj ()dt2

Acceleration |a| : \a\ =r"

Topics in ship design automation, 1. Particle Dynamics, 2010, Fall, K.Y.Lee
) ) OF ek i -
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vit)=c vev=|v =¢’

Tangential and Normal Acceleration(& M7k & HMIZISE)

ds d’s _ .
a(t) __(Ej +u(s) dt? anorm +atan a
AYE
\_Y_I
Normal Acceleration : anorm = a—atan |a|cosp
- a'| b
Tangential Acceleration : (Sec. 9.2)
‘atan‘ =ae a
\
\Y; v]v _aeV aevV
Ao ‘atan‘ =|ae ) T VV.V:—.V
v VvV vey

Topics in ship design automation, 1. Particle Dynamics, 2010, Fall, K.Y.Lee
B i = - . e
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Centripetal Acceleration. Centrifugal Force.

Circle C of radius R 2
r(t) = [Rcos wt, Rsin et ] : N/B
= R cos wti + Rsin at] “Za N
Velocity vector of small body B R X
v(t)=r'(t) = [— Rwsin wt, Rawcos a)t]
= —Rwsin wi + Rw CoS o] |
Speed of small body B From r(t) and
v(t)| =|[- Resin at, Rwcos ot ] alt)  a=—w’r

= \/(RCO)2 sin’ et + (Ra))z cos’ wt = R® : Direction of acceleration :
Acceleration vector of small body B center |
Centripetal acceleration
a(t) =V'(t) =|- Rw’ cosat,—Ra*sinat| | (RaIIBE)

= _R®’ COS wi — Ra) Slna)tj

Top cs in ship des ignh automation, 1 Part cle Dynamics, 2010 Fall, K.Y.Lee




Coriolis effect

*http://en.wikipedia.org/wiki/Coriolis_effect

The Coriolis effect is the apparent deflection of moving objects from a straight path when they are
viewed from a rotating frame of reference.
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http://en.wikipedia.org/wiki/Image:Corioliskraftanimation.gif

Coriolis effect (Northern Hemisphere)
—>. V=Xr

velocity caused by the rotation of Earth

Topics in ship design automation, 1. Particle Dynamics, 2010, Fall, K.Y.Lee
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Coriolis effect (Northern Hemisphere)
—>. V=Xr

velocity caused by the rotation of Earth
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Coriolis effect (Northern Hemisphere)
—>. V=@XTI

velocity caused by the rotation of Earth
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Coriolis effect (Northern Hemisphere)
—>. V=@XTI

velocity caused by the rotation of Earth

Topics in ship design automation, 1. Particle Dynamics, 2010, Fall, K.Y.Lee
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Coriolis effect (Northern Hemisphere)
—>. V=Xr

velocity caused by the rotation of Earth

o Lo V120>
‘ O o

lSéOUI‘g’ 0 _}ﬁ’
A o

‘ initial velocity

- initial velocity caused by the rotation of Earth

Topics in ship design automation, 1. Particle Dynamics, 2010, Fall, K.Y.Lee
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Coriolis effect (Northern Hemisphere)
—>. V=Xr

velocity caused by the rotation of Earth

‘ initial velocity

- initial velocity caused by the rotation of Earth

Topics in ship design automation, 1. Particle Dynamics, 2010, Fall, K.Y.Lee
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Coriolis effect (Northern Hemisphere)
—>. V=@XTI

velocity caused by the rotation of Earth

‘ initial velocity

- initial velocity caused by the rotation of Earth
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Coriolis effect (Northern Hemisphere)
—>. V=@XTI

velocity caused by the rotation of Earth

‘ initial velocity

- initial velocity caused by the rotation of Earth
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Coriolis effect (Northern Hemisphere)
—>. V=Xxr

velocity caused by the rotation of Earth

‘ initial velocity

—» initial velocity caused by the rotation of Earth

Topics in ship design automation, 1. Particle Dynamics, 2010, Fall, K.Y.Lee
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Coriolis effect (Northern Hemisphere)

targetOll 10| SHI& 012 H™
Coriolis effect® 1120l OF StC}.

Xed& oM target()ll S0
=& S0{=cdW, SF5C}
EEEEE G JIZ0IM %Xili S0}

O™, HIZ0HM X1t Bl &0k=
SS(OI0F DlatH)ill ST Y2 T
J1=01 OF SHLCL.

quics in ship design automation, 1. Particle Dynamics, 2010, Fall, K.Y.Lee
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Coriolis effect
—>. V=0@XFI

velocity caused by the rotation of Earth

1 initial velocity

- initial velocity caused by the rotation of Earth

Topics in ship design automation, 1. Particle Dynamics, 2010, Fall, K.Y.Lee
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e % = O
- ~ = S - 7E%
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Coriolis effect
—>. V=0@XFI

velocity caused by the rotation of Earth

i ——

/ ﬁ"f"“’”&“ et T ‘:«.\

1 initial velocity

—» initial velocity caused by the rotation of Earth

Topics in ship design automation, 1. Particle Dynamics, 2010, Fall, K.Y.Lee
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Coriolis effect
—>. V=0@XFI

velocity caused by the rotation of Earth

1 initial velocity

—» initial velocity caused by the rotation of Earth
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Coriolis effect
—>. V=0@XFI

velocity caused by the rotation of Earth

1 initial velocity

—» initial velocity caused by the rotation of Earth
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Coriolis effect
—>. V=0@XTI

velocity caused by the rotation of Earth

1 initial velocity

—» initial velocity caused by the rotation of Earth

Topics in ship design automation, 1. Particle Dynamics, 2010, Fall, K.Y.Lee
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Coriolis effect

X ME mMatM targetlll ZEH0HAI
=48 S0, FMF VIS0
=M& SX0F St

OtLI™, HIZOHAM XI20t 3| X0l=
S (OI2F PlatH )il HHHBACTE
JI0H0F BtC. (Example 9.5-8)

quics in ship design automation, 1. Particle Dynamics, 2010, Fall, K.Y.Lee




Superposition of Rotation. circle :r(t) =Rcost-1+Rsint-j
Coriolis Acceleration z

Question) A projectile is moving with constant

speed (angular velocity y) along a meridian
(XM, HAM) of the rotating earth in Fig. 209.
Find its acceleration.

Solution) r(t) — R cos ?/t . b(t) +R Sln 7/tk Fig. 209. Superposition

of two rotations.
b(t) = cos wtl +SIn i)

b'(t) = —wsin wti + w cos aitj
b(t) e b'(t) = (cos i +sin wtj)e (— wsin wti + wcos atj) =0
. b(t) Lb'(t)

Sa)’[l

Dy m 2010 Fall, K.Y.Lee

a) sma)tj —°b(t)




b(t) = cos atl +Ssin atj
b(t) Lb'(t), b"(t) =—-w’b(t)

Coriolis Acceleration

r(t) = Rcos 7 -b(t) + Rsin itk

v(t) =r'(t) = —Rsin b + Rcos #b’ + 4R cos 1k

Acceleration vector

a(t) =Vv'(t) = —(yzR cos b + yRsin 7tb’)
+(—sRsin stb’ + Rcos y#tb")— ?Rsin jtk

= Rcos #tb” — 23R sin b’ — R cos 1tb — ¥*Rsin stk
= Rcos #tb” — 23R sin #tb’ — * (R cos 7tb + Rsin 1k)
z’fte;'“. KYLZRSIH ﬂb’ / r

L A

s in ship design aut - RCOS

, 1. Parficle Dyna




b(t) = cos atl +Ssin atj
b(t) Lb'(t), b"(t) =—-w’b(t)

Coriolis Acceleration

a(t) = Rcos #tb” — 2R sin b’ — »°r

R COS j/tb” . Centripetal acceleration due to the rotation of the earth
(XTIt 3l HE S22 M= RIS E, X7 =98 projectile0l &= XS 1ot
X &2)

. 2 r : Centripetal acceleration due to the motion of the projectile on the meridian M of the
rotating earth. (K| =€ &S &2 M M= AAIIEE, XIFI&lEMe= AS 1
Aotk S

—_— 27R Sin j/tb’ : Coriolis acceleration due to the interaction of the two rotations.

Topics in ship design automation, 1. Particle Dynamics, 2010, Fall, K.Y.Lee
v' == — — - Tt “51
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Earth rotates with the constant angular velocity

The earth rotates with the constant angular velocity . J

Description of the acceleration of the point A form the inertial frame.

Newton’s second law for the object A
can be expressed in terms of the
acceleration of A relative to the
Inertial reference frame:

2.F > F=ma,

The external force exerted on The point “A” is accelerated
the point “A". in direction d, .

If the point “A” is in circular
motion, the external force
contains centripetal force.

Topics in ship design automation, 1. Particle Dynamics, 2010, Fall, K.Y.Lee
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Example-The earth rotates with Va=Vg+Vy o +OXTp
aA = aB +aA, rel + 2(’OXVA, rel +aXx rA/B + X ((,!)X rA/B))

the constant angular velocity | ,

a'A/B

The earth rotates with the constant angular velocity . J

Description of the acceleration of the point A form the non-inertial frame,
which is fixed on the earth.

A Inertial frame ) F=ma,

\ Newton’s second law also can be

>'F expressed in terms of the acceleration
of A relative to the secondary
reference frame whose origin is B:

ZF: m_aB +aA’ rel +2(DXVA, rel +axrA/B +O)X(wxrA/B):|

ZF—m' A 20XV, +(l//rA//B +ox(@xryg)]l=m-a,

When Newton’s second law is expressed in this way, “additional
.ntmggemmmnem meu!ejmme of the equatlon whlch are artifact




Example-The earth rotates with Va=Vg+Vy o +OXTp
aA = aB +aA, rel + 2(’OXVA, rel +aXx rA/B + X ((’)X rA/B))

the constant angular velocity | ,

a'A/B

The earth rotates with the constant angular velocity

ao» |nertial frame
W,

[ag|H 20xV, 4}mx((’)xrA/B)|] =M-a,

—Mma, :If “A” is standing at the point “B” and observed at the point
“B", the person “A”" perceives additional force —Ma.

—2M®WxV, ., : If “A” in northern hemisphere that is moving tangent to the
earth’s surface travels north, certain force causes the person “A”
to turn to the right. This force is Coriolis force due to the
relative velocity and rotation of the frame.

—Mox (@xT,,): If “A” lies on the earth’s surface, point “B”, and observed at the
point “B”, the person “A” rotates with the earth. The person “A”
Topics i sip design automation 1 perceives the centripetal force and an additional force,

e @ “centrifugal force”—m(r,,® )




1.5 Vector Decomposition

Topics in ship design automation, 1. Particle Dynamics, 2010, Fall, K.Y.Lee
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Jerry ginsberg, Engineering Dynamics, Georgia Institute of Technology, 2008, pp. 45

Vector Decomposition

A start point of the position vector.

Y, An end point of the position vector.

Vector is expressed in terms of unit vectors ef-directed along the

coordinates axis —X_
e =Xi+Yyj+zk @Tf y
Z

A reference frame where the vector is decomposed in.

Caution!!: The reference frame, where the vector is decomposed-in, does
(Check ') not have any physical meaning. Only I';,c has physical meaning

quics in ship design automation, 1. Particle Dynamics, 2010, Fall, K.Y.Lee
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Jerry Ginsberg, Engineering Dynamics, Georgia Institute of Technology, 2008, pp. 45

Vector Decomposition

A reference frame where the vector is decomposed in.

A start point of the position vector.

An end point of the position vector.

Same vector may have different components with respect to the reference
frame where the vector is decomposed in.

i n X
E i, Fo/E "
@ =i+ | O o =° T sy +° oo ]
pie — Tp/exIn p/E.yIn < > P/O P/O,x P/0,ydb
"r 5 O]
| 'PIEx Same vector _ P/O,x
" Different components b\ o
P/E,y : | "P/O,y | e




Vector Decomposition
- Example: Velocity vector decomposition

4 \VO,E: Linear velocity of the point O
A L4
Y Destination with respect to n-frame?

VO/E\I\ 7o Physical meaning

Component representation
(Vector decomposition)

9 knot

@/ . Linear velocity of the point O

O/E with respect to n-frame
yb 15 knot . 2)
decomposed in n-frame
Vo =[12 9]
Cb)v . Linear velocity of the point O
> VO/E with respect to n-frame
) .
S decomposed in b-frame
n-frame: Inertial frame 12 knot X b
b-frame: Body fixed frame n O/ £ [l 5 O]
Point O: Body fixed point,
\\ Origin of the body-fixed frame(b-frame) /
1) c.f) Since an observer on the b-frame moves together with the ship, 2) The inertial frame is needed for global guidance, navigation and control
the linear velocity of the point O with respect to the b-frame Vo e.g. to describe the motion and location of ship in transit between different
is always zero, which is trivial. That’s why we consider the velocity continents(Fossen, p.19)
with respect to the n-frame Since direction of hydrostatic force is invariant with respect to inertial frame, =

it is convenient to chose the inertial frame as a reference frame which the
force vector is decomposed in.



Vector Decomposition

- Example: Velocity vector decomposition

/yA

4.62m/s I

4.32m/s

I 0.03m/sgw

a

Mass of the ship: 350,000Mg\

Destinatio
Yor Y\/\ 76

> >
14000kN 0.04m/s?

n-frame: Inertial frame 5.76m/s
b-frame: Body fixed frame
Point O: Body fixed point,

Origin of the body-fixed frame(b-frame)

6.16m/s

v

quics in ship design automation, 1. Particle Dynamics, 2010, Fall, K.Y.Lee

F, =ma,,, : Force Equation

Component representation
(Vector decomposition)

"Fo=m "ag, =@

: Force Equation
decomposed in n-frame

14000
10500

Given: "F, { }kN M =350,000Mg, "V, | =

ﬁ> From equation ® "a,, ="F,/m
_ [14000 1 [0.04
110500 | 350000 |0.03

n
+10>< Ao/

n
- VO/n

5.76 10 0.04] [6.16
"1 4.32 0.03| |4.62

@ Advanced Ship Design Automation Lab 66
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f

quics in ship esign automation, 1. Particle Dynamics, 2010, Fall, K.Y.Lee

Vector Decomposition

- Example: Velocity vector decomposition

/yA

. »’0.05m/s?
\ \
\\/ AN 7.2m/s
< 17500kN

=14 knot

\
\

Mass of the ship: 350,000Mg\

DestinatioE

'l

n-frame: Inertial frame

b-frame: Body fixed frame

Point O: Body fixed point,
Origin of the body-fixed frame(b-frame)

e AN
78

F, =ma,,, : Force Equation

Component representation
(Vector decomposition)

b — b aEEml
: Force Equation
decomposed in b-frame

{72}

= m/s
t=0 O

=10

ﬁ> From equation @ "a,, ="F,/m
~[17500 1 [005
| 0 |350000 | 0

b
. +10x "a,,,

. 17500
leen:bFo{ 0 }kN,m=350,000Mg,va,n

b
VO/n

b

b
VO/n

="V
t=10

O/n t=

[

538 s (ENSDAL
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Vector Decomposition
- Example: Velocity vector decomposition

/yA

4.62m/s

A

4.32m/s

a

10500kN

\
v \
v \
\
\

17500kN

\
\
\

Mass of the ship: 350,000Mg\

F, =ma,,, : Force Equation

Component representation
(Vector decomposition)

DestinatioE

b _ b n . n
I:O =m aO/n |:O =M aO/n

: Force Equation
decomposed
in b-frame

: Force Equation
decomposed
in n-frame

N 1.7m/s
C =14.97knot

—
14000kN

n-frame: Inertial frame
b-frame: Body fixed frame
Point O: Body fixed point,

Origin of the body-fixed frame(b-frame)

v

\ 4

17500 14000
i °Fy = kN Fo = kN
Given o { 0 } @ 0 {10500}

Same vector
5.76
= m/s
t=0 4.32

7.2 i
t=0 :|: 0 —‘m/<::’> VO/n
_[6.16
=10 | 4,62

VO/n
"Same vector
1

B 7.7—|
=10 | Q Vorn

b

Find

VO/n

5.76m/s 6.16m/s

quics in ship design automation, 1. Particle Dynamics, 2010, Fall, K.Y.Lee

Same vector
|
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1.6 Coordinate Transformation

Topics in ship design automation, 1. Particle Dynamics, 2010, Fall, K.Y.Lee
E i R Y =

e

o % 5 il
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Representation of a Point “P” on an object with respect to the body
fixed frame (decomposed in the body fixed frame)

Z,Z (Yp, Z,) The Position vector of the point P
N decomposed in the body fixed frame
Invariant with respect to the body fixed frame
Y
________________________ oP
-z,
0,0’

O'X'y'Z’ . The body fixed frame

Togcxy;ip desig-lr:lﬂi!IEtOIIQa |rotr! ! tgﬂlcleeDynamics, 2010, Fall, K.Y.Lee
= = (=3 — _ ¥ <1 -
AN = Sl -
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Rotate the object with an angle of ¢ and then represent the point “P“ on
the object with respect to the inertial frame

Z (yl'j, ZI'D) The Position vector of the point P
’ decomposed in the body fixed frame
Z Invariant with respect to the body fixed frame

(yp, ZP) The Position vector of the point P
decomposed in the initial frame

Ve

Variant with respect to the inertial frame.

N
o

0,0’ a i

A 4

O'X'y'Z’ . The body fixed frame

quxy;ip desigllstmae(m?{ EgﬂmeeDynamics, 2010, Fall, K.Y.Lee
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Coordinate Iranstormation ot a Position
Vector

(Yp, Z,) The Position vector of the point P
decomposed in the body fixed frame
Invariant with respect to the body fixed frame

(yp, ZP) The Position vector of the point P
decomposed in the initial frame

Variant with respect to the inertial frame.

Yp =Y, COS@P—2,Sin ¢

O'X'y'Z’ . The\body fixed frame

To@?ﬂy;ip desig-lr:lﬂ;!IEtom 3 rotr!all tgﬂme amics, 2010, Fall, K.Y.Lee
= - T = = L — =3 RS % . 2 —
“i‘\-‘i’h_.;\, % 5\_.&‘ f.,,{: = ;‘ 4 “-i" f;m‘ . .
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Coordinate Iranstormation ot a Position
Vector

(Yp, Z,) The Position vector of the point P
decomposed in the body fixed frame
Invariant with respect to the body fixed frame

(yp, P) The Position vector of the point P
decomposed in the initial frame

Variant with respect to the inertial frame.

Zp, coé¢
\ Yp = Yp COS$—1Z,SINQ
_ =Y, Sin@+ 2z, COS ¢

L ypsing

\,

7

O'X'y'Z’ The body fixed frame

Adva Shp D kgn Automation La, b 3
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Coordinate Iranstormation ot a Position
Vector

(Yp, Z,) The Position vector of the point P
decomposed in the body fixed frame
Invariant with respect to the body fixed frame

(yp, ZP) The Position vector of the point P
decomposed in the initial frame

Variant with respect to the inertial frame.

Yo =Y, COS@P—2Z,Sin¢

Z, =Y, SIN@+ 2, COSP

ﬁ Matrix Form

Vo] [cosg —sing][yL

!

Z, sing cos¢ || z,

n n b
r-="R, I

O'X'y'Z’ . The\body fixed frame

amics, 2010, Fall. KV} |+ cannot be too strongly emphasized that
"] the rotational transformation and the coordinate transformation are importan

qucxyzm; desig-lr:lﬂ:!IEtoim rt;tr! ! tgﬁlcle
* ;
R S, _— =,
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Coordinate Transformation: Forward problem

n n b
rP/E_ Rb rP/O

0
.....
0 .

‘e

.

E.O yn:’>yb ’,E',C\ >Yn _E©O} : >Yh

1. 2X&E2: E PIl b-framel & & M6t= B2

2. & PJl b-framelt & 3 &SI OZ, 21 =YH=
b-framelil Al J|=&t & P2 ¥ X[ EH oo

3. X SXOZ RSt} otl= HIHE=
n-framelil A J1=& & P2l ? X2 H T,
P/E

quics in ship esign automation, 1. Particle Dynamics, 2010, Fall, K.Y.Lee
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Coordinate Transformation: Inverse problem

n n b
rP/E_ Rb rP/O

f"
\ \ -
1 _-
1 -
1 A
-
1

E.O y:, Yi ’,E',C\ | >Yn _E©O} >Yh

0

1. 2HE2: & P= n-framell &M DEENH /U2 b-framelt 3/ &= &

2. 8 PIl n-framel} & DAL JU2BZ, 21 U= dHE=
n-frame0i| Al J|=& & Pl /AXIHH rf Mo/

3. XX O =2 1ol ol HHE
b-frame0il Al J|=8t & P2l AXIHE o

P/O

quics in ship esign automation, 1. Particle Dynamics, 2010, Fall, K.Y.Lee
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1.7 Rotating reference frame

Topics in ship design automation, 1. Particle Dynamics, 2010, Fall, K.Y.Lee
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. . Jerry Ginsberg, Engineering Dynamics, Georgia Institute of Technology, 2008, p.15
Relative Motion

- Rotating reference frame
Considering the point P, which is accelerated by a certain force. Description of

the motion of the point P in n-frame is as follows.
D

E : Origin of Inertial reference frame
O : Origin of Translating reference frame

Ir]FP nFP Zmp

Newton’s law is valid in any inertial reference frame

noo
r.P/E

- /

"R, (0) :Rotation matrix that transforms
3D vectors from b-frame to n-frame eoerdinates:

{cos 6 —sin 6’}

n

*“lsind cos@

Topics in ship design automation, 1. Particle Dynamics, 2010, Fall, K.Y.Lee
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Jerry Ginsberg, Engineering Dynamics, Georgia Institute of Technology, 2008, p.15

Relative Motion
- Rotating reference frame

Considering the point P, which is accelerated by a certain force. Description of
the motion of the point P via b-frame is as follows.

E : Origin of Inertial reference frame h
O : Origin of Translating reference frame Newton’s law is valid in any inertial reference frame
n F n . n L X
i FP =My Tpe
yn 2
ne: n
r.P/E T r.F)/E

2
dt
/np / \ ‘ b =>These vectors can not be added
N =" r 4\ because they are defined in using
P/E O/E P/O different frame unit-vector

= These vectors can be added
r-()/E + r-P/o because they are defined using
the same unit vector.

n _n n b
roe = Toet Ry Too

- /

"R, (0) :Rotation matrix that transforms
3D vectors from b-frame to n-frame eoerdinates:

) {cose —sin 0}
R, =

sin@ cos@

Topics in ship design automation, 1. Particle Dynamics, 2010, Fall, K.Y.Lee
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. . Jerry Ginsberg, Engineering Dynamics, Georgia Institute of Technology, 2008, p.15
Relative Motion

- Rotating reference frame

E: Origin of Inertial reference frame h

O : Origin of Translating and Rotating
reference frame about z,_ axis

"F,

/ P n N n
In Yo \. e = Toe+ Ry oo
r @ 1st derivative w.r.t. the time
P/O d d, " .
nrO/EO 5 X, at Mo at Toe TR, at Voo + at "Ry Mo
d n n
E S @ aRb_ Oy, X R, D
X d d d
n . b b
/a Mo a "o + "R, a Moo + @y X "Ry Pl 0

"R, (0) :Rotation matrix that transforms
3D vectors from b to n coordinates.

I cosg —sind
R, =| .
singd cos@
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do

Time Derivative of a Rotating unit vector “~ 4 (0=02=ca)

Yo Small Changein i, : di,
{Magnitude: lim |Ai,| = lim (]i,]-A0)=d@

AG—0 AG—0
Direction: A& — O, direction of Ai, converges to the direction of j,.

dlb(n) - AI;TOAIb(n) = de]b(n)

Small Change inj, : djb

X, {Magnitude: lim [Aj,|= lim (|1,]-A0)=d6

Direction: A@ — 0, direction of Aj, converges to the direction of —i,.

dj, = lim Aj, =-d0i,

unit circle AO—0

Time derivative of a rotating unit vector
_ i i v dj dé. .
i dlb:dejb:wjb | %Z_d—lb:_wlb
kn£_._ - dt dt  at t
E 'n %o :a)b/n(kbxlb)i = Wy (kbij)
I(E?{rt:::;ame — n(’)b/n X ib i - n(!)b/n X jb
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3| M= Tl WE{o| A|Zt0j CHSt O U B

h .
(o=0a=wa)
Time derivative of a rotating unit vector
dib_dﬁjb_ . i%:_d_ei =—wl
at gt ko id dt ’
_a)b/n(kaIb)i =@y, (K, % Jy)
=", xi, = 0y, X ],
cosgd -—sind
"R, (0) = ={1. ]
() Line cose} [ Jo]
3% Derivative of a Rotation Matrix
yb Yn ? —d an (0) = |:% %:|
in dt dt dt
I -1 n n
K 1 - E =L Opn Xy Oy be:I
n . T 1 X
E 'n X” FTTTT S ° n .
CosO: M -9 sing_ @y %[0y ]
Inertial frame k X 0 .
(E-frame) bo n = Oy, ¥ Rb
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. . Jerry Ginsberg, Engineering Dynamics, Georgia Institute of Technology, 2008, p.15
Relative Motion

- Rotating reference frame

- : R
E : Origin of Inertial reference frame Newton's law is valid in any inertial reference frame
O: O?Qm of 'If'ranslatlgq and thatlnq d 5
reference frame a oqﬁ:zpn axis n F . n i’.' n i _ n r
P 'P P/E ' "PIE 42 P/E
br A
d n n n b n n b
r at e Ty foe + Ry oo + @y X "Ry - Ty
P/O
. O
Vore % Xy N .
E @ 2nd derivative w.r.t the time
d? d d d?"r,
X _nr =—bR ._br +nR . P/O
n dt2 P/E dt b dt P/O b dt2
n . . - +— "o, x"R.-°r,, +"® XE”R O
R, :Rotation matrix dr o b ™ TPIO b/n b " TP/O
that transforms d d?
3D vectors from +"0,, x "R, dt Moo 5 o
. t dt
b to n coordinates.
d n n n
@ m R, = "o, xR,
d2 d b d2 b d b
Fn pre = @y X "Ry — rP/O+an'F rP/O+an(’ob/anRb' /0
n n n R b n n R d n d ? n
T Oy, X( Oy X Ry - T ) T W X TRy ot Fo/0 +F Vore
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dt?

noo
P/

d2
n b n n b
pe= Ry qt2 Y +a Oy, % Ry
n n nR br 2 n nR d br d2 nr
T O X\ Oy X Ry g ) F Oy X Ry, a pio | T gtz O
_n n
e = Ryl + "oy, X "o

n n n b n n b nie
+ mb/nx( Oy, X Ry rP/O)+2( Oy, X Ry rP/O)+ Fore

~_

n n
Moot Oy X Tpo

n n n n ne nss
+ wb/nx( Oy X rp/o)"'z( @y X rP/O)+ Fore

noo _
rP/E -

Topics in ship design automation, 1. Particle Dynamics, 2010, Fall, K.Y.Lee
=, __ = o - <~ £

Ps %, Seoul
National
X Univ.

@SDAL

Advanced Ship Desit n Automation Lab

http://asdal.snu.ac.

84




. . Jerry Ginsberg, Engineering Dynamics, Georgia Institute of Technology, 2008
Relative Motion

- Rotating reference frame

/E : Origin of Inertial reference frame . .
O : Origin of Translating and Rotating If frame A is rotating reference frame
reference frame | =

P
Yn? y \‘0 P Tore = oo + "ty X "Mojo

n n n n ng n;=
T Oy x( Oy X rP/o)+ 2( O/ X rP/O)+ Fore

r.P/O
. O

= X n -
b —
E > Fo =My "rpe
n
N J @
'R :mp(”'r'P/o+”ab/n><"rP/O)

n n n n ng nse
+mp( (Db/nx( @y X rP/O)+2( Wy X rP/o)+ rO/E)

n n n n n n

n--

n ng _ nes
—2m ( Oy X o ) —Mp Toe =M Tpjo
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. . Jerry Ginsberg, Engineering Dynamics, Georgia Institute of Technology, 2008
Relative Motion
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