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Chapter 1 : Vectors and Tensors

Vectors, Vector Additions, etc.Vectors, Vector Additions, etc.

Convention:

x y za a a= + +a i j k
Base vectors:

i,   j,   k 1 2 3e , e , eor

Indicial notation:

ia = ⋅ ia e

1 2 3ia a a a= = + +i 1 2 3a e e e e
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Vectors, Vector Additions, etc.Vectors, Vector Additions, etc.

Summation Convention:

Repeated index

1 1 2 2 3 3i ia a a a a a a a= + +1 1 2 2 3 3i ia a a a a a a a+ +

11 22 33kka a a a= + +

11 11 12 12 13 13ij ija a a a a a a a= + +

21 21 22 22 23 23a a a a a a+ + +

31 31 32 32 33 33a a a a a a+ + +
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Scalar Product and Vector ProductScalar Product and Vector Product

The scalar product is defined as the product of the two magnitudes times the 
i f h l b h

Scalar Product

cosine of the angle between the vectors

cosab θ⋅ =a b
From the definition of eq (1 1) e immediatel ha e

(1-1)

From the definition of eq. (1-1), we immediately have

( ) ( ) ( )m n mn⋅ = ⋅a b a b
⋅ = ⋅a b b a=a b b a

( + ) +=⋅ ⋅ ⋅a b c a b a c
The scalar product of two different unit base vectors defined above is zero, 
since that iscos(90 ) 0° =since                    ,  that is,cos(90 ) 0=

0⋅ = ⋅ = ⋅ =i j j k k i
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Scalar Product and Vector ProductScalar Product and Vector Product

Then the scalar product becomes

( ) ( )x y x y za a a b b b⋅ = + + ⋅ + +a b i j k i j k( ) ( )x y x y zj j
zzyyxx bababa ++=

or in an indicial notation, we have

V t P d t ( d t)

i ia b⋅ =a b

Vector Product  (or  cross  product)

= ×c a b
defined as a vector c perpendicular to both a and b in the sense that makes a bdefined as a vector  c perpendicular to both  a and  b in the sense that makes a, b, 
c a right-handed system.  Magnitude  of  vector  c is given by

)sin(θabc =
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Scalar Product and Vector Product

In terms of components, vector product can be written as

Scalar Product and Vector Product

( ) ( )b b bb i j k i j kx( ) ( )x y z y za a a b b b× = + + × + +a b i j k i j k

x y za a a=
i j k

( ) ( ) ( )y z z y z x x z x y y xa b a b a b a b a b a b= − + − + −i j k

x y z

x y zb b b

• Fig. 1.1  Definition of vector productThe vector product is distributive as

( ) ( ) ( )× + = × + ×a b c a b a c
but it is not associative as 

( ) ( )× × ≠ × ×a b c a b c
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Scalar Product and Vector Product

Scalar  Triple  Product

Scalar Product and Vector Product

x y za a a
( ) ( ) x y z

x y z

b b b
c c c

× ⋅ = ⋅ × =a b c a b c

i S b lPermutation   Symbol mnre

⎪

⎪
⎨

⎧
+= (1,2,3) ofn purmutatioeven  is ),,(  when 1

equal are indices any two   when 0
rnmemnr

⎪⎩− (1,2,3) ofn purmutatio  odd is ),,(  when 1 rnm
where

even permutations are (1,2,3), (2,3,1), and (3,1,2)
odd permutations are (1 3 2) (2 1 3) and (3 2 1)odd  permutations are (1,3,2), (2,1,3), and (3,2,1).

Using the permutation symbol, the vector product can be represented by

e a b× =a b i
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Scalar Product and Vector Product

Kronecker   Delta

Scalar Product and Vector Product

ijδ

⎧ = qpif1

⎩
⎨
⎧

≠
=

qp
qp

pq  if  0
if 1

δ

Some examples are given below:p g

3iiδ =

3δ δ δ 3ij ij iiδ δ δ= =

i ij i ju u uδ = =

ij ij iiT Tδ =
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Rotation of Axes, etcRotation  of   Axes, etc

Change  of  Orthogonal  Basis

Vector is independent of a coordinate system. 
However, the components of a vector change when the coordinate system changes.

Let      and      be the two coordinate systems, as shown in Fig. 1-2, ix ix
which have the same origins. 
Also, let the orientation of the two coordinate systems is given by the direction cosines 
as

1i 2i 3i
1i 1

1a 1
2a 1

3a1

2i
3i

1

2
1a
3
1a

2

2
2a
3
2a

3

2
3a
3
3a
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Rotation of Axes, etc

Under this system,

Rotation  of   Axes, etc

si i d
sa=i i

Since the unit vectors are orthogonal, we have

r s
s
ra=i i and s rra=i i

δi i δi iand

From these

p q pqδ⋅ =i i p q pqδ⋅ =i i

s r s r s sδ δi i i i

and

i.e.,

p q s r
s r s r s s
p q p q rs p q pqa a a a a aδ δ⋅ = ⋅ = = =i i i i

pq
s
q

s
paa δ=

Similarly, we get

mn
n
r

m
r aa δ=
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2D coodinate transformation2D coodinate transformation

cos sin
sin cos

x x

y y

u u
u u

θ θ
θ θ

−⎡ ⎤ ⎡ ⎤⎡ ⎤
=⎢ ⎥ ⎢ ⎥⎢ ⎥
⎣ ⎦⎣ ⎦ ⎣ ⎦

or    A=u u
y y⎣ ⎦⎣ ⎦ ⎣ ⎦

The inverse of the above transformation 
equation becomes

cos sin
sin cos

x x

y y

u u
u u

θ θ
θ θ

⎡ ⎤ ⎡ ⎤⎡ ⎤
=⎢ ⎥ ⎢ ⎥⎢ ⎥−⎣ ⎦⎣ ⎦ ⎣ ⎦

1or  TA A−= =u u u

y
y

u

x

x
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Coordinate  Transformation  of  Vectorf f

Let, 
⎥
⎥
⎤

⎢
⎢
⎡

= 2
3

2
2

2
1

1
3

1
2

1
1

aaa
aaa

A Then, or TA=v vA=v v
⎥
⎥
⎦⎢

⎢
⎣

3
3

3
2

3
1

321

aaa
aaa or A=v vAv v

[ ]A = a a a

Note that

[ ]1 2 3A = a a a

Second Order Tensors
h d d b d b d d f

1T TA A AA= =

The second order tensor may be expressed by tensor product or open product of 
two vectors.  Let 

1 1 2 2 3 3a a a= + +a e e e and 1 1 2 2 3 3b b b= + +b e e e
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1 1 2 2 3 3 1 1 2 2 3 3T ( ) ( )a a a b b b= = ⊗ = + + ⊗ + +ab a b e e e e e e

a b a b a b= ⊗ + ⊗ + ⊗e e e e e e1 1 1 1 1 2 1 2 1 3 1 3  a b a b a b= ⊗ + ⊗ + ⊗e e e e e e

2 1 2 1 2 2 2 2 2 3 2 3   a b a b a b+ ⊗ + ⊗ + ⊗e e e e e e

3 1 3 1 3 2 3 2 3 3 3 3   a b a b a b+ ⊗ + ⊗ + ⊗e e e e e e

11 1 1 12 1 2 13 1 3T        T T T
T T T

= ⊗ + ⊗ + ⊗ +

+ ⊗ + ⊗ + ⊗

e e e e e e
e e e e e e

Or

21 2 1 22 2 2 23 2 3

31 3 1 32 3 2 33 3 3

        
         

T T T
T T T

+ ⊗ + ⊗ + ⊗

+ ⊗ + ⊗ + ⊗

e e e e e e
e e e e e e

Here, we may consider                           as a base of  the second order tensor, and      is 
a component of the second order tensor  T  . 

i j j i⊗ ≠ ⊗e e e e ijT
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It can be seen that the second order tensor map a vector to another vector, that is,

11 1 1 12 1 2 13 1 3 (     T T T T= ⋅ = ⊗ + ⊗ + ⊗ +u v e e e e e e11 1 1 12 1 2 13 1 3

21 2 1 22 2 2 23 2 3

31 3 1 32 3 2 33 3 3 1 1 2 2 3 3

11 1 12 2 13 3 1 21 1 22 2

(
                   
                    ) ( )

= ( ) (

T T T
T T T v v v

T v T v T v T v T v

+ ⊗ + ⊗ + ⊗

+ ⊗ + ⊗ + ⊗ ⋅ + +

+ + + +

 e e e e e e
e e e e e e e e e

e 23 3 2)T v+ e11 1 12 2 13 3 1 21 1 22 2              ( ) (T v T v T v T v T v+ + + +e 23 3 2

31 1 32 2 33 3 3

)
                ( )
            ij j i

T v
T v T v T v

T v

+

+ + +

=

e
e

e

Symmetric Tensors and Skew tensors

TT =Symmetric tensor
jiij TT =

jiij TT −=

Symmetric tensor

Skew or
Antisymmetric tensor
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Rotation of axes, change of tensor components

Let                   and  pipi vTu = pipi vTu =
Where          and          are the same vector but decomposed into two different 
coordinate systems,         and        .  The same applies to          and          .  
Then by the transformation of vector, we get

pp pp

iu iu
ix ix iv iv

qjq
j

ij
j

ii vTauau ==
j q

i jq p pa T a v=

Th fTherefore,

jq
q
p

j
iip TaaT =

In matrix form, we have,In matrix form, we have, 

TT = A TA TT = ATAor,
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Rotation of Axes, etcRotation  of   Axes, etc

Scalar  product  of  two  tensors

ijijUT=U:T jj

jiijUT=⋅⋅ UT
If we list all the terms of tensor product, we get

UT=U:T ijijUT=U:T

131312121111 UTUTUT ++=

232322222121 UTUTUT +++

333332323131 UTUTUT +++

The  product  of  two second-order  tensors
UT UT ⋅

v)(UTvU)(T ⋅⋅=⋅⋅

UTP ⋅= kjikij UTP =If ,  then 
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Rotation of Axes, etcRotation  of   Axes, etc
The  Trace

Definition   : kkTtr =T)(
Note thatNote that

B)A(BA ⋅=⋅⋅ tr
B)A()BA(B:A T ⋅=⋅= trtr T

(1)  
(2)  

A)B(B)A( ⋅=⋅ trtr
B)AC(A)CB(C)BA( ⋅⋅=⋅⋅=⋅⋅ trtrtr

(3)  
(4)  Cyclic property of trace

Proof >Proof 
(1)

Let,

B)A(BA ⋅=⋅⋅ tr
BAP ⋅= , i.e., kjikij BAP =

Th BAP)( BAPtThen, BAP)( ⋅⋅=== kiikii BAPtr

(2) B)A()BA(B:A T ⋅=⋅= trtr T

Let i eTBAP ⋅= jkikij BAP =
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Then,

BAP = jkikij BAP
B:A)BA( ===⋅ ikikii

T BAPtr
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Review of Elementary Matrix ConceptsReview of Elementary Matrix Concepts
Eigenvectors  and  eigenvalues  of  a  matrix
Linear  transformation,              , associates, to each point                        , another point 

Also it associates to any other point on the line OP
Mxy = ),,( 321 xxxP

)( yyyQ )( rxrxrx.  Also, it associates to any other point                       on the line  OP , 
another  point                        on the line  OQ.   
So we may consider the transformation to be a transformation of the line  OP  into the 
line OQ.

),,( 321 yyyQ ),,( 321 rxrxrx
),,( 321 ryryry

Now any line transformed into itself is called an eigenvector of the matrix  M. 
That is,

λ λ= =Mx x I xλ λ= =Mx x I x
A nontrivial solution will exist if and only if the determinant vanishes:

( ) 0λ− =M I( ) 0λ =M I

Note that 3x3 determinant is expanded, it will be a cubic polynominal equation with 
real coefficients. The roots of this equation are called the eigenvalues of the matrix. 
Upon solving the equation some of the roots could be complex numbers
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Upon solving the equation, some of the roots could be complex numbers.
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2x

( )

1 2( , )P rx rx′
1 2( , )Q ry ry′ y Mx=

1x
1 2( , )P x x

O

1 2( , )Q y y

2xLinear Transformation maps  into the same vector .M v v

Mλ =v v

1xO

v
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Review of Elementary Matrix ConceptsReview of Elementary Matrix Concepts
A real symmetric matrix has only real eigenvalues.
If there were a complex root       , then its complex conjugate        is also a root.
Therefore

λ λ
Therefore, 

λ
λ

=

=

Mx x
Mx x

These equations can be written as
T Tλ=x Mx x x
T TλT Tλ=x Mx x x

Note that                                     and   since  M  is symmetric,   we getT T
k kx x= =x x x x

T M x x=x Mx ij i jM x x=x Mx

ijji xxM=
T

ij i jM x x= = x Mx
(by interchanging the dummy indices)
(by symmetry of  M)
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Review of Elementary Matrix ConceptsReview of Elementary Matrix Concepts
Subtracting, we get

( ) 0Tλ λ− =x x( )

Since       is nontrivial,                  .    Therefore, we should havex 0T ≠x x

λλ =
So that       must be real.λ

We can obtain the eigenvector associated to each eigenvalue 
by substituting each eigenvalue into the matrix equation.

When eigenvalues are all distinct : ??
Two of the eigenvalues are equal : ??
All of the eigenvalues are equal : ??
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