Finite Element Method: Plane Stress and Plane Strain

Plane stress and Plane strain

— Finite element in 2-D: Thin plate element required 2 coordinates
— Plane stress and plane strain problems
- Constant—-strain triangular element

— Equilibrium equation in 2-D
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Finite Element Method: Plane Stress and Plane Strain

plane stress: The stress state when normal stress, which is perpendicular to the
plane x-y, and shear stress are both zero.
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plane strain: The strain state when normal strain &., which is perpendicular to the plane
x—y, and shear strain 7..,7,. are both zero.
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Finite Element Method: Plane Stress and Plane Strain

Stress and strain in 2-D
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Stresses in 2-D Principal stress and its direction
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Finite Element Method: Plane Stress and Plane Strain
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Finite Element Method: Plane Stress and Plane Strain

{0} =[D]ie}

Stress—strain matrix(or material composed matrix) of isotropic material for plane
stress(0.=7,.=7,=0)
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Stress—strain matrix(or material composed matrix) of isotropic material for plane deformation
(6.5V.=7,.=0)
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Finite Element Method: Plane Stress and Plane Strain

General steps of formulation process for plane triangular element
Step 1: Determination of element type
Step 2: Determination of displacement function
Step 3: Definition of relations deformation rate — strain and stress—strain
Step 4: Derivation of element stiffness matrix and equation
Step 5: Introduction a combination of element equation and boundary conditions for
obtaining entire equations
Step 6: Calculation of nodal displacement
Step 7: Calculation of force(stress) in an element
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Finite Element Method: Plane Stress and Plane Strain

Step 1: Determination of element type
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Considering a triangular element, the nodes I,/,”M are notated in the anti clock wise

direction.

The way to name the nodal numbers in an entire structure must be devised to avoid the

element area comes to be negative.
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Finite Element Method: Plane Stress and Plane Strain

Step 2: Determination of displacement function

u(x,y)=a,+a,x+a,y

v(x,y)=a,+ax+a,y
Linear function gives a guarantee to satisfy the compatibility.

A general displacement functhn1{¢/} containing function # and U can be expressed as

below.

{W}:{al+a2x+a3y}:{l x y 00 O}a3>

a,+ax+ayy 0 0 01 x y

Substitute nodal coordinates to the equation for obtaining the values of a.
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Finite Element Method: Plane Stress and Plane Strain

Calculation of dj, 4y, d5:

U, =a, +a,x; +a,y, u, 1 x vy ||q
U, =a, +a,x; +a,y, or u, r=1 x, y, |14,
u, =a,+a,x, +a,y, u, 1 x, v, |la;

Solving a, {a}Z[x]_l{u}
. o a |
| l / "

-
. . . x| =—| B.

Obtaining the inverse matrix of [x] . [x] 24 ﬂl 'BJ ﬁm
_7/1 7/] ym_

where 2A=x,(y;=»,)+x;(¥,—y)+x,(y;=¥;): 2 times of triangle area

A =XV =YX Ay =ViXy =Xy Ky =XV — VX
Bi=y,=Y, Bi=Yu=Y B.=Y,-Y,

Vi= Xy —X; V=X —X, Vm =X; =X
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Finite Element Method: Plane Stress and Plane Strain

After calculation of [X]_1 , the equation {G}Z[X]_l {u} can be expressed as an extended

matrix form.

a, 1 0{1 Otj Otm U,
aZ :ﬂ ﬂi ﬂ] IBm u]
a3 71 7/1 ym um
Similarly,
a, 1 0{1. aj Otm ;
4= B B, B.|qv;
a6 7/1 7/]' 7m m

a, | a, o, a,||y
a3 7/1 7] ym um
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Finite Element Method: Plane Stress and Plane Strain

Arranging by depolyment :

1
u(x,y) zﬁ{(ai +ﬁix+7/iy)ui +(aj +ﬁjx+7/jy)uj

+(a, +B,x+y u,}
As the same way

|
v(x,y) :ﬁ{(ai +0x+y, ), +(aj +ﬂjx+7jy)uj
+(a, +B,x+y,y)v,}

Simple expression of # and U:

1
N, =—(a, +Bx+y,
l 2A( 1 ﬂl 7/ly)
u(x,y)=Nu+Nu,+N,u,

1
N, :ﬂ(aj+ﬁjx+;/jy)
v(x,y)=Nuv,+N,v,+N,v, where

1
N =—(a,+p,x+
n =5 Gt P47 07)
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Finite Element Method: Plane Stress and Plane Strain

rui\
Ui
u(x,y) Ny, +Nu,+ N, u, N, 0 N, 0 N, 0]y
Y=o [ No,+No,+Nw,[ |0 N 0 N 0 N,
um
\UmJ
Making the equation be simple in a form of matrix, {y}=[N]{d}
N N 0O N, 0O N, O
where S D VA N, 0 N,

The displacement function {¥} is represented with shape functions N,,N;, N, and

nodal displacement {d}.
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Finite Element Method: Plane Stress and Plane Strain

Review of characteristics of shape function:
N, =1, Nj =0, and N, =0 at nodes (x,.,yl-)

N; §

y

A change of N, of general elements across the surface X—Y
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Finite Element Method: Plane Stress and Plane Strain

Step 3: Definition of relations deformation rate — strain and stress—strain

ou
fgx\ ax
0
{e} =4 £, (=1 ov .
Deformation rate: Oy
s ou Ov
_+_
|0y  Ox )

Calculation of partial differential terms

f%:MXZE{N%+AUL+MWM N, u,+N, u,+N, u,
ox ~  Ox I
10 5 g 5
N. =——a, + p.x+ = N =L , N ="
Ty TPty = 0t V=g M=
ou
a_x —(IB ﬂjuj+ﬂmum)
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Finite Element Method: Plane Stress and Plane Strain

vy vty )
oy 24 7T C Y b

Likewise, ou ov 1
ay ax 2A(7/ll IBll 7/11 'B] J 7/mm ﬂm m)

Summarizing the deformation rate equation

rui\
— T D,
1 b 0 /3/ 0 B, 0 | 4,
u.
=0 |0 70 0 7, 0y (=IBlI=[B B, Bd,
_}/i ﬂi 7/] ,B] 7/m ﬂm_ uj C_Zm
\Um)
where
1 IBl O l_ﬂj O_ 1 IBm O
Bl=— Bl=—0 ' B,J=5— 0
) v, B Y B
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Finite Element Method: Plane Stress and Plane Strain

Strain is constant in an element, for matrix B regardless of x and y coordinates, and
1s influenced by only nodal coordinates in an element.

- (CST: constant-strain triangle

Relation of stress—-strain

rax\ "gx\
o, ¢r=[D]y ¢, — {o} =[D][B]{d}
L") \yxy)
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Finite Element Method: Plane Stress and Plane Strain

Step 4: Derivation of element stiffness matrix and equation

Using minimum potential energy principle.

Total potential energy T,= ﬂp(u,.,l),.,uj,...,um) =U+Q, +Qp +Q,
1 T 1 T
Strain energy U= ][[ter toydr == [[[ e} 1D1erav
v v
T
Potential energy of body force Q, :_”J Wi Xpdv
V

Potential energy of concentrated load Qp :—{d}T{P}

T
Potential energy of distributed load (or surface force) Qs :_H Wi T3dS
s
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Finite Element Method: Plane Stress and Plane Strain

=—m{d} [BY [DI[B{d}dV - m{d} [NT' {X}aV
—{d)" (P}~ [[ 1} [NT (T} dS

| JJtey e av i - {d}TJlJ[N]T{X} av
—{dy" (P}~ (" [[[N] (T}dsS

-y JIjtr sy @ - @;" )

where

1 =[[INT yav P+ [[INT (T s g g

Condition having pole values 6{0’} {” (8] [D][B]dV:|{d} {f1=0

S j [(BY [ DI[B1dV (d} = (£}
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Finite Element Method: Plane Stress and Plane Strain

So, the element stiffness matrix is [k]:jII[B]T[D][B]dV
v

[k1=¢[[[B] [DI[Bldxdy

Case of an element having constant thickness 7 : ,
=tA[B] [D][ B]

Matrix [k] is a 6X6 matrix, and the element equation is as below

fly ki ky o ke || v
) S _ Ky  ky ok ) U,
fzy : : : o,
S ke ke o ke || Us
S Vs
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Finite Element Method: Plane Stress and Plane Strain

Step 5: Introduction a combination of element equation and boundary conditions for obtaining
a global coordinate system of equation.

[K]= D [k] and Fy=2 /"

e=1
{F} =[K]{d}
Step 6: Calculation of nodal displacement

Step 7: Calculation of force(stress) in an element

Transformation from the global coordinate system to the local coordinate system: (See Ch. 3)

Constant-strain triangle(CST) has 6 degrees of freedom.
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Finite Element Method: Plane Stress and Plane Strain

C S 0 0 0 0
S C 0 0 0 0
0 0 C S 0 0
=10 0 s ¢ 0 o0 - ii‘;‘:jz
0O 0 0 0 C S
0 0 0 0 -5 C|
Ay

A triangular element with local coordinates system not along to the global coordinate system
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Finite Element Method: Plane Stress and Plane Strain

Finite Element Method in a plane stress problem

Find nodal displacements and element stresses in the case of the thin plate(see below figure)
under surface force.

thickness ¢ =11in., E=30x10° psi, v=0.30

3000 Ib

10 in. +— T = 1000 psi

> 5000 Ib
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Finite Element Method: Plane Stress and Plane Strain

(1) Discretization: Surface tension force is replaced by the following nodal loads.

F:lTA
2

F= %(IOOO psi)(1 in.x10 in.)
F =5000 Ib

The global system of the governing equation 1S

Fix\ Rlx rdlx\ ( O
F,| |R, d, 0
F'2x sz d2x 0
F2y Rzy d2y 0
< - = = K < F= K
{F} =[K]{d} £l = Jsoo0 e [T
- o F3y 0 d3y d3y
lex 5000 d4x d4x
\Ely, L 0 kd4y d4y

where [K] 1s a 8X8 matrix.
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Finite Element Method: Plane Stress and Plane Strain

(2) A combination of stiffness matrix: [k]=tA[B]"[D][B]

e FElement 1
- Calculation of matrix [B]
s 0 B, 0 B, 0

m=2 j=3 [B]:ﬂo yi O Vi 0 7,
7i lBi 7/_]' lBj 7m le

where

Bi=y;,-y,=10-10=0
B;=y,—y,=10-0=10
B,=y.—y,=0-10=-10 A:%bh
7, =x,—x,=0-20=-20
y;=x-x,=0-0=0
Ym=X,—x,=20-0=20

and

= (%)(20)(10) =100 in.?

Mechanics and Design t} SNU School of Mechanical and Aerospace Engineering



Finite Element Method: Plane Stress and Plane Strain

Then [B] is

0 0 10 0 -10 0
0 =20 0 O 0 20
20 0 0 10 20 -10

1

[B]:Z—OO )

- Matrix [D] (plane stress)

P 1 v 0 3010° 1 03 0
|:D:|=(1 2) v 1 0 =0(—91) 03 1 0
o o =¥ “lo 0 035
L 2
- Calculation of stiffness matrix

[ 140 0 0 -70 -140 70]
0 400 -60 0 60 —400
75,000 0 -60 100 0 -100 60
091 | =70 0 0 35 70 =35
—-140 60 -100 70 240 -130
70  —400 60 -35 -—-130 435

[k]=1tA[B]'[D][B]=
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Finite Element Method: Plane Stress and Plane Strain

e Element 2

~ Calculation of matrix [B]

m=3
lﬁi o 5 0 B, O
Bl=—10 -0 0
[B] Y Vi Y Ym
@ vi B Vi ,Bj Ym B
i=1 j=4

where
Bi=y;,-y,=0-10=-10
B,=y,—-y,=10-0=10
B,=y-y;,=0-0=0 A:%bh
yi=x,—-x;,=20-20=0
7, =x-x,=0-20=-20
Vmw=%—x,=20-0=20

and - _ (%)(20)(10) ~100 in”
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Finite Element Method: Plane Stress and Plane Strain

Then matrix [B] 1s

[0 0000
[B]=—| 0 0 0 -20 0 20

200
0 -10 =20 10 20 O

- Matrix [D] (plane stress)

20010° 1 03 0
[D]= (10°) 03 1 0
0.91
0 0 0.35
- C(Calculation of stiffness matrix

75,000{ —=100 70 240 -130 -140 60
~ 091 60 -35 -—-130 435 70 —400
0 -70 -140 70 140 0

- 60 0 60 -400 0 400

[k]
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Finite Element Method: Plane Stress and Plane Strain

1 2 3 4

28 0 28 14 0 -14
0 &8 12 -80 -12 0
-28 12 48 26 -20 14

S O O O O o o O
S O O O o o o O

2 375000) 14 <80 26 87 12 -7
Element 1: 091 | 0 -12 =20 12 20 0
14 0 14 -7 0 7
0O 0 0 0 0 0
0 0 0 0 0 0 |
1 2 3 4
20 000 0 -12 20 12
0 700 —14 0 14 -7
0 000 0 0 0 0
3750000 0 0 0 0 0 0 0
Element 2: F==0o1 | 0 -14 00 28 0 28 14
12 000 0 80 12 -80
20 14 0 0 —28 12 48 -26
12 -7 00 14 -8 26 87
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Finite Element Method: Plane Stress and Plane Strain

(3) Calculation of displacement: Superpositioning element stiffness matrix, global system of
stiffness matrix is obtained as below.

48 0 -28 14 0 26 20 12]

28 12 48 —26 20 14 0 0
3750000 14 -80 26 8 12 -7 0 0
TT091 | 0 26 —20 12 48 0 28 14
26 0 14 -7 0 87 12 -80
20 14 0 0 -—28 12 48 —26
2 -7 0 0 14 —-80 —26 87

[K]
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Finite Element Method: Plane Stress and Plane Strain

Substituting [K] to {F}=[K]{d},

3

375,000
091

48 0
0 87
-28 12
14 -80
0 -26
-26 0
-20 14
12 =7

28 14 0 26 20 127[0
12 -80 -26 0 14 -7||0
48 26 -20 14 0 0|0
26 87 12 -7 0 0|0
20 12 48 0 28 14 <d3x>
14 -7 0 87 12 -80||d,
0 0 28 12 48 -26|l|d,,
0 0 14 -80 -26 87]|d,,

Applying given boundary conditions with elimination of columns and rows.
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5000
0
<

5000

| _ 375,000

091

87
12
-80

~

28 147 (d,,
12 -80||d;,
48 -26||d,,
26 87]|d,,]
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Finite Element Method: Plane Stress and Plane Strain

Transposing the displacement matrix to the left side

d,, (48 0 28 1477 (5000] (609.6

dy,| 091 0 8 12 -80 0 421
b= < r =4 x10 " in.

d,.[ 375000028 12 48 -26| |5000( |663.7

d,, 14 80 26 87| | 0 | |1041

The solution of 1-D beam under tension force is

_ PL _ (10,000)20
AE  10(30x10°)

=670x107° in.

Therefore, x—-component of the displacement at nodes in the equation (7.5.27) of 2-D plane is
quite accurate when the grid is considered as coarse grid.
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Finite Element Method: Plane Stress and Plane Strain

(4) Stresses at each node: {o} =[D][B]{d}
- Element 1
(dlx
1 v 0 ﬂl 0 ﬂs 0 ﬂz 0
o} = —= 10 ( : ) 0 0 0 b
o} = % x| —
(- a7 s 2 a,
0 0 7w Bovs Byov, B J
L . 2x
\dzy)

Calculating,
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Finite Element Method: Plane Stress and Plane Strain

- Element 2

o} =

Calculating,

(1-v7) 0
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Vi

995
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rdlx
d,
O ﬁ4 0 ﬂ3 O d
4x
A R SN
4
IBl 7/4 184 7/3 ﬂS dy
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