


Fourier Analysis in Chap. 1Xkoncerns periodic
phenomena—thinking of rotating parts of machines,
alternating electric currents, or the motion of planets.
However, the underlying ideas can also be extended to non-
periodic phenomena.

Fourier series Infinite series designed to represent generabgier
functions in terms of simple ones (e.g., Sines@wInes).

Fourier seriesis more general than Taylor series because many
discontinuous periodic functions of practical ie&rcan be
developed in Fourier series.

Fourier integrals andFourier Transforms extend the ideas and
techniques of Fourier series to non-periodic fumdiand have basic
applications to PDEs.
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Fourier series are the basic tool for representing periodic functions, which play an important role in
applications. A function f(x) 1s called a periodic function if f{x) is defined for all real x (perhaps except
at some points, such as x =+ /2, +£ 37/2, -+ for tan x) and if there 1s some positive number p, called a

period of f{(x), such that
(1) Filx+p)=7F(x) for all = .

flx)
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Fig. 255. Periodic function

The smallest period is callediandamental period.
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Our problem 1in the first few sections of this chapter will be the representation of various functions f(x)
of period 2m 1n terms of the simple functions

3) 1, COSX, SINX, COs2X, SN2, wee, COSHX, SR, vee .

All these functions have the period 2w. They form the so-called trigonometric system. Figure 256
shows the first few of them (except for the constant 1, which 1s periodic with any period).
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cos X cos 2x cos 3x
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sin X 5in 2x sin 3x

Fig. 256, Cosine and sine functions having the period 2n

A
#ll) I#II * . V*



Now suppose that f{x) 1s a given function of period 2x and 1s such that it can be represented by a series
(4) , that 1s, (4) converges and, moreover, has the sum f{x). Then, using the equality sign, we write

-
(5) Fix)=ag,+ 2 (a,cosux + by,sinnx)
n=1

and call (5) the Fourier series of f(x). We shall prove that in this case the coefficients of (5) are the so-
called Fourier coefficients of f/(x), given by the Euler formulas

(@) ap= 21?[.} (x)dx

(6) (&) an= %/f (x)cos nx dx  wn=1,2, -

() bnz%/}.(xjsm nx dx n=1,2, -
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EXAMPLE 1 Periodic Rectangular Wave (Fig. 257a)

Find the Fourier coefficients of the periodic function f(x) in Fig. 257a. The formula 1s
-k o
(7 flx) = { P

Functions of this kind occur as external forces acting on mechanical systems, electromotive forces in

electric circuits, etc. (The value of f{x) at a single point does not affect the integral; hence we can leave f
(x) undefined at x =0 and x =+ 1.)

—g=x=10 and

Jlxd2m)=7ix).

Owx<m

Solution: rrom (6a) we obtain a;, = 0.

Qy = %/ F(x)cosmx dx = %|;/ﬂ { —&)cosux dx /”kcosnx dx:|
" —.—I " _:r ﬂ

_1f

because sinnx=0at —m, 0, and tforallw =1, 2,

1

L

b, — %/' £ (x) sinnxdx =

=] =

Since cos (—a) = cos a and cos 0 = 1, this yields

by =

#") B *

—k sinzx |0 - Sinmx

- T

0]20

-+, Similarly, from (6¢) we obtain

/ﬂ { —k)sinxdx f ksinnxcfx]
0 T
_ ol

COSRX
o=t
I

COSRX
— jLosnx
b

—_— T

f_[cos[}— cos{ —am) — cosar 4 cosl] = %(1 — CosAT) .



2 forodda, A A Ak
1 — cosnr = == =00 k= =00 b=om
for even a2 . . T T
Since the g are zero, the Fourier series of /() is
Ak 1 . 1. 1.
(8) —|sinx + = smm3x + =smOx -]
T 3 5
The partial sums are
_ _ . S
g = @smzz, &g = mls six - lsmEx , etc., sl S S,
W n 3 k - > -
J(/ \\\
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i i Pt
flx) e p /,f \
k — —x\ M x
u ¥
=— sin 3x
- 0 T 2n x \_//_\'\_/ -k =
P S—
(a) The given function f{z) (Periodic rectangular wave) jsi’ 8,
NSI i /4 2 3
k i R\
TN j/“*.\ AT
\ L8 Ry x
-
; = Ak gin By
- n -k .

Example 1

Fig. 257.
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(b) The first three partial sums of the corresponding Fourier series



THEOREM 1

Orthogonality of the Trigonometric System (3)

The trigonometric system (3) is orthogonal on the interval —m = x = m(hencealsoon0 = x = 2n
or any other interval of length 2n because of periodicity): that is, the integral of the product of any
two functions in (3) over that interval is 0, so that for any integers n and m,

(@) / . cosnxcosmxdx = [ (n+m)

(9) (&) / stnxx siumxdx =0 (nzm)
—1T flx)
(c) /.I srxcosmxdx = 0 (m#m ot n="r). /ﬂl_m
—T 1 /
Tf1+0)
THEOREM 2 - L

Representation by a Fourier Series

Let fix) be periodic with period 2 and piecewise continuous (see Sec. 6.1) in the interval —m = x =
n. Furthermore, let flx) have a left-hand derivative and a right-hand derivative at each point of that
interval. Then the Fourier series (5) of fix) [with coefficients (6) | converges. Its sum is f(x), except
at points x, where fx) is discontinuous. There the sum of the series is the average of the left- and

right-hand limits of flx) at x,.
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Proof: For continuous f(x) with continuous first and second order
derivatives.

¢
P f 1
_1 7 fgsinmxc 17 sinnx
P_, n
f sinnx| ”
:1 (X)I X -i f 'sin nx dx
1Y p pn_,
=- f 'sin nx dx
pn-p
#) '#*

f (x) cosnx dx
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Repeating the process:

a, =-

Since " is continuous on [,

an |=—

P

f*(x)cosnxdx| <
- p

a,| <

#") B *

f"(x)cosnx dx

£(x)] < M

2pM _ 2M
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Similarly for

b | <

Hence

1f(x)| <|ag|+2M 1+1+

which converges.
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HW1. Problem 9

HW?2. Problem 15
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we thus obtain from (1) the Fourier series of the function f(x) of period 2L

B - nir nir
(5) f(x) = ag + 2 (a.n COS 3 x + b, sin 3 )c)

n=1

with the Fourier coefficients of f(x) given by the Euler formulas

l L
@  a= | fwa

nirx

[

dx n=1,

N 1 -
(6) b) a, =+ f_Lf(.r) cos

1 L
c bn - J .
(©) f_Lf(r) sin

nmwx

[

dx n=1,
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0 if 2<x<—1
kK if —1<x<
0 if 1 = 3«
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8 (2
Proof: Result obtained easily through change of scale.
L
¥ ¥
glv)=ay+ a,cosnv+ b, sinnv
n=1 n=1
p
a, = E g(v)cosnvdv = E f(x)cos X <P gx = 1 f (x)cos X dx
P, P, L L, ]

Same for g b,
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8 + 8(2
¥
f(x)=ag + an COSanx + b, sin 2Ipx
n=1
1 a+P
ag==  f(x)dx
P a
a+P o
a, =2 f(x)cos™PX dx
" P
arP 2Npx
by=%  f(x)sin FE)dx

#") B *
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HW1. Problem 3
HW?2. Problem 5
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Examples x4 cos x
f(x) is anevenfunctionof x, if f(-x) = f(x). For example, f(x) = x sinfxthen
f(- x) = - x sin (- x) =f(x)

and so we can conclude that x sin (x) is an evaatifon.
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Properties

1. If g(x) is an even function

L L
g(x)dx=2 g(x)dx
-L 0

2. If h(x) is an odd function
L

h(x)dx=0
-L

3. The product of an even and odd function is odd
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HW1. Problem 11
HW?2. Problem 15
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HW1. Problem 6
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Consider a function f(x), periodic of period.2Consider an
approximation of f(x),

f(x)» F(x) = A + ) A cosnx+ B sinn

n=1

Thetotal square error of F

IS minimum when F's coefficients are the Fouriegficients.

Read Page 503 to see the derivation procedure of@q
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The square error, call&*, is

wherea, = A, andb,, = B,.

Parseval’'s theorem:
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HW1. Problem 2
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Since many problems involve functions that are moiogic and are of
iInterest on the whole x-axis, we ask what can lmedo extend the method
of Fourier series to such functions. This ided dd to “Fourier integrals.”
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f(x) = j A(W)coswx+ B(M sinwx aw
1 ¥
A(w)== f(v) codmv) v
Py
1 ¥
B(w)== f(v) sin(mwv) dv
Py
¥ 1 p
f(x)=ag + (an cosnx+h sinr)x gp=-- f(x)dx
n=1 P
1,0
a,=— f(x)>cosnxdx
P,
1 P
b,== f(x)>sinnxdx
D
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If f(X) is piecewise continuous in every finite@nval and has a right hand
and left hand derivative at every point and if

0 b
lim |f(x)|dx+ lim  |f(x)|dx

a® -¥ b® ¥
a 0

exists, then f(x) can be represented by the Fountegral.

The F.I. equals the average of the left-hand agtat#hand limit of f(x)
where f(X) is discontinuous.
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For anevenor odd function the F.I. becomes much simpler.

If f(X) is even

¥

Al ) = 2 f(v) cos vadv

f(x) = A( )cos( x)d  Fourier cosine integl

f(x) = B( )sin( x)d  Fourier sine integta
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Consider f(x)=e ¥ x>0, k>0

Evaluate the Fourier cosine integral(@nd sine integral B().

For Fourier cosine integral,

Integration by parts gives

Fourier cosine integral is

#") B *




For Fourier sine integral,

Integration by parts gives

Fourier sine integral is

Laplace integrals
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HW1. Problem 1
HW?2. Problem 7
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For anevenfunction, the Fourier integral is the Fourier cesintegral

f(x) = A()oos( x)d  A() = 3_: f(v) cos vdv = Pfc(w)

\/7 \/7 ) cos vdv = \/? : f(v) cos vdv
f(x) = o \/jfc(w) cos xdw = F o f.(1) cos xdw

f.(w) is defined as the Fourier cosine transforrh of .

f is the inverse Fourier cosine transformfg

AR =f. Mif=1
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Similarly for odd function
R 2 ¥
F sineT ® f,(w) = \/j f ¥ sin xdx
0

¥
Inverse Fsine T® f( X = \/? f(w) sin x dw
0
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(1) s$faf+bd =as{} +bd o
(2) $faf+bd =as{} +bdJo

K
® diod= {1210
@ Jrex}=- {3}
5)  ff p=- Zi}-Ff@)

6 Jdfp=- 2 {} +\E f40)
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The F.I. is:
f(x)= A(w) cos wx+ B(w) sin wx  dx
1 ¥
A(w) :; f(v) coswv dv
B(w) -1 f(v) sin wv dv
Py
Replacing
1 ¥ ¥
f(x) = 5 f (v)[coswv coswx+ simv sim} dv dv
0 ¥
1 ¥ ¥
= — f (v)cogwx - wv) dv dw
2p ¥ ¥

G(w)=Even function inw
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f(x) = =— | f(v)cosw(x - V) dv dw

g(x) = 1 _¥ f(v)sinw(x- V) dv di= O
F (w)=o0dd function inw

Now,

F(w)+iG(w) dw

¥ ¥

1
2p
= zi f(v) d“Vidy dr Complex Fourier Integr
0
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L ) emdv & a
f (w)° Fourier Transform of

f(W) e dw
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